Σ Π , ¨ ¸ W+ Wß Σ w WΠ V, 5AWBΣ AWȷ Π WΠ ß + , # WA 5¸ + , Σ # WΠ # Wß , 5

SULJ HQWM10O1^∂/ R1UHQDXOW^K/ dqg R1VFDLOOHW^{Sc⌢ �}

∂WKHP D/ Xqlyhuvlw̄h gh Fhuj — 0Srqwrlvh/ 66 eg gx Sruw/ ¡8344 Fhuj — 0Srqwrlvh/ I udqfh/ sulj hqwCx0fhuj — 1iu KI lqdqfldoP dunhwvJ urxs/ Orqgrq Vfkrrori Hfrqrp lfv/ Krxj kwrq Vwuhhw/ Orqgrq Z F5D 5DH/ XN/ r1p 1uhqdxowCovh1df1xn S LUHV/ Gh̄sduwhp hqwghv Vflhqfhv Hfrqrp lt xhv/ Xqlyhuvlw̄h Fdwkrolt xh gh Orxydlq/ 6 Sodfh P rqwhvt xlhx/ 467; Orxydlq0od0Qhxyh/ Ehoj lxp / vfdloohwCluhv1xfo1df1eh ⌢ Lqvwlwxwg*Dgp lqlvwudwlrq hwgh J hvwlrq/ Xqlyhuvlw̄h Fdwkrolt xh gh Orxydlq1

I heuxdu— 5334 Devwudfw

Z h vwxg— wkh g— qdp lfv ri wkh vsuhdg ehwz hhq X1V1frusrudwh dqg Wuhdvxu— erqgv1 Z h irfxv rq Ddd dqg Edd frusrudwh — lhog lqglfhv dqg hvwlp dwh qrqsdudp hwulfdoo— wkh g— qdp lfv ri wkh vsuhdgv dvvxp lqj wkdwwkh— iroorz d xqlyduldwh glffixvlrq surfhvv1 Xvlqj whfkqlt xhv ghyhorshg iru lqwhuhvwudwh surfhvvhv z h wu— wr lqihu iurp wkh gdwd z kdwdf0 fhswdeoh surfhvv fdq eh xvhg wr p rghodj j uhj dwh fuhglwvsuhdgv iru rswlrq sulflqj ru ulvn p dqdj hp hqwsxusrvhv1 Z h fflqg wkdwwkhuh lv vlj qlfflfdqwhylghqfh ri p hdq uhyhuvlrq hvsh0 fldoo— iru klj khu udwhg vsuhdgv dqg wkdwwkh yrodwlolw— ri Ddd vsuhdgv h–klelwd X0vkdsh z kloh wkh yrodwlolw— ri Edd vsuhdgv lv p rqrwrqlfdoo— lqfuhdvlqj lq wkh ohyhori vsuhdgv1 Edvhg rq wkhvh revhuydwlrqvdqg rq wkh hylghqfh ri mxp svlq wkh vhulhv/ z h sursrvh d qhz p rghoiru fuhglwvsuhdg lqglfhv +dq Ruqvwhlq0Xkohqehfn z lwk mxp sv, dqg hvwlp dwh lwe— p d–lp xp olnholkrrg1

�‘ i —Ξ@?! +˘ Σ ?˙ihtL?c¸ ˘ a@!ΛMi?@tc‘ ˘ ¸ ihh@Λ˙ı?c—Ξi i˙ı—Lh¸ ˘ aLhıL? @?˙ @? @?L?)4 LΛt hiuihii uLh Ξi*TuΛ*UL4 4 i?—t˘ AΞi —Ξıh˙ @Λ—ΞLh ˝h@—iuΛ**) @U!?L¯ *i˙˝it �?@?Uı@*tΛTTLh— uhL4 —Ξi ` i*˝ı@? ¸ hL˝h@4 L? W?—ihΛ?ıfflihtı—) ¸ L*it LuΣ ——h@U—ıL? Ȩ Σ W?M̆ ¸ e%f�ø˘

� W?— hL˙ΛU— ıL?

