ONLINE APPENDIX
Latent Factor Analysis in Short Panels

Alain-Philippe Fortin, Patrick Gagliardini, and Olivier Scaillet

We give proofs of Propositions 1-4 of the paper in Section B. We gather the results of our
Monte Carlo experiments in Section C. We prove Lemmas 1-4 of the paper in Section D. We
provide additional theory in Appendix E, namely the characterization of the pseudo likelihood
and the PML estimator (E.1), the conditions for global identification and consistency (E.2), the
asymptotic expansions for the FA estimators (E.3), the local analysis of the first-order conditions
of FA estimators (E.4), the asymptotic normality of FA estimators (E.5), the definition of invariant
tests (E.6), and proofs of additional lemmas (E.7). We give numerical checks of Inequalities (6)
of Proposition 4 in Appendix F. Finally, we collect the maximum value of k as a function of 7" in

Appendix G.

B Proofs of Propositions 1-4

Proof of Proposition 1: (a) The proof of this part is made in three steps. (i) We first establish
the link between the LR statistic and the norm of matrix S = %71/2MF’V5(\A/;, — XA/;)MI’P 7 Vo2

namely we prove LR(k) = 3 15|12 + 0,(1). The next lemma is instrumental to this step.

Lemma 1 Under Assumption 1, (a) the eigenvalues of matrix S are: v for j =k +1,...T, and
0, with multiplicity k, where 1 + 7; for j = k + 1,...,T are the T' — k smallest eigenvalues of

V, V.71, (b) the squared Frobenius norm is ||S||> = er:kﬂ 3, and (c) diag(S) = 0.

Then, we apply a second-order expansion of the log function in the RHS of (2). The first-order term
vanishes because ZJT:k Y= tr(S) = 0 by Lemma 1 a) and c). The second-order term equals

%HS‘ |> by Lemma 1 b). The remainder (third-order) term is 0,(1) because we have v/n¥; = O,(1)
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for j = k+1,...,T. This bound results from the expansion of the sample covariance:
N - 1 - 1
Vy=V, + 7 +0p(\/ﬁ)zvy+0p(%

where V, := FF' + V. and U, := i(sﬁF’ + FBe) 4+ +/n (%55’ - 175) see Equation (E.2)

and Lemma 6 in Appendix E.2, and V. = V. + O ( —), see Equation (E.20). Then, V Vol =

); (B.1)

V V '+0 ( —), matrix V V ! has unit eigenvalues for order j = k+1, ..., T, and the eigenvalues
of matrices VyV)S and V V differ by quantities of order O ( —) by Weyl’s inequalities.

(i) Next, let us establish the asymptotic expansion of n||S||? in order to show equation (3).
Since GG'V. ! = M ., we have S =V PGS GV, where 8 = G'VIN(V, — VOVLG.
Besides, we have 0 = diag(S ) (see Lemma 1 (c)). Therefore, 0 = dmg(S) V 1dzag(GS*G’) =
2V X vech(S*), i.e., vech(S*) is in the orthogonal complement of the range of X. * It fol-
lows from the local identification assumption A.5 that M 4 is well-defined and thus vech(S’ ) =

Mg vech(5%).#" Next, we have
Myvech(S*) = Mygvech(G'V NV, — VOVIG) = Mgvech(G'V NV, = VOVIG), (B.2)

because the kernel of My is {vech(G'DG) : D diagonal}. Besides, we have the expansion
Vvech(G'V UV, — VOVIG) = vech(Z:) + 0,(1), where ZF = G'V'Z, V. G, Tt is be-
cause expansion (B.1) and G'V."'F = G'V."' M, pyv. =0 ( —) by the root-n consistency of FA
estimators (see Appendix E.5.1). Using ||S||2 = ||.5*||%, it follows that

gHSHQ = nwech(S*)vech(S*) = nvech(S*)' M gvech(S*) = vech(Z) Myxvech(ZE) + 0,(1).

(B.3)
40To see this step, write G = (gti) = [g1 : -++ : gr—g). By definition of the vech operator, vech(G"Et,tC;‘) =

~ ~ ~ ~ ! ! ~ ~ ~ ~ ~
{%gil P %gf,T,k : {gt,igt,j}i<j] . Therefore, X = [%91 Og oo %QT#@ Ogr-k : {3 O

Gjticj). Thus, for any (T' — k) x (T — k) symmetric matrix A = (a;;), diag(é’AG") = ZZT:T a; i diag(g:9;) +

P T—k . . . . !
235 aidiag(9:9;) = 221 aii(9i © Gi) + 232, ai (G © G5) = 2X vech(A).
41 Assumption A.5 is equivalent to X having full column rank by Lemma 7 in Appendix E.4. Besides, from Propo-

sition 8 in Appendix E.6 and the fact that GO = G + 0p(1) for some rotation matrix O (see below), we have

#AX = X + 0p(1) from some orthogonal matrix % . Hence, X is invertible with probability approaching 1.
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From Mgy, = Mgy, + 0,(1), we have GO = G + 0,(1) for some (possibly data-dependent) (T —
k) x (T — k) orthogonal matrix O. Since vech(Z:)' M gvech(Z?) is invariant to post-multiplication
of G by an orthogonal matrix (see Proposition 8 in Appendix E.6), from (B.3) we get %HS’ | =
vech(Z}) Mxvech(Z}) + 0,(1), which - together with step (i) - yields asymptotic expansion (3).

(iii) Let us now establish the asymptotic normality of vech(Z}). For any integer m, we let

2 m(m+1)
2

A,, denote the unique m* x matrix satisfying vec(S) = A,vech(S) for any m x m
symmetric matrix S.** Duplication matrix A, satisfies A’ A,, = 21 EYCEEIS ApAL = T2 +
Ky, and Ky, Ay = Apn, Where K, , is the commutation matrix (see also Magnus, Neudecker
(2007) Theorem 12 in Chapter 2.8). Then, we have vech(Z}) = R'vech(Z;,), where 2, =
Vo Pz, VP R = LAL(Q @ Q) Ay, and Q = V2 *G. Matrix R satisfies R'R = I,. The

next lemma establishes the asymptotic normality of vech(Z,).

Lemma 2 (a) Under Assumptions 1-2, A.2, A.6 (a)-(b), we have Qﬁl/Qvech(ﬁfn) = N(0, [T(T+1))
as n — oo and T is fixed, where Q,, = D,, + kI rr+), and k,, = %Z;ﬁ;l (Z#JGI O'Z]> If
2
additionally Assumption A.6 (c) holds, then vech(%;,) = N(0,Q), with Q := D + klra@sy.
2

Lemma 2 yields the asymptotic normality of vech(Z), namely vech(Z}) = N(0,{z«), with
Q. = R'QR. Part (a) then follows from expansion (3) and the standard result on the distribution
of idempotent quadratic forms of Gaussian vectors.

(b) We have 27, = >0, GV (§:g) Vo' G with gi = y; — @, since &; = My, §j; and
G’V "M PV, = G/V . We get 2, Zz’el G/V (& N/) 1G+sz G’ (Fﬁzﬁ’F’) -1G
+ D ier, GVY(FBE + & B’F’) G = Zhn Tt 2yt 2o, Where & = ; — £ by us-
ing ;7. = €&, + FB;B.F" + FBi&, + &6/ F'. Then, we can decompose (), into a sum of
a leading term and other terms, which are asymptotically negligible, so that Qg = Qg +

0,(1), with Qg = 1 Z yvech(zy,  Jvech(

Zn)

', with z; . defined as Z;, , after replacing

N

“The explicit form for A,, is A,, = [\/5(61 ®ep):-e \/§(em Rem): {ei®ej+6e;® ei}i<j], with e; being

the sth unit vector of dimension m.
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€; with g;. Let us now show that My QZ* 5« = MxQzMx + 0,(1) up to pre- and post-
multiplication by a rotation matrix and its inverse. We have M gvech (G"V;l (e:8%) Vs‘lé> =
M g vech (G” \A/;l (eigh — 0 Vz) 175*16;‘) , because of the kernel of My . Moreover, from the prop-
erties of matrix A,, introduced in part (a), we have: wvech (G”V;l(sia‘; — aii%)\z_lé?)
= vech (Q’(eieg — oiiIT)Q> = R,vech(eieg — o;l7), where e; = \/5_1/25i, and R := %A’T(Q ®
Q)Ar_y with Q@ = VA*V1G. We get Mygvech(zh,,) = Mg Rvech(Gn,n), where (o =
> e, (eie; — oylr).  Besides, vech(Z,) = ﬁ S wech(Gnn).  Then, MyQyM
= MXR/QHRMX for Q,, = %Z;{: L vech(Cmon)vech(Cm.n)'. Further, E[Qn] = V]vech(2,,)]
= Q,. Moreover, Q,, — E[Q,] = 0,(1), by using vec(Q,) = + Z Lvech(Cmn) @ vech(Cmn)
and ||V [vec(€,)]|| < C Z E[|lvech(Cnn)ll] = o(1), where the latter bound is shown
in the proof of Lemma 2 using Assumption 2 (d). Additionally, by Assumption A.6, we have
Q, = Q+o(1). Thus, €, = Q + 0,(1). Now, from the proof of part (a) we have GO = G + 0,(1)
for some (1" — k) x (T — k) orthogonal matrix O. Then, by Proposition 8 (e) in Appendix E.6,
we have RM X@_l = RMx + 0,(1), for a p dimensional orthogonal matrix Z = Z(0). We
conclude that @]\/[XQZ*MX@*1 is a consistent estimator of MxQz«Mx as n — oo and T is
fixed. Part (b) then follows from the continuity of eigenvalues for symmetric matrices, and their
invariance under pre- and post-multiplication by an orthogonal matrix and its transpose.

(c) Under H;(k) and Assumption A.7 (a), we have F2 Frand V. & V2. Then, S g
with §* = (V)72 Mpe v (Vyy = VZ)Mp. 1. (V2)"1/2 # 0. Indeed, if S* were the null matrix,
then we would have Mp- v+ (V, — V') M. .. = 0, which implies V,, — V' = Pp v« (V,, — V) +
(Vy = V) Ppe v = Ppe v (Vy = V) P v, With Ppe e = Ip — Mp« y+. From the probability
limits of Equation (FA2) for pseudo values, we have Pp- v« (V, — V) = (V, = V) Pp. . =
Ppe v (Vy = V) Ppe o = F*(F*)' (see proof of Lemma 1 (c)). Thus V, = F*(F*)" 4+ V7, in
contradiction with Assumption A.7 (b). Thus, n||S||> > Cn, w.p.a. 1, for a constant C' > 0.
2 0) = vech(G'V (e, 5id) Vo' G) and the conditions on ©, we get
||lvech( mn)H CY icr, Il°. Then, from Assumptions A.2 and A.3, E[|M4xQz- Mg <
CLy™n b2, = O(nY ) B2 ). Moreover, 2" B2 = o(1). Indeed, Assumption 2

Moreover, using vech(Z
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(d) implies B,,, < cn”E uniformly in m, for any ¢ > 0 and n large enough, and hence
27{::1 B, = cn~ E#Lﬂ B, < ¢, forany ¢ > 0 and n large. Part (c) follows from the
Lipschitz continuity of eigenvalues for symmetric matrices.

Proof of Proposition 2: We have LR(k) = 3 15112 + 0,(1) = vech(Z:) Mxvech(Z:) +
0p(1) from expansion (3). Moreover, the kernel of matrix Mx implies that Mxvech(Z}) =
A(F,V.)zAP | where vector z/'P stacks the T(T — 1)/2 above-diagonal elements of matrix Z,
and A(F,V,) is a deterministic matrix whose elements only depend on F, V.. From Conditions (a)
and (b) of Proposition 2, and Lemma 2, we have z'” = N(0,(2,), where the diagonal matrix €2,
is the same as if the errors were independent normally distributed - up to replacing ¢ with ¢ + k.