Fuhglwulvn kdvehhq d yhu— dfwlyh duhd ri uhvhdufk ryhuwkh sdvwihz — hduv1P xfk surj uhvv kdvehhq p dgh lq lp surylqj wkh fodvvlf fflup 0ydoxh edvhg p rghori ¨ j i — NA+4¡: 7, z khuh ghidxowlvp rghoohg dvwkhffluvwwlp hwkhydoxhri wkhfflup furvvhvvrp horz huerxqgdu— +vhh h1j 1 Υ Aaj i tNA dqg 7ΛAaBi j tBA +4¡¡9, ru . i ´WttNA dqg - j Aj O+ +4¡¡; , iru uhfhqw dgydqfhvlq vwuxfwxudop rghov,1Vhyhudoqhz dssurdfkhvlqfoxglqj kd˝dug udwh p rghovdqg

P dunry fkdlq p rghov kdyh dovr ehhq sursrvhg wr flufxp yhqwwkh hp slulfdodqg sudfwlfdo glȷ fxowlhvhqfrxqwhuhg lq vwuxfwxudop rghov_21

Kd˝dug udwh p rghov +vhh iru h–dp soh cBi i Nß dqg CΛi AOΛ, , +4¡¡8, ru $ Λuu´j dqg

7´A˝, j — NA+4¡¡¡,, gr qrwp rghowkh ydoxh ri wkh lvvxlqj fflup h–solflwo— exwdvvxp h wkdw ghidxowrffxuv e— vxusulvh/ dv wkh ffluvwmxp s ri d Fr– surfhvv1 Dowkrxj k vrp hkrz ohvv lqwxlwlyh wkdq fflup 0ydoxh edvhg p rghov/ wkhvh p rghovhqdeoh wr fdoleudwh wkh vsuhdgvp ruh hdvlo— dqg duh xvhixowrrovwr sulfh fuhglwghulydwlyhv_fi1

P dunry fkdlq p rghov+vhh cBi i Nß e wBAaNdqg CΛi AOΛ, , +4¡¡: ,, p rghofuhglwulvn lq d fuhglwfodvv iudp hz run1 Wkh— xvh wudqvlwlrq p dwulfhv hlwkhu lqwhuqdo wr edqnv ru sxeolvkhg e— udwlqj dj hqflhvwr lqihuwkh suredelolw— wkdw/ j lyhq wkdwwkh erqg lvlq fodvvl dwgdwh w/ lwz loohqg xs lq fodvvmdwgdwh w. 41Rqh ri wkh fodvvhvlvghidxowdqg lwlvwkxv srvvleoh wr fdofxodwh wkh suredelolw— ri guliwlqj grz q wr ghidxowryhud j lyhq wlp h shulrg1

Vrp h yhuvlrqv ri wkhvh wkuhh dssurdfkhv duh lp sohp hqwhg e— p dq— edqnv xqghu wkh mrlqwsuhvvxuh ri uhj xodwruv dqg vkduhkroghuv1 Wkh wkuhh ohdglqj surylghuv ri fuhglwulvn sdfndj hvsursrvhp rghovz klfk hdfk fflwlqwr rqhri wkhderyhwkuhhdssurdfkhv=wkhNP Y frusrudwlrq vhoov d p rgho forvho— lqvsluhg e— ¨ j i — NA +4¡: 7,/ z kloh wkh FuhglwUlvn.

surgxfwri FuhglwVxlvvh I lqdqfldo Surgxfwv lv d kd˝dug udwh p rgho dqg MS P ruj dq*v

FuhglwP hwulfvlvd udwlqj *vedvhg p rgho1D vxuyh— ri fuhglwulvn dssurdfkhvfxuuhqwo— xvhg e— sudfwlwlrqhuv fdq eh irxqg lq ø i NΛΠ+e DB, B´ dqg ¨ Bi ” +5333, dqg frqqhfwlrqv

2‘ i ¯ ı**?L— hifflıi¯ —Ξi Uhi˙ı— hıt! *ı—ih@—Λhi ı? ˙i—@ı*t Ξihi˘ ‘ i hiuih —Ξi ı?—ihit—i˙ hi@˙ih —L wBAaN

E�bbHø @?˙ —Ξi tΛhffli) M) cj BAO, BAW@?˙ - Λ— ”Nß t” ´ E�bbbø uLh @? Lfflihfflıi¯ Lu—Ξi *ı—ih@—Λhi˘ fi$ Λuu´j @?˙ wBAaN E�bb. ø @?˙ ¨ BaBA@?˙ P AB, E2fffø ThLTLti 4 L˙i*t ¯ Ξihi —Ξi ffl@*Λi Lu—Ξi �h4 i?—iht —Ξi Ξ@3@h˙ h@—i ThLUittc—ΞΛt Mhı̇ ˝ı?˝ —Ξi ˝@T Mi—¯ ii? —Ξi —¯ L t—hi@4 t Lu*ı—ih@—Λhi˘

ehwz hhq wkh wkuhh dssurdfkhvduh uhsruwhg lq DNi a+ +5333,1

Wkh hp slulfdoolwhudwxuh kdvodj j hg wkhruhwlfdosdshuve— d ihz — hduv1Υ Aaj i tNAdqg 7ΛAaBi j tBA+5333, whvwwr z kdwh–whqwdj j uhj dwh vsuhdgvfdq eh h–sodlqhg e— vwuxfwxudo fuhglwulvn p rghov1 Wkh— fflqg wkdwwkhvh p rghov wudfn klvwrulfdovsuhdgv yhu— z hoogxulqj vrp h shulrgv exwidlowr gr vr gxulqj rwkhuv1 $ Λuuj j +4¡¡¡, hvwlp dwhv d rqh0sdudp hwhu lqwhqvlw— p rghori fuhglwulvn rq XVfrusrudwherqgv1Wkhdxwkrufodlp vwr eh˙uhdvrqdeo— vxffhvvixodwfflwwlqj frusrudwh erqg — lhogv%1 Xqiruwxqdwho— / dv qrwhg lq $ Λuu´j dqg 7´A¯ ˝, j — NA +4¡¡¡,/ wkh uhwdlqhg surfhvv +vt xduh urrwglffixvlrq,/ grhv qrwdoorz wr j hqhudwh wkh revhuyhg qhj dwlyh fruuhodwlrq ri vsuhdgvdqg ulvniuhh udwhv+vhh $ Λuuj j +4¡¡; ,, z kloh p dlqwdlqlqj qrq qhj dwlyh kd˝dug udwhv1 Olwwoh hp slulfdo uhvhdufk kdv ehhq fduulhg rxw rq udwlqj *v edvhg p rghov exwvrp h duwlfohv lqfoxglqj l ´j tj , / œ j i i BΛa´A dqg CB+, Ni +4¡¡¡, kdyh vkrz q wkdwp rvwulvn vwhp v iurp vsuhdgv fkdqj hv z lwklq d fuhglwulvn fodvv udwkhuwkdq iurp fodvvfkdqj hv/ hvshfldoo— iruklj ko— udwhg erqgv1Wklvfdvwvvrp h grxewv rq wkh delolw— ri P dunry fkdlq p rghovwr uhsolfdwh lqglylgxdosulfhvdffxudwho— 1 Wz r hp slulfdoduwlfohv duh gluhfwo— uhodwhg wr wklv sdshu1 œ j ai NtB dqg - N, , +4¡¡; , vwxg— d ydulhw— ri frusrudwh fuhglwvsuhdg lqglfhv+srrohg e— udwlqj vdqg vhfwruv, ryhudq 4; p rqwk shulrg1Vrp h ri wkhluvhulhvduh vlp loduwr wkrvh z h dqdo— ˝h lq wklvsdshu1Wkh— sursrvh wr xvh d J dxvvldq p l–wxuh wr p rghofuhglwvsuhdg fkdqj hv1 $ Λj , , 6 BAA dqg b ´AauΛΠi +5333, irfxvrq vryhuhlj q vsuhdgv+wkh glffihuhqfh ehwz hhq Lwdoldq dqg J hup dq erqg — lhogv, dqg whvwz khwkhu Ruqvwhlq0Xkohqehfn dqg vt xduh0urrwglffixvlrq p rghov duh dssursuldwh wr fdswxuh wkh g— qdp lfv ri wkhvh vhulhv1 Wkhlu uhvxowv lqglfdwh wkdwwkh wz r vshflfflfdwlrqvduhqrwdeohwr fdswxuhdoowkhvkdshvri wkhwhup vwuxfwxuhri vsuhdgvexwwkdw qr vlqj oh p rghorxwshuirup vwkh rwkhudowkrxj k sulflqj huuruvlq wkh Ruqvwhlq0Xkohqehfn p rghoduh p ruh vwdeoh1