Proof of Proposition 3: Let us first get the asymptotic expansion of ‘A/y —V. = %}7)7/ — V..
With the drifting DGP Y = p1/, + Ff8' + Fy1),. + & and using 8 = 0, Bioc = 0, 1[B8: Bioc]'[B :

Bioc) = Ix+1 and Lemma 6 (a) in Appendix D, we get Vy —V.=FF + %\Py’loc + R, where

1 1 -
Uy toc = Cht1 Pt Phosr + %(sﬁF’ + FB'e)+ v/n <n55/ - Ve) ; (B.4)

and R, = %(E@OCFJQH + FrBloee’) + [Frrr Fryy — ”_1/26k+1pk+1ﬂ§c+1] + Op(%)- Using Fiq =
Vn

VYkt1pk+1 and /oy = ¢ + o(1), we get R, = o0,(1/4/n). Subsituting the expansion for

V, — V. into (B.2), and repeating the arguments leading to expansion (3) yields expansion (5).

From Lemma 2, we get vech(Z;JOC

) = N(cpr1vech(&py1€41), Qz+) as n — oo. The result then
follows from the standard result on the distribution of idempotent quadratic forms of non-central
Gaussian vectors.

Proof of Proposition 4: The proof of part (a) is in three steps. (i) The testing problem asymp-
totically simplifies to the null hypothesis Hy : A\; = ... = Ay = 0 vs. the alternative hypothesis
Hy : 3\; > 0,5 = 1,..,df. Letus define Ay = (0,...,0)" for the null hypothesis and pick a
given vector Ay = (A, ..., A\g)’ in the alternative hypothesis, and consider the test of Ay versus
A1 (simple hypothesis). By Neyman-Pearson Lemma, the most powerful test for A versus A,
rejects the null hypothesis when f(z; A1, ..., A\gr)/f(2:0,...,0) is large, i.e., the test function is

o(z)=1 {% >C } for a constant C' > 0 set to ensure the correct asymptotic size.
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(ii) Let us now show that the density ratio is an increasing function of z. To show

this, we can rely on an expansion of the density of Z T (L, )\f) in terms of central chi-square

densities (Kotz, Johnson, and Boyd (1967) Equations (144) and (151)):

o

f(Z;)\l,...,)\df) = Ek()\l,...,)\df)g(z;df-i-Qk,O), (B.5)
k=0

where the coefficients ¢ (i, ..., \gr) = Ae” Z?;IA?/QE[Q(M, <. Agr)¥]/k! involve moments of

df )
the quadratic form Q(\y, ..., \gr) = (1/2) Z (y;/QXj + (1 — yj)l/Q) of the mutually inde-
j=1
pendent variables X; ~ N(0,1), A = H‘;f:l uj_m, and v; = 1 — ﬁjming e Without loss
of generality for checking the monotonicity, we have rescaled the density so that min; p; =

FEALAg) 20 Ce(A Adp)9(23df +2k,0)
f(20,...,0) >0 ck(0,...,0)g(z;df +2k,0)

both the numerator and the denominator by the central chi-square density g(z;df,0), we get

1. Then, from (B.5), we get the ratio: . By dividing

ZiA1,... _ ¥ Cr(A1,eees z
7f(f(’j;107,...7,)(\)§f) = XL /2Z§ko ff:&,..g?ﬁg,ﬁi()) = e Zih N2 (z; A, oy Adr), Where ¥y(2) =
daf
g(z;df + 2k,0)/g(z;df,0) = %zk is the ratio of central chi-square distributions with
26T (X k)
o

df + 2k and df degrees of freedom, and c(\1, ..., \gs) = E[Q(A1, ..., Ags)¥]/k!. We use the
short notation cx(A) = cx(A1, ..., A\gr) and ¢x(0) = ¢4(0,...,0). The factor e~ 2522 does

not impact on the monotonicity of the density ratio. We take the derivative of W(z; Ay, ..., Agr)
(Zi2 W (@) (14272, cn(0n(z)
(S0 wi()

. The sign is given by the difference of the numerators, which

with respect to argument z and get 0,V (z; Ay, ..., \gr) =

(1432721 er MY (2)) (T2 er (009 (2)
(2520 ()t (2))”

is D22 [er(A) — en(O)]¥p(2) + 22002 ko k(N (0) [0 (2) ¥ (2) — () ()] = 2202 [en(N)

k(0 (2) + 2opmt poilerNa(0) — a(Nex(0)][Wr (2)1hi(2) — Pu(2)¥(2)]. We use ¥y (2) =

(K _ r(g)2 _
Méik)zk Land ¥, (2)tn(2) — Yi(2)0i(2) = (k — Z)sz Ufor k > land z > 0.

The difference of the numerators in the derivative of the density ratio becomes:
L5 [a () = aO)] + Frile) - a): + Ti i (Mg o) = en(0)]
S kttom Tt e (N er(0) = aWer(O)]) 27 = Yy o=, with iy =
Zk>l>0 bl m(k l)% [ek(N)er(0)—c (M) ek (0)]. A direct calculation shows that k1, ko >
0. Hence, a sufficient condition for monotonicity of the density ratio is x,, > 0, for all m > 3, i.e.,
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Inequalities (6). Thus, the test rejects for large values of the argument, i.e., ¢(z) = 1{z > C},
where the constant C' is determined by fixing the asymptotic size under the null hypothesis.

(iii) Since the test function ¢ does not depend on Ay, it is AUMPI in the class of hypothesis
tests based on the LR statistic (or the squared norm statistic). It yields part (a).

Let us now turn to the proof of part (b). From the definition of the «,, coefficients written as

. GO (%)? G al)
Km = D jsi>0.j+1=m 7F(dfﬂ)r(dfﬂ)cj(())cl(())[ ORI 5) - it is sufficient to get r,,, > 0, for all m,

that sequence ](g) ,for j = 0,1,..., is increasing. To prove that, we link the coefficients ¢;(\) to

the complete exponential Bell’s polynomials (Bell (1934)) and establish the following recurrence.

Lemma 3 We have c11(\) = 5 S, ( ZJ i+ G+ D)1 yj))\?]) c—i(A), for 1 > 0.

Clggg = Elé?), where we obtain the sequences 7, := cl(O)VC;f and ¢;(\) = cl(/\)y(;cl by

standardization with 1. From Lemma 3, we have 5.1 = 17 P (1 + Z‘jf . p;“) 41_; with
Yo = 1, and ¢4 () = 75 P (l Z”.lle 0 [pj + 21— VJ))\Q:|> ¢1—i(A) with ég(A\) = 1 (note

Vdf

Cz( ) s

We use

that py = 0 and pgs = 1). To prove that sequence--> is increasing, the next lemma provides a

sufficient condition from "separation” of the coefﬁc1ents that define the recursive relations.

Lemma 4 Let (a;) be a real sequence, and let b; = % (1 + ij 21 pj> fori>1, where 0 < p; <
1. Let sequences (g;) and (c¢;) be defined recursively by g1 = T(blgl + bogi—1 + ... + by) and
Cly1 = %(alcl + asc1 + ... + ap), with g1 = ¢1 = 1. Suppose that a; > max{%, 1}, forall i

(separation condition). Then, sequence (g ) is increasing.

We apply Lemma 4 to sequences ¢;(A\) and 7;. We detail the case df > 3 (for df = 2 the

analysis is simpler). The separation condition % Z -y [pj Z;dl(l — )N > df —L fori =0,
yields A\ + ijz(l —v)AF > vy <df —2— fo S pj) and, for ¢ > 1, it yields ij S P51 —
vi)AF + (1 = vg) Ny > 75 <df Z;lf . pé“) Inequalities (7) follow.
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C Monte Carlo experiments

This appendix gives a Monte Carlo assessment of size and power and selection procedure for
the number of factors for the LR test under non-Gaussian errors. Let us start with a description
of the DGP we use in our simulations. In the DGP, the betas are [; "N (0, I), with k& =
3, and the matrix of factor values is F = V2/*UTY/2, where U = F(F'F)~"/2 and vec(F) ~
N(0, I7y). We generate the diagonal elements of V. = diag(h, ..., hr) through a common time-
varying component in idiosyncratic volatilities (Renault, Van Der Heijden and Werker (2023)) via
the ARCH h; = 0.6 + 0.5h;_12? |, with z; ~ [TN(0,1). This common component induces a
deviation from spherical errors. The diagonal matrix ' = T'diag(3,2,n™) yields 1 F'V.'F =
diag(3,2,n7"), i.e., the "signal-to-noise" ratios equal 3, 2 and n~" for the three factors. We take
R = oo to study the size of LR(2). To study the power of LR(2), we take £ = 0 to get a global
alternative and & = 1/2 to get a local alternative (weak factor). We generate the idiosyncratic
errors by ;; = htl/thlfzi,t, where h;; = ¢; + aihm_lzf’t_l, with z;;, ~ IIN(0,1) mutually
independent of z;. We use the constraint ¢; = 0;;(1 — a;) with uniform draws for the idiosyncratic
iid.

variances Ve;;] = o5 ~  UJ[L,4], so that V[em/htlﬂ} = 1% = 0y. Such a setting allows

for cross-sectional heterogeneity in the variances of the scaled ¢, ;/ ht1 /2. The ARCH parameters
are uniform draws q; ESa [0.2,0.5] with an upper boundary of the interval ensuring existence
of fourth-order moments. We generate 5, 000 panels of returns of size n x T' for each of the 100
draws of the T x k factor matrix F' and common ARCH process h;, t = 1, ..., T, in order to keep
the factor values constant within repetitions, but also to study the potential heterogeneity of size
and power results across different factor paths. The factor betas 3;, idiosyncratic variances o;;, and
individual ARCH parameters «; are the same across all repetitions in all designs of the section.
We use three different cross-sectional sizes n = 500, 1000, 5000, and three values of time-series
dimension 7' = 6,12, 24. The variance matrix {) 7+ 1s computed using the parametric structure of

Lemma 9. We get the T' — 1 estimated parameters by least squares, as detailed in OA Section E.5.3

1). The p-values are computed over 5, 000 draws.
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We provide the size and power results in % in Table 1. Size of LR(2) is close to its nominal
level 5%, with size distortions smaller than 1%, except for the case T = 24 and n = 500. The
impact of the factor values on size is small for T" above 6. The labels global power and local power
refer to K = 0 and = = 1/2, and power computation is not size adjusted. The global power is
equal to 100%, while the local power ranges from 80% to 85% for T' = 6, and is equal to 100% for
T = 12 and T' = 24. The approximate constancy of local power w.r.t. n, for large n, is coherent
with theory implying convergence to asymptotic local power. In the last panel of Table 1, we
provide the average of the estimated number krr of factors, obtained by sequential testing with
LR(k),fork =0, ..., knaz, With ke, = 2,7, 17 for T' = 6, 12, 24 (see Table 3 of OA). We follow
the procedure described in Section 4.2, with size o, = 10/n. If we reject forall k = 0, ..., ka0,
then the estimated number of factors is set to l%L R = kmae + 1. For all sample sizes T' = 6,12, 24,
the average estimated number of factors is very close to the true number 2. We can conclude that

our selection procedure for the number of factors works well in our simulations.