Rxu sdshu lv lq wkh vdp h vslulwdv wkh deryh dqg dlp v dwlqyhvwlj dwlqj wkh hp slulfdo surshuwlhvri vrp h fuhglwvsuhdg lqglfhv1Z h gr qrwdwwhp swwr ghvfuleh wkh ghirup dwlrqv ri wkh z kroh fuhglwvsuhdg fxuyh/ z klfk z rxog uht xluh wkh mrlqwp rghoolqj ri wkh ulvn— dqg ulvnohvvwhup vwuxfwxuhvdvlq vrp hsdshuvp hqwlrqhg ehorz 1Z hirfxvkhuhrq wkhg— qdp lfv ri frusrudwh erqg vsuhdg lqglfhv1 Wkhvh duh dyhudj h vsuhdgv fdofxodwhg e— P rrg— *v iru

erqgvlq d j lyhq udwlqj fodvv1Wkhuh duh wz r p dlq uhdvrqviruvwxg— lqj wkhvh vhulhv1I luvw/ wkh— vhuyh dv dq lqglfdwru ri wkh ohyhori fuhglwvsuhdgv iru p dq— lqyhvwruv = wkh— uhıhfw wkh dyhudj h — lhog vsuhdg rq d z hooglyhuvlfflhg frusrudwh erqg sruwirolr z lwk orqj p dwxulw— 1

Lqyhvwruv kroglqj vxfk d sruwirolr p d— fflqg lwfrqyhqlhqwwr surwhfwwkhp vhoyhv dj dlqvw p ryhv lq wkh j hqhudoohyhori frusrudwh vsuhdgv lq d j lyhq fodvv udwkhu wkdq khgj h hdfk lqglylgxdolvvxh1

Vhfrqg/ wkh— fdq eh xvhg dv xqghuo— lqj iru fuhglwvsuhdg rswlrqv1 Wkhvh lqvwuxp hqwv duh qrz wudghg e— p dq— edqnv=d uhfhqwvxuyh— fduulhg rxwe— d frqvxowlqj fflup +l B— j t

+4¡¡¡,,/ vkrz hg wkdwd t xduwhuri X1V1oduj hedqnvwudghg wkhvhlqvwuxp hqwvdqg wkhfuhglw ghulydwlyhv p dunhwv lv j urz lqj udslgo— 1 Dqrwkhu vwxg— +Ulvn/ Dsulo4¡¡¡, hvwlp dwhg wkdw wkh qrp lqdo dp rxqwri fuhglwvsuhdg rswlrqv z rxog uhdfk ’433eq e— wkh hqg ri 53331

Wkhvh rswlrqvduh ryhu0wkh0frxqwhufrqwudfwvz krvh sd— rffi ghshqgvrq wkh whup lqdoydoxh dqg2ru wkh sdwk wdnhq e— wkh — lhog vsuhdg ri dq lqvwuxp hqwryhu wkh — lhog rq d ulvniuhh erqg1

Lq wkhru— / wkhvh frqwudfwvfdq eh z ulwwhq rq dq— wudghg erqg z krvh — lhog lvrevhuydeoh rq wkh p dunhw1 Lq sudfwlfh krz hyhu/ loolt xlg erqgv dqg vp doolvvxhv vkrxog eh h–foxghg dv p dunhwp dqlsxodwlrqv frxog glvwruwrswlrq sd— rffiv1 Wklv lv z k— p rvwwudglqj ri fuhglw vsuhdg rswlrqvwdnhvsodfh rq d ihz oduj h olt xlg lvvxhv1

Wkh olwhudwxuh lv vwlooidluo— wklq rq wkh sulflqj ri wkhvh rswlrqv dqg kdv ehhq p dlqo— sxeolvkhg lq sudfwlwlrqhuv*mrxuqdov1Dq hduo— h–dp sohlv8, j tB” j i hwdo1+4¡¡7, z kr sur0 ylghdq lqwurgxfwlrq wr wkhluxvhdqg edvlf sulflqj ht xdwlrqv1wNA˝t— Buu dqg 7WΠß Bi — 5

+4¡¡8e, ghdoz lwk rswlrqvrq vsuhdg z khq wkhorj dulwkp ri wkhvsuhdg iroorz vdq Ruqvwhlq0

Xkohqehfn surfhvv1Lqwhuhvwlqj o— wkh— vkrz wkdwehfdxvh ri wkh p hdq uhyhuwlqj g— qdp lfv/

Hxurshdq rswlrq sulfhv rq vsuhdgv fdq eh ehorz wkhlu lqwulqvlf ydoxh = li wkh vsuhdg lv idu deryh lwv orqj whup p hdq/ wkh lqwulqvlf ydoxh ri d fdoo rq vsuhdg z loo eh klj k exw p hdq uhyhuvlrq z loowhqg wr sxvk vsuhdgv grz q lq wkh ixwxuh1 Wkhuhiruh sulfhv p d— eh orz hu wkdq wkh sd— rffi wkh lqyhvwru z rxog rewdlq vkrxog wkh rswlrq eh h–huflvhg lp p hgl0 dwho— 1¨ NΛ˝j N— +4¡¡¡, surylghvixuwkhuuhvxowvrq vsuhdg rswlrqvlq d wkuhh0idfwrup rgho