D Proofs of Lemmas 1-4

Proof of Lemma 1: Let U be the T’ x k matrix whose orthonormal columns are the eigenvectors
for the k largest eigenvalues of matrix v QVQJV{U ®. Those eigenvaluesare 1 +79;, 5 = 1,..., k,
while it holds /' = V2?UTY2, where I' = diag(%1, ...,3). We have Iy — UU' = Ip —
Vo2 et /2 IT_‘7;1/215(}5,‘;;_113,)_1}5,%71/2 _ V;l/QMF’VEV?l/Q _ A;/QME’VEVJUQ
Thus, S = (I — UU) (\75_1/2%\7{1/2 - IT) (Ir — UU’). By the spectral decomposition of
V0,0 we get (I — U07) (Ve 0,02 — 1) (17— 007) = S0, 4, Py where the
]5j are the orthogonal projection matrices onto the eigenspaces for the 7' — k smallest eigenvalues.
Then, Part (a) follows. Part (b) is a consequence of the squared Frobenius norm of a symmetric ma-
trix being equal to the sum of its squared eigenvalues. For part (¢), let Pz, = I — Mp y; and note
at P = Py, (V, Vo) (V= Vo) P, — P (V= Vo) P, = Uy Vo My (V- VoM
where the first equality is because the three terms on the RHS are all equal to FE by (FA2). The
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Size (%) Global Power (%) Local Power (%) k LR
T 6 12 24 6 12 24 6 12 24 6 12 24
n=>500 | 60 52 67 | 100 100 100 80 100 100 | 2.0 2.0 2.1
(2.8) (03) (04| (0.1) (0.0) (0.0)](20.5) (0.0) (0.0)|(0.1) (0.1) (0.2)
n=1000| 56 49 55 | 100 100 100 81 100 100 | 20 20 20
(2.3) (03) (0.3)](0.0) (0.0) (0.0) | (21.1) (0.0) (0.0) | (0.0) (0.0) (0.1)
n=>5000] 53 50 49 | 100 100 100 85 100 100 | 20 20 20

0.9) (0.3) (0.3)

(0.0) (0.0) (0.0

(204) (0.0) (0.0)

(0.0) (0.0) (0.1)

Table 1: For each sample size combination (n,7"), we provide the average size and power in %

for the statistic LR(2) (first three panels), and the average of the estimated number kpr of factors

obtained by sequential testing (last panel). Nominal size is 5% for the first three panels, and

o, = 10/n for the last panel. Global power refers to the global alternative = = 0, and local power

refers to the local alternative £ = 0.5. In parentheses, we report the standard deviations for size,

power, and k1r across 100 different draws of the factor path.
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conclusion follows from (FA1) and V. being diagonal.
Proof of Lemma 2: We have %, = (WZW’ r(2)1Ir). Hence, (25,)y = % > (wiw;—

_ 1 JIn : _ 2
1{1':]'})0'2']' = ﬁ Zm:1 ﬁin, with C’frtz,n = Zielm [wm - 1]0'”‘ + 2Zi,j61m W; tW; 04, together

i<j

Wlth (%L)ts - % Zl J W; twj Sgij = % ZJ”, m no t # 5 Wlth = Z’iEIm wmwi’so'ii —|—
Z”E[m Wi W, 505 + Zuelm w; 1 W; 5045, t # s, so that vech(Z;,) = f Z L vech(Gm ), where
1<j i>j

Cmn is the T x T matrix having element (7, in position (¢, s). Hence, vech(Z;,) is the row sum
of a triangular array {vech((p.n)b1<m<n of independent centered random vectors. Let €, ,, :=

Vvech((m,n)]. Using Assumption 2 (a), we compute (i) E[(¢},)*] = > ., (E[w},] — 1o} +

(2

QZi,jEIm 0123’ (11) E[( ﬁin)z] = Zie]m E[wzzth%s]o—zz + Ei,je[m 012j7t 7é 3 (111) E[ ﬁim Tsrf,n] =
73 i
Zie[m E{U]?{U]Q } Oiis t 7£ S5 (IV) E[ m,n :n n] = Zie]m E[w?twl ’fwip}o—iQm r 7é p; (V) E[ v m,n Zr?n]

— Zidm Elw;, thsw”wlp]a”,t # s,r # p. It follows that Vvech(Z,)] = ZJ"

D, +kplrasy = ,. The eigenvalues of D,, are bounded away from 0 under Assumption A.6 (b),
2

because for any unit vector § € RTT/2 we have ¢'D,& > L 37" | 1,.502'V [vech(ww))]€ >

AT 1502 > c(1=L130 (1= Tieg)ow)? > c(1-C2 30 (1 —1,05))” > £, forall n.,

We use the multivariate Lyapunov condition HQ_l/ | 4712 S E[|lvech(Cmn) ] — 0 to invoke

a CLT. Since ||A~1/2||* < 62 A) and [|z||* < kZ] , 7}, for any k x k positive semi-definite matrix
Aand k x 1 vector z, it suffices to check that — SB[ )] = 0, for all ¢, s. Besides, we

can show that there exists a constant M > 0, such that F[(('$ )4} < Mb%(fn”), for all m,n,t,s.
We get LS B[(¢,)Y < ML Y bih = Mn? ZJ” 20 = (1), under As-

m=1 m,n

sumption 2 (d). Then, ;" “vech(Z,) = N (0, Ir(r+1)) by the multivariate Lyapunov CLT. Under
2
Assumptions A.6 (a)-(c), 2,, —  follows from the Slutsky theorem, and {2 is positive definite.
Proof of Lemma 3: We have ¢;(\) = LE[Q'] = 1229 where U(u) := Efexp(uQ)] =

j! dud

exp[¢(u)] is the Moment Generating Function (MGF) of Q = £ de: (Vv Xj+/1 = v;\;)? with
X; ~i.i.d.N(0, 1). By the independence of variables X;, we get U(u) = de Elexp(5 (Vv X;+

(1 V)u2

V1= v;0)?) where Elexp(%(v/v, X 4+ /T —v;0)?) = (1 — vu) e RS ,foru < 1/v;.
Thus we get the log MGF ¢ (u) = §Zj:1 [— log(1 —Vj“) + 1 VJ )\2} for u < 1/v4. Its lth
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order derivative evaluated at w = 0 is

by U= DI )
w”(o):szj (v +11—v)X3], 1>0. (D.1)
j=1

By using the Faa di Bruno formula for the derivatives of a composite function, we have

Ao = 00 By (! (u), ¢ (u), ..., D (u)), where B is the Ith complete exponential Bell’s poly-
nomial (Bell (1934)). Hence, ¥ (0) = B,(+'(0), 4" (0), ...,4®(0)). The complete Bell’s polyno-
mials satisfy the recurrence relation By (1, xa, ..., Tj11) = 2220 (i) By_i(x1,...,x1_;)x;11. Thus,
wED ) = 30 (YWD (0)+(0). After standardization with the factorial term, and using
equation (D.1), the conclusion follows.

Proof of Lemma 4: The proof is in four steps. (i) We first show that (c;) is increasing, i.e.,

G¢ = ¢;+1 — ¢; > 0 for all 7. For this purpose, from the recursive relation defining ¢;; we have:
1

Cit1 = —

?
1
= = (CL1 - :[)CJ2 1+ ((12 — :[)G2 R ((11‘_1 — 1)G§ + ((11‘ — 1))

1

1 1
;(G;1+G ‘+Gi—|—1)—|—z(alci_1+a261_2+"'+CL,L'_1).

(al(ci,l + G;'ll) + ag(CZ;Q + G;:,Q) + -+ ai,1(61 + G({) + ai)
(

The second term in the RHS is equal to %Ci. Using ai¢;1 + ascio + -+ + a;—1 = (i — 1),
the third term in the RHS is equal to %cz Thus, by bringing these two terms in the LHS, we
get G¢ = 1 ((a1 — 1)G5_; + (a2 — 1)GS_y + - + (ai-1 — 1)G§ + (a; — 1)), for all i > 2, with
G{ = a; — 1. Since a; > 1 for all 7, we get G¢ > 0 for all ¢ > 1 by an induction argument .

(i1) We now strengthen the result in step (i) and show that H{ := ¢;41 — c,—“j# > 0 for all ¢,

with ¢ = max{@, 1}. Similarly as in step (i), we have

Civ1 =

S|

- (a1 = QG + (02 = Gy + -+ + (@i = QG + (a: = ()

%( L F G, G+ +%(alci,1+agci,2+---+a,»,1),

where the second term in the RHS equals >¢;, and the third term equals i—cl Thus, we get
Hf = 2 ((a1 — Q)GSy + (as — OGSy + -+ + (aim1 — ¢)GS + (a; — €)), for all i. By step (i),

we have G§ > 0 for ¢ > 1. Using the separation condition a; > ( for all 7, we get H¢ > 0 for all ¢.
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(iii) We show that HY := ¢;,1 — giﬁzfl < Oforall ¢ > 1. For df = 2 this statement follows

—1 g, and hence (g;) is decreasing. Let us now

Wlth ( =1 SinCG giv1 = %(gz +gi71 + ...+ 1) =
consider the case df > 3 with { = % As above we have H} = l.zg-:l(bl — ()GY_,, where
G‘g = Ggi+1 — Gi- WePIUgln bl - def ' _1) - QEdf 1( _1)(1+Pj+--~+Pé‘_1) =
5 de S (pj—1) Zk:l pj‘f . Thus, we get:

1 df—l = )
i =5 sz’k Gl = 2.2 p;—1 Zp e
j:2 =1 k=1 j=2 —F
s, e |
- 272 =1 ij Jikt1 = 57 Z(P 1) (gi+pjgi71+...+p;_1) <0.
Jj=2 j=2

(iv) The inequalities established in steps (ii) and (iii) imply = > == and 2 < <51 for
all 7. Then, we get = > gig—fl, that is equivalent to ;ﬁ > 2, for all 4, because the sequences c;

and g; are strictly positive. The conclusion follows.

E Additional theory

E.1 Pseudo likelihood and PML estimator

The FA estimator is the PML estimator based on the Gaussian likelihood function obtained from
the pseudo model y; =  + Ff; + &; with 8; ~ N(0, I;) and &; ~ N(0, V) mutually independent
and i.i.d. across ¢ = 1,...,n. Then, y; ~ N(u,>(0)) under this pseudo model, where ¥(6) :=
FF' + V. and 6 := (vec(F), diag(V.)) € R" with r = (k + 1)T. It yields the pseudo log-
likelihood function L(#, j1) = —31og |S(0)] — 55 >t (yi — 1) S(0) M (yi — ) = —3 log [2(0)| —
iTr (%2(9)_1) — 1§ — w)'S(0)"Y(§ — 1), up to constants, where § = 13" 4 and V, =
%Z?Zl(yi — 4)(y; — y)'. We concentrate out parameter y to get its estimator 4 = 3. Then,

estimator 6 = (vec(E), diag(V.)) is defined by the maximization of

1 1 N
L(6) = =3 log [2(6)] — 5T (v;,z(e)—l) , (E.1)
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subject to the normalization restriction that F'V_~'F is a diagonal matrix, with diagonal elements

ranked in decreasing order.*

E.2 Global identification and consistency

The population criterion Lo (6) is defined in Appendix A, with V,, = V) = X(6y) = FoF + V7.

Lemma 5 The following conditions are equivalent: a) the true value 0y is the unique maximizer
of Lo(0) for 6 € ©; b) X(0) = X(0), 0 € © = 0 = 0o, up to sign changes in the columns of F.
They yield the global identification in the FA model.

In Lemma 5, condition a) is the standard identification condition for a M-estimator with pop-
ulation criterion Ly(6). Condition (b) is the global identification condition based on the variance
matrix as in Anderson and Rubin (1956). Condition (b) corresponds to our Assumption A.4.

Let us now establish the consistency of the FA estimators in our setting. Write \71, = % > (ei—
&)€=Y +F[ Sy (B B) (Bi—B)|F'+ F[L S, (Bi=B) (e =) |+ [ T (ei-8) (5= BYIF,

where £ = 13" g;and 3= 13" | B;. Under the normalization in Assumption A.1 we have:

1 AN 1
V,=—ee' =g + FF'+ F (eﬁ) + <sﬁ> F. (E.2)
n n n

Lemma 6 Under Assumptions 1, 2, and A.2, A.3, as n — oo, we have: (a) € = Op(nll/4), (b)

11 P 1,0 1 P
~ee’ = V7, and (c) e = 0.

From Equation (E.2) and Lemma 6, we have Vy S Vyo. Thus, ﬁ(@) converges in probability to
Ly(0) as n — oo, uniformly over © compact. From standard results on M-estimators, we get

consistency of 6. Moreover, from 9 = i + &, we get the consistency of ji.

431f the risk-free rate vector is considered observable, we can rewrite the model as g, =F [;’l +ei=p+ FBi+e,
where §; = y; —r; is the vector of excess returns and p = F'pu5. It corresponds to a constrained model with parameters
# and 5. The maximization of the corresponding Gaussian pseudo likelihood function leads to a constrained FA

estimator, that we do not consider in this paper since it does not match a standard FA formulation.
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Proposition 5 Under Assumptions 1, 2, and A.2-A.4, the FA estimators F : VE and [i are consistent

asn — oo and T is fixed.

Anderson and Rubin (1956) establish consistency in Theorem 12.1 (see beginning of the proof,
page 145) within a Gaussian ML framework. Anderson and Amemiya (1988) provide a version of
this result in their Theorem 1 for generic distribution of the data, dispensing for compacity of the

parameter set but using a more restrictive identification condition.

E.3 Asymptotic expansions of estimators V. and F

The FA estimators VE and ' are consistent M-estimators under nonlinear constraints, and admit
expansions at first order for fixed 7" and n — oo, namely \75 =V.+ ﬁ\lls + op(ﬁ) and F] = F;+
ﬁ\IJ F op(ﬁ) (see Appendix E.5.1). The next proposition (new to the literature) characterizes
the diagonal random matrix W, and the random vectors W, by using conditions (FAI) and (FA2)

in Section 2 (see proof at the end of the section).
Proposition 6 Under Assumptions 1, 2, and A.1-A.4, A.6, we have (a) for j = 1,....k

Up = Ry(V, — V)V E + AUV, (E-3)

J

1 1 k 1 o k
where Rj = TWPF]',Ve + "TJ‘MFVVE + El:l,l;ﬁj HPFbVe and A]' = — zézl,é;éj ﬁPFLVE and
Pp,v. = Fj(FJf‘/glf'”j)*lF;\/;l = %Fij’Vgl is the GLS orthogonal projection onto F;. Further,

(b) the diagonal matrix V. is such that:
diag (Mg, (¥y — VU )Mp,. ) = 0. (E.4)

Equation (E.3) yields the asymptotic expansion of the eigenvectors by accounting for esti-
mation errors of matrix ‘71/‘;;—1 (first term) and of the normalization constraint (second term). To

interpret Equation (E.4), we can observe that the matrix My, (¥, —W.) M, yields the first-order
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term in the asymptotic expansion of \/ﬁg (up to the left- and right-multiplication by diagonal ma-
trix V{l/ %). Thus, Equation (E.4) is implied by the property that the diagonal terms of matrix S
are equal to zero as stated in Lemma 1 (c).

Let us now give the explicit expression of V.. By using Mpy. W, My, = Mpy. Z, My, , we
can rewrite Equation (E.4) as diag (Mg, (Z, — U.)M,.) = 0. Now, since U, is diagonal, we
have diag (Mpy. W-M},. ) = M5, diag(V.), where Mg, = Mgy, ® Mpy.. Thus, we get:

M;?,Z'ngmg(\pf) = diag(Mpy, Z,Mpy,). (E.5)

To have a unique solution for vector diag(V.), we need the non-singularity of the 7" x 7" matrix
Mg%@. It is the local identification condition in the FA model stated in Assumption A.5. Let us
write G = [gy : -+ : gr—i). Then, we have Mpy, = GG’V = Z?;lk g;(V"1g;)', and so we get
the Hadamard product Mg}, = S0 1 [0:(V 1) © [g;(Vlgy)] = |20, 20090 © 95) (95 © gj)’}
V2 =2(X'X)V.72.* Hence, we can state the local identification condition in Assumption A.5
as a full-rank condition for matrix X, analogously as in linear regression (Lemma 7). In Lemma
7 in Appendix E.4 i), we also show equivalence with invertibility of the bordered Hessian, i.e., the
Hessian of the Lagrangian function in a constrained M-estimation.

Under Assumption A.5, we get from Equation (E.5):
Ve = Tryv.(Zn), (E.6)

where Ty, (V) := diag ([Mg},] 7 diag(Mpy,V M, )), for any matrix V. Mapping Ty, (-) is
linear and such that Try, (V) = V, for a diagonal matrix V. We have diag(Mpy.Z,Mr.,,.) =
diag (GZ:G') = 2X"vech (Z}),* and so

diag(V.) = V2 (X'X) ™" X'vech (Z}). (E.7)

4Let us recall the following property of the Hadamard product: (ab’) ® (ed’) = (a ® ¢)(b ® d)’ for conformable
vectors a, b, ¢, d. The last equalitiy because X' = [%gl ©gr - %QT% Ogr—k : {0: © gj},-<]} (see be-

ginning of the proof of Proposition 2 (a)) .
“We have diag(GAG') = 2X'vech(A) for any T x T symmetric matrix A; see beginning of the proof of Propo-

sition 1 (a).
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Anderson and Rubin (1956), Theorem 12.1, show that the FA estimator is asymptotically nor-

mal if \/n(V, — V,) is asymptotically normal. They use a linearization of the first-order conditions
similar as the one of Proposition 6. Their Equation (12.16) corresponds to our Equation (E.4).
However, they only provide an implicit characterization of the W, and not an explicit expression
for W, and W, in terms of asymptotically Gaussian random matrices like Z,, as we do. These key
developments pave the way to establishing the asymptotic distributions of estimators Fand V. in
general settings, that we cover in Appendix E.5.
Proof of Proposition 6: From (E.2) and Lemma 6 we have V, = V,, + 7=, + 0p( =), where
V,=FF +V.and ¥, = ﬁ(sﬁF’ + Fp'e)+/n (%EE/ - f/;) Let us substitute this expansion
for V,, into (FA2) and rearrange to obtain FT' — FF'V. ' F = ﬁ\llyf/g_lﬁ’ + (V.Vo = Ip)F +
Op(ﬁ)’ where I' = 'V 'F = diag(#, ..., 4%). From V. = V. + %\PE + Op(ﬁ), we have
XN/E\A/E_l —Ir = —ﬁ\llgf/a_l + op(ﬁ). Substituting into the above equation and right multiplying
both sides by (F'V.'F)~! gives FD — F = ﬁ(\lly — U)VF(F'VoR) T + 0p( ), where
D :=T(F'V,'F)~". By the root-n convergence of the FA estimates (see Section E.5.1), we get

. 1 1
FD—F=—(U, — U )V 'Frt — E.8
\/ﬁ< Yy ) 5 Jr Op(\/ﬁ); ( )

and D = I, + Op(ﬁ)’ where I' = diag(v1,...,7:). We can push the expansion by plugging
into (E.8) the expansion of D. We have F'V.'F = [[, — (F — F)Y'V.'FT']T, so that D =
[y — (F = FYVUET " = [+ (F — FYV 'R + op(ﬁ). By plugging into (E.8), we get:
! (U, — U H)VFT ! 4 0,( ! ) (E.9)
— (0, — U, 0p(—=). .
\/ﬁ Yy £ p \/ﬁ
By multiplying both sides with M., we get My, (F — F) = ﬁMFVE (U, — U )V LFT !+
op(ﬁ). Then, F' — F = ﬁMF,VE(‘I/y — U )VAFT !+ ﬁFA - Op(ﬁ)’ where A is a random
k x k matrix to be determined next. By plugging into (E.9), we get F(A + A") = Ppy. (¥, —
U )V UFI™! + 0,(—=). By multiplying both sides by sT'F'V_"! and using F'V ' Ppy. =

v
F'V_!, we get the symmetric part of matrix A, i.e., 5(A+ A') = {0 F'V- Y (¥, — U )V ' FI !

F—F+F|(F—-F)YV'FT™ =

1
2
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(we include higher-order terms in the remainder op(ﬁ)). Thus, ' — F = ﬁ\lf P+ op(ﬁ), where
1 -
Up = Mpy, (U, — V)V LT + §PF,VE(% — U )VFT + FA, (E.10)

and A = %(A — A’) is an antisymmetric k£ X k random matrix. To find the antisymmetric matrix
A= (@), we use that F \A/E*lﬁ is diagonal. Plugging the expansions of the FA estimates, for the
term at order 1/y/n we get that the out-of-diagonal elements of matrix V.V 'F + F'V 10y —
PV VAF = I PV (Y, — U)VF + APV (0, — U )V R+ FA— AT —
F'V1W VUF are nil. Setting the (¢, j) element of this matrix equal to 0, we get ay; = —d; ¢ =
5 5 VN = W)V — FVINWLV N, for j # L. Then, from Equation
(E.10), the jth column of ¥ is U, = %MFVE(\I/Z, — U )VE + Q%UPF],%(\I/Z, — V)V E +
St e Prv (W — WOVE — St 15 Py VoV Fy, where we use Pry, =

21221 Pr, v.. Part (a) follows.

Let us now prove part (b). The asymptotic expansion of condition (FA1) yields:
k
diag(V,) = diag (Z(Fj\lf’ﬂ_ + Up F) + \If€> . (E.11)
j=1
From part (a) and the definition of Pr, y. we have Zle Uy F =3 25:1 Pry v (Wy = W) Py, +
Mpeyv.(Wy = Vo) Poy, + 30y 525 Prove (U — Vo) Py, — Sy 2O Pr, v U Py =1 Ny o+

Yi—e

Ny + N3 + Ny, where Ppy, = 25:1 Pp,v. = It — Mgy, and th;q denotes the double sum
over j,¢ = 1,...,k such that ¢ # j. Matrix N; is symmetric and it contributes 2/V; to the RHS
of (E.11). Instead, matrix N, is antisymmetric (it can be seen by interchanging indices j and ¢
in the summation) and it does not contribute to the RHS of (E.11). For matrix N3 we have N3 +
Né = ngéj ﬁPFz,Vs(‘I’y - \IIE)PI/?j,VE + Ze# ﬁPFe,VE(\I]y - \IJE)P}J_% = Zl;éj PFe,VE(\I’y B
o) Py, =320 Prove(Wy—Ve)Pr v =32 Pry v (By— Vo) P v = Pry. (U, — V) Py —2N,
where we have interchanged ¢ and j in the first equality when writing N. Thus, we get:

k
S (FV + Ve F)) = Mpy. (W, — Vo) Py, + Prv. (U, — W) My, + Pry. (W, — W) Py,
=1

= (U, —U.) — Mpy. (¥, — U )My, (E.12)
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Then, Equation (E.11) with (E.12) yields Equation (E.4).

E.4 Local analysis of the first-order conditions of FA estimators

Consider the criterion L(0) = —1 log |%(0)| — 7 (V,3(6)), where V, is a p.d. matrix in a neigh-
bourhood of V. In our Assumptions, 6 is an interior point of ©. Let 6* = (vec(F*)', diag(V)')’
denote the maximizer of L(6) subject to § € ©. According to Anderson (2003), the first-order
conditions (FOC) for the maximization of L(6) are: (a) diag(V,) = diag(F*(F*)" + V) and (b)
F* is the matrix of eigenvectors of V, (V)™ associated to the k largest eigenvalues 1 + v; for

J =1,..., k, normalized such that (F™*)"(VX) "' F* = diag(~77, ..., v})-

i) Local identification

Let V,, = V). The true values F, and V_ solve the FOC. Let F' = Fy + eW% and V. = V7 + €Uy,
where € is a small scalar and W%, Wj, are deterministic conformable matrices, be in a neighbour-
hood of Fy and V¥ and solve the FOC up to terms O(e?). The model is locally identified if, and
only if, it implies ¥{, = 0 and V% = 0.

Lemma 7 Under Assumption 1, the following four conditions are equivalent: (a) Matrix MS>

Fo, V0
is non-singular, (b) Matrix X is full-rank, (c) Matrix ®? is non-singular, where ® := VEO —
Fo(Ey (V2" Fy) "L Fy, (d) Matrix B},JyBy is non-singular, where Jy := —82;0%(96:0) and By is any

full-rank v x (r — $k(k — 1)) matrix such that 8%(;°)BO =0, for g(0) = {[F'V'F); }ic; the

%k(k — 1) dimensional vector of the constraints. They yield the local identification of our model.

In Lemma 7, condition (a) corresponds to Assumption A.5 and is equivalent to condition (b)
that X is full-rank. Condition (c) is used in Theorem 5.9 of Anderson and Rubin (1956) to show
local identification. Condition (d) involves the second-order partial derivatives of the population
criterion function. While the Hessian matrix .J, itself is singular because of the rotational invari-

ance of the model to latent factors, the second-order partial derivatives matrix along parameter
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directions, which are in the tangent plan to the contraint set, is non-singular. Condition (d) is

equivalent to invertibility of the bordered Hessian.

ii) Local misspecification

Now, let V,, = Vyo + €Wy be in a neighbourhood of V;jo. Let [* = Fy + €¥% + O(é?) and
V> = V24€¥5, +0(€®) be the solutions of the FOC. Consider V,, —X*, where X* = F™*(F™*)' +V,
i.e., the difference between variance V,, and its k-factor approximation with population FA. We
want to find the first-order development of V,, — >* for small e. From the FOC, we have that the
diagonal of such symmetric matrix is null, but not necessarily the out-of-diagonal elements.