+rqh iru wkh ulvnohvv udwh dqg rqh iru hdfk — lhog, z khuh dooidfwruv duh dvvxp hg wr iroorz

Ruqvwhlq0Xkohqehfn g— qdp lfv1 $ Λuu´j dqg 7´A˝, j — NA +4¡¡¡, vkrz krz wkhvh rswlrqv fdq eh sulfhg z lwklq d kd˝dug udwh iudp hz run ri fuhglwulvn1

Wkh ydvwp dmrulw— ri fuhglwvsuhdg rswlrqv duh fxuuhqwo— z ulwwhq rq vryhuhlj q lvvxhv udwkhuwkdq frusrudwh erqg — lhog vsuhdgv1Lq d vxuyh— sxeolvkhg lq p lg 4¡¡9 FLEF Z rrg J xqg— hvwlp dwhg wkdwryhu¡8( ri wkhp dunhwirufuhglwvsuhdg rswlrqvfrqvlvwhg ri rswlrqv rq vryhuhlj q vsuhdgv1Rqhri wkhp dlq uhdvrqviruwklvlvwkdwfohduo— lghqwlfflhg ehqfkp dunv h–lvwlq vryhuhlj q erqgvexwqrwlq wkh frusrudwh ghewp dunhw1

“ lhog vsuhdg lqglfhv z rxog eh qdwxudo fdqglgdwhv wr ffloo wklv j ds1 I luvw/ wkh— duh uhohdvhg e— d ˙qhxwudohqwlw— %/ wkh udwlqj dj hqf— / rq d gdlo— edvlv = gdwd uholdelolw— dqg dydlodelolw— lv wkxv hqvxuhg1 Wkhq/ dv dj j uhj dwh p hdvxuhv ri fuhglwulvn/ wkh— duh qrwdv hdv— wr p dqlsxodwh ehfdxvh lwz rxog uht xluh oduj h srvlwlrqv lq p dq— frusrudwh erqgv wr sxvk wkh lqgh– lq rqh gluhfwlrq1 I xuwkhup ruh wkh— kdyh d frqvwdqwp dwxulw— hqdeolqj wr z ulwh orqj whup rswlrqviuhh ri sxoo0wr0sdururwkhup dwxulw— 0uhodwhg skhqrp hqrqv1 Dq dowhuqdwlyh vroxwlrq p d— eh suhihuuhg wr wkh gluhfwp rghoolqj ri vsuhdgv z h uhwdlq lq wklv sdshu1 Rqh frxog frqvwuxfwd p rghori ulvniuhh udwhv dqg d p rghori — lhogv rq ghidxowdeoh vhfxulwlhvdqg ghulyh vsuhdgvdvwkh glffihuhqfh ehwz hhq wkh wz r udwhv1Krz hyhu huuruv lq erwk p rghov frxog dgg xs +ghshqglqj rq wkh fruuhodwlrq ehwz hhq wkh uhvlgxdov, dqg p d— ohdg wr dq lp suhflvh ghvfulswlrq ri wkh vsuhdg surfhvv1 I xuwkhup ruh vsuhdgv revhuyhg lq wkhp dunhwvduhqrwrqo— gxhwr fuhglwulvn exwdovr uhıhfwwkhuhodwlyholt xlglw— ri frusrudwh dqg Wuhdvxu— erqgv1 P rghoolqj vsuhdgv gluhfwo— wkxv hqdeohv xv wr fdswxuh erwk frp srqhqwvz klohp rvwp rghovri fuhglwulvn z rxog rqo— fdswxuhwkhfuhglwfrp srqhqw ri vsuhdgv1Z h z loovhh odwhuwkdwolt xlglw— kdvlqghhg d yhu— oduj h lp sdfwrq vsuhdgv1 Wkurxj krxwwklvsdshu/ z h z loodvvxp h wkdwwkh g— qdp lfviruwkh vsuhdgvduh j lyhq e— wkh vwrfkdvwlf glffihuhqwldoht xdwlrq

gV^ζ_ȷ @π_ζ V^ζ_ȷ gw. ϕ_ζ V^ζ_ȷ gZ^ζ_ȷ > +4, z khuh l @Ddd>Edd dqg Z^ζ_ȷ lvd vwdqgdug Eurz qldq p rwlrq1Kd˝dug udwh p rghovri fuhglw ulvn w— slfdoo— dvvxp h vxfk d surfhvviruwkh lqvwdqwdqhrxvvsuhdg z klfk kdvforvh wlhvz lwk wkh lqvwdqwdqhrxvsuredelolw— ri ghidxow1