From the arguments in the proof of Proposition 6, Equations (E.11) and (E.12), we get:

Vo Fy + Fy(U5) = W6 — W5, — M, o (W5 — U5, ) Mp, o, (E.13)

d?:ag(MF()?VEO (\IJZ — \II;E)M;%,V&O) = 0. (E14)
As in Section E.3, Equation (E.14) yields:
diag(Vy,) = (VO)? (X'X) ™" X'vech (Gy(V2) 10 (V)71 Gy) . (E.15)

Now, using Equation (E.13), we get V,, — ¥* = ¢ (V5 — Fo(0%) — W5 F) — U5, ) + O(e?)
= €M, vo (U —V5 )Mp o +O(€?) = €GoA*Gy+0(€?), where A* = G (V) ™1y (V) ™' Go—
Go(V2)~1w, (V)1 Gy. Using that vech(Gjdiag(a)Gy) = Xa, and Equation (E.15), the vector-
ized form of matrix A* is: vech(A*) = vech (G4(V2) 10 (VE) "1 Go) —X (VO)2diag(V5,) =
Mxvech (G{(V2) W (V)™ Gp) . Thus, we have shown that, at first order in ¢, the difference
between V,, = V;) + €¥¢ and the FA k-factor approximation ¥* is eGoA*Gy, with vech(A*) =
Mxvech (Gy(VO) W (V)™ Gy) . Tt shows that the small perturbation eV, around V) keeps
the DGP within the k-factor specification (at first order) if, and only if, we have that vector
vech (G4 (V2)~1We (VL)1 Gy) is spanned by the columns of X

Consider Wi = HEE'H', where H = [Fy @ Go] and vector § = (§f, &;)" are partitioned in &

and 7' — k dimensional components, which corresponds to a local alternative with (& + 1)th factor
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H¢ and small loading € in the perturbation eW¢. Then, we have G{,(V?) "W (V?)'Go = &aéy
since F}(V2)"'Gy = 0 and G| (VL)' Gy = Ir_j. Thus, vech(A*) = Mxvech (£c€[;). Hence, it
is only the component of vech (£€;) that is orthogonal to the range of X, which generates a local
deviation from a k-factor specification through the multiplication by the projection matrix Mx. It
clarifies the role of the projector in the local power. On the contrary, the component spanned by
the columns of X can be “absorbed" in the k-factor specification by a redefinition of the factor F'

and the variance V; through /" and V.

E.S Feasible asymptotic normality of the FA estimators
E.5.1 Asymptotic expansions

We first establish the asymptotic expansion of 0 along the lines of pseudo maximum likelihood

estimators (White (1982)). The sample criterion is E(Q) given in Equation (E.1), where § =

(vec(F)',diag(V.)") is subject to the nonlinear vector constraint g(¢) := {[F'V. " F); ;}ic; = 0,

i.e., matrix F"V_"'F is diagonal. By standard methods for constrained M-estimators, we consider
aL@)  9g(d)

the FOC of the Lagrangian function: =5~ — =57 Az = 0and g() = 0, where Ay is the sk(k—1)

- ~ /
dimensional vector of estimated Lagrange multipliers. Define vector 6 := (vec(Fo)’, diag(%)’) ,

which also satisfies the constraint g(f) = 0 by the in-sample factor normalization. We apply the

mean value theorem to the FOC around 6 and get:

Lo N OL(0
OV RN P €16
A0V —0) = o, (E.17)
where J(6) := _%29%(00/) is the r x r Hessian matrix, A(f) := %g), is the 7 x $k(k — 1) dimen-

sional gradient matrix of the constraint function, and # is a mean value vector between 6 and 0
componentwise. Matrix A(#) is full rank for # in a neighbourhood of #y. For any 6 define the

r x (r — 2k(k — 1)) matrix B(6) with orthonormal columns that span the orthogonal comple-
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ment of the range of A(#). Matrix function B(6) is continuous in 6 in a neighbourhood of 6.4
Then, by multiplying Equation (E.16) times B(0)’ to get rid of the Lagrange multiplier vector,
using the identity I, = A(0)(A(0) A(0))"*A(0) + B(H)B(#) for = § and Equation (E.17), we
get [B(0)'J(0)B(0))B(0)/n(0 —0) = B(H) naL(e) By the uniform convergence of .J(6) to

J(0) = — a;ggé?), and the consistency of the FA estimator 0 (Section E.2), matrix B(A)'J(6)B(0)

converges to B(.JoBy, where Jy := J(0y) and By := B(f,). Matrix Bj.JyBy is invertible un-
der the local identification Assumption A.5 (see Lemma 7 condition d)). Then, B(A)\/n(f —
6) = [B(6).J(6) B(8)] ' B(6)/n?L2 wp.a. 1. By using again I, = A(0)(A(6) A(6)) " A(6) +
B(0)B(H)' and Equation (E.17), we get /(0 — 0) = B(6)[B(6)'.J(8) B(6)] " B(6)'v/n?22). The

distributional results established below imply /75~ OL( 9) = O,(1). Thus, we get \/n-consistency:
- oL(0
Vn(d —0) = BO(B(’)JOBO)lB{)\/ﬁa(H) + 0,(1). (E.18)

a0 o0’ 0% ox

! ~ ~
Let us now find the score aL 9) . We have 22@) _ (a”“@(e”) vec (M) , where vec <8L—(®) =
L(2(0) @ S(0) 1) vec (vy - 2(9)) . Moreover, by using vee(£(0)) = X5, F; ® F + [y @

er 1 -+ 1 er®er]diag(Vs), where e, is the ¢t-th column of I, we get: w =[(IreFR)+(F”hIr) : -

A~ ~. ! ~ ~ A~ ~
ep®ep : -+ 1 er ®er]. Thus, we get: \/ﬁaL(G) = % (8”60(2(9))) (V‘l ® V_l) Vnvec (V — V).
From Equation (E.2) and Lemma 6 we have V, = V, + L (Z + WL F' + FW)) + o,( f) where
W, = Lef. Thus, /o5 = 1 (%) (V, '@V, h) vee (W F! + FW) + Z,) + 0,(1)
and, from Equation (E.18), we get:

PO (1 V) e (Wl + FIV, + 20,1,

(E.19)

2} 1 / - !
Vn(6—0) = 5 Bo (B4Jo Bo) "B} (

46Matrix B(#) is uniquely defined up to rotation and sign changes in their columns. We can pick a unique representer
such that matrix B(#) is locally continuous, e.g., by taking B(6) = B(0)[B(6)’' B(#)]~'/2, where matrix B(6) consists
of the first r — $k(k — 1) columns of I,, — A(6)[A(6)' A(6)]~*A()', if those columns are linearly independent.
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E.5.2 Asymptotic normality

In this subsection, we establish the asymptotic normality of estimators F and V.. From Lemma
2,as n — oo and 7' is fixed, we have the Gaussian distributional limit Z,, = Z with vech(Z) ~
N(0,9Qz), where the asymptotic variance €2 is related to the asymptotic variance {2 of 2 such
that Cov(Zs, Zrp) = \/VeitVe,ssVerr VeppCov(Zis, Z5p). Moreover, Z; = Z* = G'V. ' ZV, G
and Z,, := Zn—7}y€( Z,) = Z,where Z = Z —Tpy.(Z) = Z = V2diag (X' X) 1 X vech(Z*))

(see (E.7)). The distributional limit of IV, is given next.

Lemma 8 Under Assumptions 1, 2 and A.2, A.3, A.8, as n — oo, (a) we have W,, = W, where
vec(W) ~ N(0, Q) with Qu = Q3 ® VL, and (b) if additionally Ew; ;w; ,w; | = 0, forallt,r,s

and i, then 7 and W are independent.
We get the following proposition from Lemmas 2 and 8 (see proof at the end of the section).

Proposition 7 Under Assumptions 1-2 and A.1-A.6, A.8, asn — oo and T is fixed, for j = 1, .., k:

Vndiag(Ve — V) = VA(X' X)X vech(Z"), (E.20)
Vn(F; — F)) = R (WF’ + FW' + 2 + A [VA(X' X)) X vech(Z)] ® F;},  (E21)
V(E;D — F)) = (WF’ + FW' + Z)V'F;, (E.22)

Vi

where deterministic matrices R; and A; are defined in Proposition 6, and D := T'(F'V.'F)~!

and T = diag(31, ..., 3k).

The joint asymptotic Gaussian distribution of the FA estimators involves the Gaussian matrices
Z*, Z and W, the former two being symmetric. The asymptotic distribution of V. involves re-
centering around V. = L3 Eleiel], ie., the finite-sample average cross-moments of errors,
and not V.. For the asymptotic distribution of any functional that depends on F' up to one-to-one

transformations of its columns, we can use the Gaussian law of (E.22) involving W and Z only.
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The asymptotic expansions (E.20)-(E.21) characterize explicitly the matrices C(6) and C5(0)
that appear in Theorem 2 in Anderson and Amemiya (1988). Their derivation is based on an
asymptotic normality argument treating 6 as a M-estimator, see Section C.2. However, neither the
asymptotic variance nor a feasible CLT are given in Anderson and Amemiya (1988). We cannot
use their results for our empirics.

To further compare our Proposition 7 with Theorem 2 in Anderson and Amemiya (1988), let
7 =2—Tev(Z) = Z — Trv.(Z), where Z := Z — diag(Z) is the symmetric matrix of the
off-diagonal elements of Z with zeros on the diagonal.*’ Hence, the zero-mean Gaussian matrix
Z only involves the off-diagonal elements of Z. Moreover, since V2(X'X) ' X vech(AX) =
VZidiag(VIA V) = diag(A,) for a diagonal matrix A, and A = G'V'A, VLG, we
can write the asymptotic expansion of V. as /ndiag(V. — V.) = V2(X'X) "' X vech(Z) +
diag(Z,) + o,(1), where Z* = G'V.'Z,V.'G and Z,, := Z, — diag(Z,). Thus, we get:
Vndiag(V. — V.) = VA(X'X) "' X vech(Z*) + diag(Z), where Z* = G'V.'ZV'G. Hence,
the asymptotic distribution of the FA estimators depends on the diagonal elements of Z via term
diag(Z) in the asymptotic distribution of V.. In Theorem 2 in Anderson and Amemiya (1988), this
term does not appear because in their results the asymptotic distribution of V. is centered around
diag(%as’) instead of V.. Our recentering around V. avoids a random bias term.

Finally, by applying the CLT to (E.19), the asymptotic distribution of vector 0 is:

Jvec(X

Vn(f —6) = %BD (BhJoBy) ' B < 89,(00))> (V, ' @V, ) vec (WF' + FW' + Z) .(E.23)

The Gaussian asymptotic distribution in (E.23) matches those in (E.20) and (E.21) written for the
components, and its asymptotic variance yields the ‘sandwich formula”. The result in (E.23) is
analogue to Theorem 2 in Anderson and Amemiya (1988), for different factor normalization and
recentering of the variance estimator.

Proof of Proposition 7: From (E.7), we have the asymptotic expansion: \/ﬁdiag(f/,E — \75) =
diag(V.)+0,(1) = V2(X'X )™ X vech(Z})+0,(1). Moreover, from Proposition 6 (a) and using

“THere, diag(Z) is the diagonal matrix with the same diagonal elements as Z.
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U, — U, = W,F' + FW! + Z,, we have: \/n(Ej — F}) = R;(¥, — W)V Fy + AUV F) +
0,(1) = Ry (W F' + FW! + Z, )V Fy + A [diag(9.) (VU F)] + 0,(1) = Ry(Wo F' + FW! +
Z)VE + N{[Ve(X' X)X vech(Z7)] ® F;} + 0,(1). Lemmas 2 and 8 yield (E.20)-(E.21),
together with (E.22) from (E.8) since ¥, — V. = WF' + FW' + Z.

E.5.3 Feasible CLT for the FA estimators

i) Feasible CLT for Z,, via a parametric estimator of the asymptotic variance
We first show that, under strengthening of Assumption 2, we get a parametric structure for the

variance V'[vech(Z)] = Qz(V.,9) with a vector of unknown parameters ¥} of dimension 7" + 1.

Assumption 3 The standardized errors processes w;, in Assumption 2 are (a) stationary martin-

gale difference sequences (mds), and (b) E[wztwi,rwi,s] =0,fort>r>s.