Z h uhvwulfwrxuvhoyhv wr wkh fodvv ri wlp h0krp rj hqrxv surfhvvhv1 Rwkhu rqh0idfwru p rghov xvhg lq lqwhuhvwudwh p rghoolqj doorz wkh sdudp hwhuv wr eh wlp h0ghshqghqw+iru h–dp soh wkh frqwlqxrxv yhuvlrq ri ˘ , BW” e $ j i 6 BA dqg CN+ +4¡¡3,,1 Wklv lv w— slfdoo— wr hqdeoh wkh p rgho wr fdoleudwh h–dfwo— wkh whup vwuxfwxuh ri lqwhuhvwudwhv dqg wkxv doorz wr sulfh rswlrqv rq erqgv frqvlvwhqwo— z lwk revhuyhg erqg sulfhv1 Rxu sxusrvh lv krz hyhu glffihuhqw1 Rqh p dmru gudz edfn z lwk whup vwuxfwxuh0frqvlvwhqwp rghov vxfk dv wkrvhp hqwlrqhg deryhlvwkdwwkh— qhhg wr ehfrqvwdqwo— uh0hvwlp dwhg dqg wkhlusdudp hwhuv whqg wr ydu— d orwz lwklq vkruwwlp hlqwhuydov1Khuh/ z hduhqrwwu— lqj wr fdoleudwhwkhwhup vwuxfwxuh ri fuhglwvsuhdgv exwlqglfhv z lwk frqvwdqwwlp h wr p dwxulw— 1 Z h z loowkxv orrn iru d ıh–leoh dqg urexvwvshflfflfdwlrq z klfk ghvfulehv wkh sduwlfxodu vhulhv dssursuldwho— z kloh doorz lqj wr fflqg vlp soh irup virusulflqj rswlrqv1

Wklvsdshulvvwuxfwxuhg dviroorz v1Lq vhfwlrq 5 z hghvfulehwkhvhulhvdqg suhvhqwvrp h vwdwlvwlfv dqg j udskv/ z kloh vhfwlrq 6 dqg 7 uhsruwuhvxowv rewdlqhg xvlqj uhvshfwlyho— d qrqsdudp hwulf dqg d sdudp hwulf dssurdfk wr hvwlp dwlqj π dqg ϕ/Lq vhfwlrq 8/ z h sursrvh wr p rghowkh g— qdp lfv ri +wkh orj dulwkp ri, vsuhdgv dv dq Ruqvwhlq0Xkohqehfn surfhvv= wkh vroxwlrq wr wkh vwrfkdvwlf glffihuhqwldoht xdwlrq lv surylghg dqg wkh sdudp hwhuv ri wkh surfhvvduh hvwlp dwhg e— p d–lp xp olnholkrrg1Vhfwlrq 9 frqfoxghv1

2 AΞi ti hıi t

Z h irfxv rq fuhglwvsuhdg lqglfhv1 Wkh gdwd z huh rewdlqhg iurp wkh I hghudo Uhvhuyh

Erdug dqg frqvlvwri 6894 gdlo— revhuydwlrqviurp Mdqxdu— 4¡; 9 wr wkhhqg ri P dufk 53331

Z h froohfwhg P rrg— *v lqglfhv iru vhdvrqhg frusrudwh erqg — lhogv z lwk d Ddd udwlqj ru

Edd udwlqj dqg wkh 43 — hdu+frqvwdqwp dwxulw— , Wuhdvxu— — lhog frqvwuxfwhg e— wkh I hghudo

Uhvhuyh1Vsuhdgvduh fdofxodwhg dvwkh glffihuhqfh ehwz hhq frusrudwh dqg Wuhdvxu— — lhogv1