Assumption 3 holds e.g. for conditionally homoskedastic mds, and for ARCH processes (see be-
low). Let & := VY22V 2 Then, using Lemma 2, under Assumptions 2 and 3, we have
V2] = ¥(0)+2k, V[ 2 s] = ¥(t—s)+q+rkand Cov( 244, Z5.5) = Y(t—s), where (L —s) =
Tim L3, Cov(w?,, w?,)o%. Quantity 1(t—s) depends on the difference ¢ — s only, by stationarity.
The other covariance terms between elements of 2 vanish. Then, we have Q = [)(0) —2¢]D(0) +

sZL(R)D(R) + (g + K)Ir(rs1yje, where D(0) = S°|_ vech(Ey )vech(E;,) and D(h) =
D(R) + D(h) with D(h) = 1" [vech(Ey)vech(Eyiniin) + vech(Eypniin)vech(Er,)] and
D(h) = Zf:_lh vech(Eyiin+ Erini)vech(Eypin+ Erpny) forh =1, ..., T —1, and where E; ¢ de-
note the T'x T' matrix with entry 1 in position (¢, s) and 0 elsewhere. Hence, with Z = V:'/2 % V22,
we get a parametrization Qz(V., ¥) for V]vech(Z)] withd = (¢+~k, ¥ (0)—2q, ¥ (1), ..., (T —1))".

Then, we obtain a parametric structure for MxQz-Mx = Mx R'Q,RMx.

Lemma 9 Under Assumptions 1-3 and A.1-A.6, we have:

T-1
MxQz-Mx =Y [i(h) + q+ s]Mx R'D(h)RMx. (E.24)

h=1
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Hence, the parametric structure M x$z Mx (V. G, 15) depends linearly on vector 0 that stacks the
T — 1 parameters ¢ (h) + ¢ + k, for h = 1,...,T — 1. It does not involve parameter ¢)(0), i.e., the
quartic moment of errors, because the asymptotic expansion of the LR statistic does not involve the
diagonal terms of Z. Moreover, the unknown parameters appear through the linear combinations
(h) + q + k that are the scaled variances of the out-of-diagonal elements of Z. We can estimate
the unknown parameters in i by least squares applied on (E.24), using the nonparametric estimator
My Que M  defined in Proposition 1, after half-vectorization and replacing V. and G by their FA
estimates. It yields a consistent estimator of Mx {2z« M x incorporating the restrictions implied by
Assumption 3.

To get a feasible CLT for the FA estimates, we need to estimate the additional parameters
1 (0) — 2¢q and ¢ + . We consider the matrix Q. from Proposition 1, that involves fourth-order

moments of residuals.

Lemma 10 Under Assumptions 1-3 and A.1-A.6, and \/n Z;]T?:l B2, , = o(1), up to pre- and post-
multiplication by an orthogonal matrix and its transpose, we have Qs = RZ,R+ 0,(1), where

én = [¢n(0) - QQn]D(O) + Zz;ll ¢n(h)D(h) + (Qn + KH)IT(TJrl)/Q + (Qn + fn)’UBCh(IT)’Uech(IT)/
Jn

and gn = % Z Z 0i0jj-

m=1i#£j€l,,

With blocks of equal size, the condition v/n 327" B2, =o(1)holdsif J, = n*and @ > 1/2.

Now, we have the relation 3D(0) + Zf;ll D(h) —vech(Irp)vech(Ip) = Ip(r41)/2, which implies
3R'D(0)R+Y.,—] R'D(h)R — vech(Iy_y)vech(Ip_1) = I,. Hence, matrix

T-1
REZ,R = [0(0)+ qu + 36, ]JRDO)R+ > [n(h) + ¢u + rn] RD(h)R
h=1
+(&, — kn)vech(Ir—y)vech(Ir—y) (E.25)

depends on 7"+ 1 linear combinations of the elements of J,, = (¢,, + K, ¥n(0) — 2¢n, ¥V (1), ...,
(T —1)) and &, — Ky,. Thus, the linear system (E.25) is rank-deficient to identify ¢J,,. Moreover,

in Assumption A.3 (b), k,, is defined as a double sum over squared covariances scaled by n, and is

71



assumed to converge to a constant . Such a convergence is difficult to assume for &, since &, is a
double sum over products of two variances scaled by n.

We apply half-vectorization on (E.25), replace the LHS by its consistent estimate 2, and plug-in
the FA estimates in the RHS. From Lemma 10, least squares estimation on such a linear regression
yields consistent estimates of linear combinations ¢ (0) + ¢ + 3x and ¢(h) + ¢ +  for h =
1,...,7 — 1. Consistency of those parameters applies independently of &, — k,, converging as
n — oo, or not.*® In order to identify the components of 1J, we need an additional condition. We
use the assumption ¢)(7" — 1) = 0. That condition is implied by serial uncorrelation in the squared
standardized errors after lag T — 1, that is empirically relevant in our application with monthly
returns data. Then, parameter ¢ + & is estimated by v, (T —T)?qn + Ky, and by difference we
get the estimators of 1)(0) — 2¢ and ¢(h), for h = 1,...,T — 2.

Let us now discuss the case of ARCH errors. Suppose the w;; follow independent ARCH(1)
processes with Gaussian innovations that are independent across assets, i.e., w; ; = h;fzi,t, Zip ~
IIN(0,1), hiy = ¢; + asw}, , with ¢; = 1 — ;. Then Elwg,] = 0, E[w},] = 1, n; :== V[w},] =
ﬁ Cov(w, w?,_,) = nic). Moreover, E[w; jw; yw; sw; ] = 0 if one index among ¢, r, 5, p is
different from all the others. Indeed, without loss of generality, suppose ¢ is different from s, p, r.
By the law of iterated expectation: Ele; &; s€ipeir] = E[E[it {27,132 o) { Zir frptl€is€ipSin] =
E [h%QE [zi,t‘zzt]gi,sei,pgi,r] = 0. Then, Assumption 3 holds. The explicit formula of {2 involves

P(h) = lim%Z?zl 13(;%;202 for h = 0,1,...,7 — 1. Hence, setting ¢)(T" — 1) = 0 is a mild
n—oo 7

assumption for identification purpose since ainl is small. If o; = 0 for all ¢, i.e., no ARCH
effects, we have ¢)(0) = 2g and ¢(h) = 0 for b > 0, so that Q = (¢ + K) I

2
ii) Feasible CLT for W/,

Let us now establish a feasible CLT for I¥,,. In order to estimate matrix () in the asymptotic

“8To see this, write the half-vectorization of the RHS of (E.25) as x1,,, where x is the % x (T + 1) matrix
of regressors and 7,, the (7' 4 1) x 1 vector of unknown parameters. Then, vech(€z-) = X7, + 0,(1), by Lemma
10, the consistency of the FA estimates, and the last column of x not depending on unknown parameters. Thus,

fin = (X'X) " Rvech(Qz+) = 0, + 0p(1). In particular, we also have §ni\nn =&, — kn +0p(1).
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variance () in Lemma 8, we use the estimated betas and residuals, and combine them with a
temporal sample splitting approach to cope with the EIV problem caused by the fixed T setting.
Specifically, let us split the time spell into two consecutive sub-intervals with 7 and 75 obser-
vations, with 77 + T, = T and such that 77 > k£ and 75 > k. The factor model in the two
sub-intervals reads y1; = py + F18; + €1, and yo; = po + Fo8; + €24, and let V. and V5. denote
the corresponding diagonal matrices of error average unconditional variances.* The conditions
T1 > k and T > k are needed because we estimate residuals and betas in the first and the sec-
ond sub-intervals, namely é,; = My, ¢, (y1, — 1) and B = (FQ’%?FQ)*FQ’VQ;I@/M — 7).
Here, Fj and Vj’s for j = 1,2 are deduced from the FA estimates in the full period of 7" ob-
servations. Define ¥y = LS Didern (@B;) ® (£1481;). By using &1; = (Mg, _F1)Bi +
Mg g (15 = &1)s Mp g, Fy = Op(J5) and 532, 0%, = 32, B2, = o(1), we get Wy =
(e ® Mg, ) (£ 0 Siger, (B8 @ (o1 — 21)(er; = £1)]) (ke ® My, o1 ) + 0,(1). Now,
we use f3; = [(FQ’\A/Q_;FQ)AFQ’\A/{;FQ} Bi + (FQ"A/Q;IFQ)AFQ’\A/{;(@% — &), and &, = o,(n~1/4),
& = 0,(n"'/*) from Lemma 6 (a), as well as the the mds condition in Assumption 3. We get
Wy =Wy +Ws,+0,(1), where Wy, = (14 © Mp, ;) (% D om 2ijer, (Bif}) © (51,i5’1,j)> (L ®
My y,) and Wao = ([(FIVa B2 PRV @ Mia,) (2 0 Siger, (S2i8,) @ (121,) )
((FVo o) V5] @M ) - Weuse 237 57 ) (Bi3)) @ (2148 ;) = Qs @ Vi +0,(1),
and = >° >ijer, (€2:85 ;) ®(€1,i€] ;) = Qa1+0,(1), where (y; is the sub-block of matrix 2 that
is the asymptotic variance of ﬁ Yor€2,®@¢e1,; = N(0,Q). Then, \i/ﬁ = Qp® (Mp, v, Vi) +
((F3Vat F) TRV, ) @ My i) Qan ([(F3VE Fo) T FyV, ' @ M s )+ 0,(1). Thus, we get
a consistent estimator of ()g ® (Vl;l/ M FLVi. Vllf) by subtracting to U 3 a consistent estimator of

the second term on the RHS (bias term),> and then by pre- and post-multiplying times (/ k®‘71;1/ 2).

49We can take the two sub-intervals as the halves of the time span. If this choice does not meet conditions 77 > k
and 75 > k in a subperiod, we take the second sub-interval such that 75 = k, and add to the first sub-interval a

sufficient number of dates from the preceeding subperiod in order to get 77 = k + 1.
>0Sample splitting makes the estimation of the bias easier, but we can avoid such a splitting at the expense of a more

complicated debiasing procedure.
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To get a consistent estimator of ()3, we apply a linear transformation that amounts to computing the
trace of the second term of a Kronecker product, and divide by Tr(VL;l/ M F1,V175V11,5/2) =T — k.
Thus: Qs = roriy Yo Stger, (BB EViter) e Sk (wel) { (305 Bo) g M
[Vl;l/QMFLVLJ) Qo ([‘72;1F2(F§\72;1F2)_1] ® [Ml’ﬁhvl,evl;w}) } (I ® e;), where the e; are T} -
dimensional unit vectors, and (), is obtained from Subsection E.5.3 i). If estimate ()z is not
positive definite, we regularize it by deleting the negative eigenvalues.
iii) Joint feasible CLT

To get a feasible CLT for the FA estimators from (E.20)-(E.21), we need the joint distribution
of the Gaussian matrix variates Z and . Under the condition of Lemma 8 (b), the estimates of
the asymptotic variances of vech(Z) and vec(V) are enough, since these vectors are independent.

Otherwise, to estimate the covariance Cov(vech(Z),vec(W)), we need to extend the approaches

of the previous subsections.