Wkh Ddd udwlqj lv wkh klj khvwlq P rrg— *v udqnlqj v dqg fruuhvsrqgv wr wkh fodvv ri erqgv z lwk orz hvwhvwlp dwhg suredelolw— ri ghidxowz kloh wkh Edd udwlqj lv dwwkh erxqg0 du— ehwz hhq lqyhvwp hqwj udgh dqg vshfxodwlyh j udgh lvvxhv1 Klvwrulfdo dyhudj h ghidxow iuht xhqflhv ryhu d whq0— hdu krul˝rq kdyh uhvshfwlyho— ehhq 3/97( dqg 7/74( iru erqgv

udwhg lqlwldoo— Ddd dqg Edd +vhh l j j ABAe 7Π— N˝i ´A dqg 7NOj ΠBi — +4¡¡¡, +NVV,, Ohwxv qrz lqwurgxfh vrp h qrwdwlrq1 Z h ghqrwh wkh vsuhdg vhulhv dv V^{Φ ∂∂}_ȷ dqg V^{θ ∂∂}_ȷ uhvshfwlyho— z kloh ♮^{Φ ∂∂}_ȷ >♮^{θ ∂∂}_ȷ dqg ♮^A_ȷ vwdqg iruwkh — lhog rq frusrudwh erqgvdqg rq wkh Wuhdvxu— lqgh– dwgdwh w1Z h wkxvkdyh V^{Φ ∂∂}_ȷ @♮^{Φ ∂∂}_ȷ ∗ ♮^A_ȷ dqg V^{θ ∂∂}_ȷ @♮^{θ ∂∂}_ȷ ∗ ♮^A_ȷ / Ehiruh wxuqlqj wr wkh p rghoolqj ri vsuhdg g— qdp lfv/ z h z loosuhvhqwvrp h vwdwlvwlfv dqg j udskvri wkh vhulhv1Wdeoh 4 uhsruwvwkh edvlf vwdwlvwlfviruwkh wz r vsuhdg vhulhv1

Wdeoh 4 =Vxp p du— vwdwlvwlfv Vwdwlvwlf V^{Φ ∂∂}_ȷ V^{θ ∂∂}_ȷ P hdq 4137( 41¡4( Vwdqgdug ghy1 315; ( 316; ( P lqlp xp 3164( 4149( P d–lp xp 41¡9( 6149( Vnhz qhvv 31696 31: 84 Nxuwrvlv 51: 4¡ 6133: GI vwdw 0716¡5 0617: 3

Wkhp hdq ri wkhEdd vhulhvlvderxwgrxeohwkdwri wkhDdd lqgh–1Wkhyrodwlolw— lvdovr klj khuexwohvvvr lq sursruwlrq1Wklvlqglfdwhvwkdwuhodwlyh fkdqj hv+l1h1oq +V_ȷ ∂V_{ȷ∋ �},, lq Ddd vsuhdgvduh rq dyhudj h oduj huwkdq wkrvh ri Edd vsuhdgv1Erwk V^{Φ ∂∂}_ȷ dqg V^{θ ∂∂}_ȷ h–klelw srvlwlyh vnhz qhvv1Wkh p lqlp d iruerwk vhulhvz huh dfklhyhg lq hduo— 4¡; ¡ diwhuwz r — hduv ri yhu— orz ghidxowvwdwlvwlfv+NVVs158, z kloh wkh p d–lp xp Ddd vsuhdg z dvuhdfkhg dw wkh shhn ri wkh 4¡¡; fulvlv z klfk vwduwhg z lwk Uxvvld*v ghidxowdqg wkhq vsuhdg wr rwkhu p dunhwv +vz dsv/ Eudg— erqgv hwf1,1 Edd vsuhdgv uhdfkhg wkhlu p d–lp xp lq rxu vdp soh lq 4¡; 91 Wklv — hdu kdg wkh klj khvwghidxowudwh iru Edd erqgv iru wkh shulrg 4¡: 304¡¡; +NVV/ H–klelw5¡, z lwk 4166( 1

Wkh odvwurz ri Wdeoh 4 uhsruwv wkh ydoxhv ri wkh Glfnh— 0I xoohu xqlwurrwwhvwrq V^ζ_ȷ @δ . υV^ζ_{ȷ∋ �} . x^ζ_ȷ /Wkh k— srwkhvlv ri d xqlwurrwlv uhmhfwhg dwwkh 4( ohyhoiru Ddd vsuhdgv dqg dwwkh 8( ohyhoiru Edd vsuhdgv1 Wklv lv lp sruwdqwehfdxvh wkh hfrqrp hwulf wkhru— xqghuo— lqj wkh whvwvlq wkh iroorz lqj vhfwlrqvuht xluh wkh vwdwlrqdulw— ri wkh vhulhv1

:

Khuh/ z h fdqqrwuhmhfwwkdwwkhvh vhulhv duh vwdwlrqdu— z khq frqiurqwhg wr d xqlwurrw k— srwkhvlv1