E.5.4 Special cases

In this subsection, we particularize the asymptotic distributions of the FA estimators for three
special cases along the lines of Section 4, plus a fourth special case that allows us to further discuss
the link with Anderson and Amemiya (1988).
i) Gaussian errors

When the errors admit a Gaussian distribution &, N (0,04 V) with diagonal V., matrix
%V;UQZV{UQ is in the GOE for dimension 7, i.e., ﬁvech(‘/{l/QZV{l/Q) ~ N(0, Ir(ri1y/2)s
where ¢ = nlggo% >, 0. Moreover, vec(W) ~ N(0,Qp ® V), where Q5 = T}Lr{}o% > il
mutually independent of Z because of the symmetry of the Gaussian distribution.
ii) Quasi GOE errors

As an extension of the previous case, here let us suppose that the errors meet Assumption 2, the
Conditions (a) and (b) in Proposition 2 plus additionally (c) nli)nolo Ly V(el,) = nV2,. foracon-

stant ) > 0, and (d) lim 2 3" | E[e? ;,&;,,] = 0 for 7 # p. This setting allows e.g. for condition-
n—>00 ’

74



ally homoskedastic mds processes in the errors, but excludes ARCH effects. Then, the arguments
(7’] / 2+ H)I T 0

0 (¢ + H)I%T(Tfl)
The distribution of V{l/ °z V{l/ ? is similar to (scaled) GOE holding in the Gaussian case up to

in Lemma 2 imply vech(V: /> ZV. /%) ~ N(0,Q) with Q =

the variances of diagonal and of out-of-diagonal elements being different when n # 2¢. Hence,
contrasting with test statistics, the asymptotic distributions of FA estimates differ in cases i) and ii)
beyond scaling factors. It is because the asymptotic distributions of FA estimates involve diagonal
elements of Z as well.
iii) Spherical errors

Let us consider the case ¢; nd (0,04 V) where V. = %17, with independent components
across time and the normalization nh_r){.lo % >, 0s = 1. By repeating the arguments of Section E.3
for the constrained FA estimators (see Section 5.3), we get Tr(Mp(V, — V.)Mp) = 0 instead of
equation (E.4). It yields the asymptotic expansions \/n(6? — %) = . Tr(MpZ,) + 0,(1) =
ZTr(Z2) +0,(1), and /n(Ej — Fy) = S Rj(U, — U ) Fj — LA 0. Fj+0,(1) = L R; (W, F' +
FW,, + Z,)F; + 0,(1), where we use U, — ¥, = W, F' + FW + Z,, V., = = Tr(MpZ,)Ir
and A;F; = 0, and Z,, = Z, — ﬁTT(MFZn)IT. Moreover, by sphericity, we have R; =
o Pt - Met+ Y00 o 5 Pry Thus, we get /n(62—6%) = £5Tr(Z7) and v/n(F,— F)) =
= R;(WF'+FW'+Z)F;>" The Gaussian matrix Z is such that Z,, ~ N(0,7) and Z, s ~ N (0, q)
for ¢t # s, mutually independent, where n = 7}1_}11010% > Vlez,l, and vec(W) ~ N(0,Qp ® Ir).

Variables Z and W are independent if £ [5?725] = 0. FGS, Section 4.3.1, explain how we can
estimate ¢ and 7 by solving a system of two linear equations based on estimated moments of &; ;.
iv) Cross-sectionally homoskedastic errors and link with Anderson and Amemiya (1988)

Let us now make the link with the distributional results in Anderson and Amemiya (1988). In

our setting, the analogous conditions as those in their Corollary 2 would be: (a) random effects

5I'The asymptotic distribution of estimator 62 coincides with that derived in FGS with perturbation theory methods.
The asymptotic distribution of the factor estimates slightly differs from that given in FGS, Section 5.1, because of the

different factor normalization adopted by FA compared to PCA even under sphericity.
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for the loadings that are i.i.d. with E[3;] = 0, V[f;] = I, (b) error terms are i.i.d. &; ~ (0,V;)
with V. = diag(V- 11, ..., Vorr) such that Ele; i€, 6 565 = VestVess, fort = r > s = p, and
= 0, otherwise, and (c) ; and ¢; are mutually independent. Thus, o;; = 1 for all ¢, i.e., errors
are cross-sectionally homoskedastic. Under the aforementioned Conditions (a)-(c), the Gaussian
distributional limits Z and W are such that V[Zy] = n,V2,, for n, := VI[e} ]/VZ,, V|Z]| =
V.1tVe 55, for t # s, all covariances among different elements of Z vanish, and Vvec(W)] = I} ®
V.. Equations (E.20)-(E.21) yield the asymptotic distributions of the FA estimates. In particular,
they do not depend on the distribution of the /3;. Moreover, the distribution of the out-of-diagonal
elements of Z does not depend on the distribution of the errors, while, for the diagonal term, we
have 1, = 2 for Gaussian errors. As remarked in Section E.5.2, if the asymptotic distribution of
estimator V. is centered around the realized matrix %Zz e;€; instead of its expected value, that
distribution involves the out-of-diagonal elements of Z, and the elements of 1. Hence, in that

case, the asymptotic distribution of the FA estimates is the same independent of the errors being

Gaussian or not, and depends on " and V. only, as found in Anderson and Amemiya (1988).

E.6 Orthogonal transformations and maximal invariant statistic

In this subsection, we consider the transformation O that maps matrix G into GO, where O is an

R(T=F)*(T=k) " and the transformation O, that maps matrix D into DOp,

orthogonal matrix in
where Op is an orthogonal matrix in RY*% These transformations are induced from the freedom
in chosing the orthonormal bases spanning the orthogonal complements of F and X. We show
that they imply a group of orthogonal transformations on the vector W= \/ﬁf?lvech(g *), with
S* = GV YV, — V)V '@, and establish the maximal invariant.

Under the transformation O, matrix S* is mapped into O~15%0. This transformation is mir-
rored by a linear mapping at the level of the half-vectorized form vech(S’*). In fact, this mapping
is norm-preserving, since |[vech(S)||? = £||S||? and [[O~*SO|| = ||S|| for any conformable sym-

metric matrix S and orthogonal matrix O. This mapping is characterized in the next lemma.
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Lemma 11 For any symmetric matrix S and orthogonal matrix O in , we have

vech(O150) = #(O)vech(S), where Z(0) = 1A, (0" ® O')A,, is an orthogonal matrix,
and A,, is the duplication matrix defined in Appendix B. Transformations Z%(0O) with orthogonal
O have the structure of a group: (a) Z(1,) = It pm1y (D) H(01)Z(03) = Z(0201), and (c)
R(O)] = 20,

With this lemma, we can give the transformation rules under O for a set of relevant statistics in

the next proposition. We denote generically with - a quantity computed with GO instead of G.

Proposition 8 UnderAssumptlons]andA5 (a) vech(S*) = Z(0)vech(5*), (b)}:%’(O)X,
(c) I, — X(X X)! X = Z(0)I, — X(X'X)'X'1%2(0)", (d) R = R%(0)7,
() R(I, - X(X X)"'X ) = R(I, - X(X'X)"'X")%(0)~.

From Proposition 8 (c¢), under transformation O, matrix Dis mapped into %(O)i) Combining
with transformation Op, we have 15 %(O)DOD Thus, using Proposition 8 (a), under O and
Op, vector W is mapped into W vnD vech(S*) = O}, Wp. Thus, statistic T is invariant
under O, while Op, operates as the group of orthogonal transformations. The maximal invariant
under this group of transformations is the squared norm || W |2 = W'IW.

Proof of Proposition 8: With év* = 07150, part (a) follows from Lemma 11. Let G =
GO. Then, for any diagonal matrix A, on the one hand, we have vech(G'AG) = Xdiag(A),
and on the other hand, we have vech(G'AG) = vech(O'\G'AGO) = Z(0)vech(G'AG) =
Z#(0)Xdiag(A). By equating the two expressions for any diagonal matrix A, part (b) follows.
Statement (c) is a consequence thereof and Z(O) being orthogonal. Moreover, with Q = QO and
using vech(Q'ZQ) = vech(07'Q'ZQ0) = Z(0)R'vech(Z), we deduce part (d). Statement (e)

is a consequence of (c¢) and (d).
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E.7 Proofs of Lemmas 5-11

Proof of Lemma 5: The equivalence of conditions (a) and (b) is a consequence of the fact that
function £ (A) = —3 log |[A] — Tr(V,)A™"), where A is a p.d. matrix, is uniquely maximized for
A =V} (see Magnus and Neudecker (2007), p. 410), and Ly(f) = .Z(%(6)).

Proof of Lemma 6: (a) From Assumption 2, we have E[z] = Oand V[g] = V' |+ 377, | suk\/;l/ ka]

n2

Now, % ZZj:1 Tij < C% ZJn bid = 0! Zi?:l Bflntf) = O(ﬂ‘;’lJi/Q(Zfizl 3%71“*5))1/2)

m=1"“"m,n

1/2 1/2
= V2L i kit SikSiElwpw] Ve 2 = (72 2o1; 0ij)Ve where the s; . are the elements of »/2,

= o(n"'J»/*) = o(n'/2) from the Cauchy-Schwarz inequality and Assumptions 2 (c) and (d).
Part (a) follows. To prove part (b), we use E[2ee’] — V. and V[vech((VY) /2 (Lee)(VO)~1/2)] =
%Qn from the proof of Lemma 2, and %Qn = o(1) by Assumption A.3. Finally, to show part (c),
write 13" g8 = (VO)V2L N s jw; Bl Then, E[L 37" | ;8] = 0 while the variance of

n ij=1
+ > imy €i3]) vanishes asymptotically since V{vee(y: D27y si jwiB)] = 23 200 i1 SigSmi

(BiB) @ Elwjw,] = 75 3271 0i1(8i8]) © Ir = o(1) under Assumptions 2 and A.2.

vec(

Proof of Lemma 7: From the arguments in the proof of Proposition 6 with ¥, = 0, the solution of

the FOC is such that U5, ; = (A} — R))W{, (V)" Fj for j = 1,..., k, and diag(Mg, vo W5, My, 1)

= 0. Since Wy, is diagonal, the latter equation yields M%Vodiag(\lli/s) = 0. Under condition (a)

of Lemma 7, we get Wi, = 0, which in turn implies W% = 0. Thus, condition (a) is sufficient
for local identification. It is also necessary to get uniqueness of the solution ¥{, = 0. Moreover,

conditions (a) and (b) of Lemma 7 are equivalent as shown in Appendix E.3. Further, conditions (a)

and (c) are equivalent since ®2 = M,%QVo(VeO)Q. Finally, let us show that condition (d) of Lemma

7 is both sufficient and necessary for local identification. The FOC for the Lagrangian problem are
9Lo(0) _ 9g(0)’

Az, = 0and g(0) = 0, where A, is the Lagrange multiplier vector. By expanding at

a6 a0
60— 90 Ji 0 AO .
first-order around 6y and \y = 0, we get H = 0, where H, := , with
Ay O
Ay = ‘99((3%0)/, is the bordered Hessian. The parameters are locally identified if, and only if, Hj is
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invertible. The latter condition is equivalent to Bj.Jy By being invertible.>

Proof of Lemma 8: By Assumption 2, vec(W,,) = (I ® %1/2)% Zif:l T, Where the x,, , :=
Zme 1, Sij(Bi ® wj) are independent across m. Now, we apply the Liapunov CLT to show
LS = N(0,Qs@1r). Wehave Elt,,.,] = 0and Elt,,,2), ] = (2 en o—wﬂzﬂ;) ®
It and, by Assumption A.8, Qy,, := =+ Z‘]" Elzm ), ,] converges to the positive definite ma-
trix ()s®Ir. Let us now check the multivariate Liapunov condition ||€2y;, Y 2| LS B2l =

72 Zum=1

o(1). Since HQ;VZQH = 0,(1), it suffices to prove - S E (a2t )] = o(1), forany p = 1,.... k
andt = 1,...,T, where o, = 3", .| ;B ,w;. For this purpose, Assumptions A.1 and A.2
yield E[(a,)] < C(S, 0, 71s)% Then, we get 1 S0 Bl(ant, )] < €4 Y0 500 <
Cn? Zm:l 3,1(,1”+5) = o(1) by Assumptions 2 (c) and (d). Part (a) of Lemma 8 follows. Moreover,
Elvech(Gnn)x,, ] = 0 and the proof of Lemma 2 imply part (b).
Proof of Lemma 9: From the proof of Proposition 1 we have MxQz-Mx = MxRQRMx,
where Q = D+rlr(rin 2 = [(0)—2¢] D(0)+ 3,21 (A)[D(h)+D(h)]+(g+K) Iz 41)/2- Then,
since the columns of R are orthonormal, we get M XQ 7+Mx = [(0) — 2q)Mx R'D(0)RMx +

Flp(h)Mx R D(h)RMx + Y1 — ¢(h)Mx R'D(h) RMx + (q + 1) Mx. Now, we show that
the the first two terms in this sum are nil. We have G'E,; ;G = @)’ 81/2Et tV1/2Q = V.uQ'E,Q
and thus vech(G'E;,G) = V.yvech(Q' E Q) = VeyRvech(Ey,) (see the proof of Proposi-
tion 1). Hence, the kernel of matrix Mx is spanned by vectors R'vech(E,;), fort = 1,....T.
We deduce that MxR'D(0) = 0 and MxR'D(h)RMx = 0. Furthermore, from Ir(r1)2 =
231 vech(Ey)vech(Eyy) + 3, vech(Ey s+ EsJvech(Ey s + By ;) = 2D(0) + Y1) D(h),
we get Mx = Mx R Irqri1y2RMx =3, ~| Mx R D(h)RMx. The conclusion follows.
Proof of Lemma 10: By the root-n consistency of the FA estimators, 2, = z;,, + O (bm “na),
uniformly in m, where z}, , = Eie L GVl el VoG = Y., Q'eie;Q. Under the condition
S B2 = /ny o B2, = o(l), wehave Qz. = LS Elvech(z},,, Jvech(z, )] +

0p(1), up to pre- and post—multlphcation by an orthogonal matrix. Moreover, vech(

mn)

2Indeed, we can show |Ho| = (—1)2%+=1| AL Ag||B}Jo By | by using Jo Ao = 0, where the latter equality follows

since the criterion is invariant to rotations of the latent factors.
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R[S0y, vech(ee))] = LRAL[S ;. (er@e)] and ey (eies) = X Tap(ta @), Thus,
we get E [vech(z}, ,,)vech(z), )] = TR'AL {Zab’c’delm OapOcal[(wg @ wy)(we ® wd)’]} ArR.
The non-zero contributions to the term in the curly brackets come from the combinations with a =
b=c=d,a=b#c=d,a=c#b=danda =d # b = ¢, yielding: Zmb’c’d TapOcal[(We @
) (WeD0a)] = 3 02 El(10at0) & (0,4 (e Caare)vec Fryoec( ) + (5 024) (s +
Krr) = 32,000,V (wa @wa)|+ (32, 0aa)*vec(Ir)vec(Ir) + (32, 4, 0a,) (Ir2 + Krr). Then, us-
ing w, ® w, = Apvech(wqw,), we get 3 Al {Za,b,a,delm Oap0caE[(We @ wp)(we @ wd)’]} Ap =
>alod JV (veeh(waw)))] + (32, 0aa)*vech(Ir)vech(Ir) + (32,4 U%ﬂ@- Then, since
L3 02 VIvech(ww})] = D, where matrix D, is defined in Assumption A.6, we get Q- =
R=,R+ 0p(1), where =, =D, + (Gn + &n)vech(Ip)vech(Ir) + /-{n]w. Moreover, under As-
sumption 3, and singling out parameter ¢,, along the diagonal, we have D,, = [¢,,(0) — 2¢,]D(0) +
vl b, (R)[D(h) + D(R)] + @nd7(1+41)/2- The conclusion follows.

Proof of Lemma 11: We use vec(S) = A, vech(S), where the m? x sm(m + 1) matrix A, is
such that: (i) A A,, = 21 Lin(m41)> (ii) KypmAm = Ay, where K, ,, is the commutation matrix
for order m, and (iii) A,, A}, = I,2 + K, (see the proof of Proposition 1 and also Theorem
12 in Magnus, Neudecker (2007) Chapter 2.8). Then, vech(S) = A vec(S) by property (i),
and vech(O150) = LA vec(O71S0) = $A! (O’ @ O')vec(S) = A, (0’ @ O')Apvech(S),
for all symmetric matrix S. It follows Z(0) = A, (0’ ® O')A,,. Moreover, by properties
()-(iii), we have () Z(In) = Iimiry (0) Z(O1)Z(0:) = 14,,(07 ® 01) AR AL (05 ®
05) A = 147,01 @ O)) (L2 + Kinm) (05 ® O9) Ay = 347, (0105, @ 010%) (T2 + Koy ) Ay =

LAY [(0:201) @ (0201))A,, = Z(0,0;), and thus (c) [Z(0)]~! = 2(07Y).

F Numerical checks of conditions (6) of Proposition 4

In this section, we check numerically the validity of Inequalities (6) for given df, \;, v;, and
m = 3,...., M, for a large bound M. The idea is to compute the frequency of the LHS of (6)

becoming strictly negative over a large number of potential values of \; and v;, j = 1, ..., df, for
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any given df > 1.5 Table 2 provides those frequencies for m = 3, ..., 16 (cumulatively), with \;
uniformly drawn in [\, A] for j = 1, ..., df, and with v; = 0>* and v; uniformly drawn in [0, 7], for
j =2, ...,df, and different combinations of bounds ), \, 7, and degrees of freedom df = 2, ..., 12.
Each frequency is computed from 10® draws of \; and v, j = 1,...,df. In the SMC, we also
report a table of frequencies for large grids of equally-spaced points in [\, \]¥ x [0, 7]#~!, which

corroborate the findings of this section.

F.1 Calibration of 7, \ and )

To calibrate the bounds 7, A and \ with realistic values, we run the following numerical experiment.
For T' = 20 and k = 7, we simulate 10, 000 draws from random 7" x k matrix F such that vec(ﬁ’) ~
N(0, Iy) and set F = V22UTY2, U = F(F'F)2, G = V2?Q, Q = Q(Q'Q)~Y2, Q are the
first T — k columns of Iy — UU’, for V. = diag(V 11, ..., Verr), with Vo4 = 1.5 fort = 1, ..., 10,
and V. = 0.5 fort = 11,...,20, and I" = T'diag(4,3.5,3,2.5,2,1.5,1), ¢x41 = 107, and &4, =
e;. With these choices, the “signal-to-noise" %Fngle for the seven factors 7 = 1,...,7 are
4,3.5,3,2.5,2,2.5,1, and the “signal-to-noise" for the weak factor is 1 F} V. "' Fj,yq = 10n=/2,
Moreover, the errors follow the ARCH model of Section E.5.3 (i) with ARCH parameters either (a)
a; = 0.2 for all 7, or (b) o; = 0.5 for all 4, and ¢ = 4, and x = 0 (cross-sectional independence).
The choices o; = 0.2, 0.5 both meet the condition 3a? < 1 ensuring the existence of fourth-
order moments. Moreover, with ¢ — 1 = 3, we have a cross-sectional variance of the o;; that
is three times larger than the mean (normalized to 1). For each draw, we compute the df = 71
non-zero eigenvalues and associated eigenvectors of (2., and the values of parameters v; and

Aj. In our simulations (a) with a; = 0.2, the draws of max;—; g v/; range between 0.21 and

>3From Footnote 39, we know that Inequalities (6) are automatically met with df = 1. A given value of df may
result from several different combinations of 7" and k, while a given T implies different values of df depending on k.
For instance, df = 2 applies with (T',k) = (4,1), (8,4), and (13, 8), among other combinations. For 7" = 20, the

tests for k = 1,2, ..., 14 yield df = 170, 151,133,116, 100, 85,71, 58,46, 35, 25, 16, 8, 1, respectively.
4This normalization results from ranking the eigenvalues f45, so that yi1 is the smallest one.
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0.30, with 95% quantile equal to 0.28, while the 5% and 95% quantiles of the \; are 0.13 and
7.65. Instead, (b) with a; = 0.5, the max;_; 4 v; range between 0.70 and 0.79, with 95%
quantile equal to 0.77, and the 5% and 95% quantiles of the \; are 0.12 and 6.64. To get further
insights in the choice of parameters 7, \, A, we also consider the values implied by the FA estimates
in our empirical analysis. Here, when testing for the last retained %k in a given subperiod, the

median across subperiods of max;_; g v/; 18 0.76, and smaller than about 0.90 in most subperiods.

gooay

Similarly, assuming ¢ ;1 = 107" and £,1 = e; as above, the median values of the smallest and the
largest estimated A; are 0.0024 and 5.84. Inspired by these findings, we set A = 7, and consider
v =0.2,0.7,009, 099, and A = 0, 0.1, 0.5, 1, to get realistic settings with different degrees
of dissimilarity from the case with serially uncorrelated squared errors (increasing with ), and

separation of the alternative hypothesis from the null hypothesis (increasing with }).

F.2 Results with Monte Carlo draws

In Table 2, the entries are nil for 7 sufficiently small and A sufficiently large, suggesting that the
AUMPI property holds for those cases that are closer to the setting with uncorrelated squared
errors and sufficiently separated from the null hypothesis. Violations of Inequalities (6) concern
df = 2,3,4,5.° Let us focus on the setting with 7 = 0.7 and A = 0.1. We find 3752 violations
of Inequalities (6) out of 10® simulations, all occurring for df = 2, except 65 for df = 3. For
those draws violating Inequalities (6) for df = 2, a closer inspection shows that (a) they feature

values v5 close to upper bound 7 = 0.7, and values of Ay close to lower bound A = 0.1, and

f(z:A1,)2)
f(20,0) °

corresponding to large values of z. As an illustration, let us take the density ratio for df = 2 with

(b) several of them yield non-monotone density ratios with the non-monotonicity region

35 A given number of simulated draws become increasingly sparse when considering larger values of df, which
makes the exploration of the parameter space more challenging in those cases. However, unreported theoretical con-
siderations show via an asymptotic approximation that the monotone likelihood property holds for df — oo since the
limiting distribution is then Gaussian. This finding resonates with the absence of violations in Table 2 for the larger

values of df .
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Vo =

1 =

0.666, Ay = 1.372, and Ao

1 (by normalization) and p

0.130. Here, the eigenvalues of the covariance matrix are

(1 — 1)~ = 2.994, and the non-centrality parameter ), is

small. The quantiles of the asymptotic distribution under the null hypothesis for asymptotic size

a = 20%, 10%, 5%, 1%, 0.1% are 9.3, 12.8, 16.2, 24.5, 36.5. Non-monotonicity applies for z > 16.

The optimal rejection regions {% > ('} correspond to those of the LR test {z > C}, e.g.,

for asymptotic levels such as o = 20%, but not for &« = 5% or smaller. Indeed, in the latter cases,

because of non-monotonicity of the density ratio, the optimal rejection regions are finite intervals

in argument z. With 7 = 0.7, we do not find violations with A = 0.5 or larger.
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df 2 3 4 5 67891011 |12

v=021] A=0 | 0.002 0 0 0 0/0j0j0]O0O]O0]|O0
A=0.1] 0.000 0 0 0 0/0j0j0]O0O]O0]|O0

A=0.5 0 0 0 0 0/0j0j0] 0|00

A=1 0 0 0 0 0/0j0j0]O0O]O0]|O0

v=071] A=0 | 0.051 ] 0.000 | 0.000 0 0/{0|j0lO0O] O] 0|0
A=0.1] 0.037 | 0.000 0 0 0/{0|0lO0O] O] 0|0

A=05 0 0 0 0 0/{0|j0fO0O] O] 0|0

A=1 0 0 0 0 0/{0|j0fO0O] O] 0O

v=09 | A=0 | 0.151 | 0.004 | 0.000 | 0.000 O [O|O[O| O] OO
A=0.1] 0.134 | 0.004 | 0.000 0 0/0j0j0]O0]O0]|O0

A=0.51 0.007 | 0.000 0 0 0/0j0j0] 0|00

A=1 0 0 0 0 0/0j0j0]O0O]O0]|O0

v=099 | A=0 | 0426 |0.015|0.000|0.0000{0[{0|0O| 0| 0]O
A=0.1] 04111 0.014 | 0.000 | 0000 O|O0O|O0O|O0O| O] 0] O

A=0.51 0.218 | 0.007 | 0.000 0 0/{0|j0fO0O] O] 0O

A=1 | 0.078 | 0.001 0 0 0/{0|j0fO0O] O] 0|0

Table 2: Numerical check of Inequalities (6) by Monte Carlo. We display the cumulative frequency
of violations in %o of Inequalities (6), for m = 3, ..., 16, over 10® random draws of the parameters
Aj ~ Unif[\ A and v; ~ Unif[0, 7], for A = 7, and different combinations of bounds )\, 77, and

degrees of freedom df. An entry 0.000 corresponds to less than 100 cases out of 10® draws.
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G Maximum value of £ as a function of 7’

In Table 3, we report the maximal values for the number of latent factors % to have df > 0, or

df > 0.

T 1 213456789 (10]11]12
df >0 0 oj1|{1}23|3|4|5|6)|6]|7
df>0|NA|O|]O| 1|22 |3|4|5|5]|]6/|7

T 13 |14 15|16 17|18 |19 [20|21 |22 |23 |24
df >0 | 8 9 10|10 |11 12|13 |14 |15 |15| 16| 17
df >0 8 919 |10|11 1213|1414 |15| 16| 17

Table 3: Maximum value of k. We give the maximum admissible value k of latent factors so that
the order conditions df > 0 and df > 0 are met, with df = $[(T —k)? — T — k], for different values

of the sample size 7' = 1, ..., 24. Condition df > 0 is required for FA estimation, and condition

df > 0 is required for testing the number of latent factors.

85