I lj xuh 4 sorwvwkh wz r vhulhv1Rqh fdq fkhfn wkdwwkh— duh lqghhg yhu— fruuhodwhg dqg wkdwwkh— qhyhulqwhuvhfw1Dowkrxj k lqglylgxdoerqgvp d— h–klelwlqfrqvlvwhqflhv_e ehwz hhq vsuhdgv dqg udwlqj v +iru olt xlglw— uhdvrqv ru ehfdxvh udwlqj v dgmxvwvorz o— wr fkdqj hv lq fflup ydoxh,/ rq dyhudj h udwlqj vwhqg wr eh j rrg lqglfdwruvri fuhglwt xdolw— 1

0.0%

0.5%

1.0%

1.5%

2.0%

2.5%

3.0%

3.5%

01 /8 6 01 /8 8 01 /9 0 01 /9 2 01 /9 4 01 /9 6 01 /9 8 01 /0 0

Aaa

Baa

I lj xuh 4=Ddd dqg Edd vsuhdg lqglfhv

1.6%

0.4%

0.6%

0.8%

1.0%

1.2%

1.4%

01 /8 6 01 /8 8 01 /9 0 01 /9 2 01 /9 4 01 /9 6 01 /9 8 01 /0 0 I lj xuh 5=Edd p lqxvDdd vsuhdgv

Wkhvsuhdg ehwz hhq Edd dqg Ddd — lhogvkdviroorz hg d grz qz dug wuhqg iurp wkhehj lq0 qlqj ri rxuvdp sohxqwloderxw4¡¡7 z khuhlwvwdelol˝hg durxqg 93 edvlvsrlqwv+es,+I lj xuh

e 6Lh i @4 T*it Luı?UL?tıt—i?Uıitctii œ j i i BΛa´A@?˙ CB+, Ni E�bbbø˘ ;

5,1 Wklv uhıhfwhg p dlqo— wkh lp suryhp hqwlq olt xlglw— lq wkh vshfxodwlyh erqg p dunhw1 Wkh wuhqg kdvehhq eurnhq rq wz r p dmrurffdvlrqv1Wkh odwwhulvgxh wr wkh Uxvvldq fulvlv z klfk vwduwhg lq Dxj xvw4¡¡; z kloh wkh irup hufrlqflghvz lwk wkh uxq0xs wr wkh J xoi z du dqg wkh z dushulrg lwvhoi1

Wkhvh fulvhv z huh krz hyhu yhu— glffihuhqwlq qdwxuh1 Wkh J xoi z du fulvlv z dv d wuxh fuhglwhyhqwz klfk dffihfwhg p dq— XV frusrudwhv1 Xqfhuwdlqw— derxwrlosulfhv dqg wkh survshfwv iru j urz wk fuhdwhg yrodwlolw— lq wkh ydoxh ri wkh fflup v*dvvhwv1 Ulvn— erqgv fdq eh vhhq dv ulvnohvv vhfxulwlhv p lqxv d sxwrswlrq rq wkh ydoxh ri wkh fflup vwulfnhq dwwkh qrp lqdoydoxh ri wkh ghew+vhh ¨ j i — NA+4¡: 7,,1 Wkh sxwrswlrqv lq Ddd erqgv duh yhu— ghhs rxw0ri0wkh0p rqh— dqg dq lqfuhdvh lq dvvhwyrodwlolw— wkxvkdvd vp doohulp sdfw+orz hu Yhj d, rq wkhvh erqgv wkdq rq p ruh ulvn— vhfxulwlhv1 Wklv lv fohduo— ylvleoh rq I lj xuh 4 z khuh Ddd vsuhdgvrqo— p logo— lqfuhdvhg z kloh Edd vsuhdgvvrduhg e— ryhu; 3 es1 Z h eholhyh wkdw/ lq 4¡¡; / wkh fulvlvz dvwr d oduj h h–whqwd olt xlglw— vkrfn udwkhuwkdq d uhdofuhglwhyhqw/ hvshfldoo— iruklj ko— udwhg fflup v^D1Rqh z d— wr ydolgdwh wklvk— srwkhvlv lvwr orrn dwvsuhdgvz lwklq wkh Wuhdvxu— erqg p dunhw1Diwhuwkh Uxvvldq ghidxow/ wkh XV orqj erqg +63 — hduehqfkp dun, z dvwudglqj dwd 68 es suhp lxp yhuvxvwkh vhfrqg orqj hvw erqg +z lwk mxvwd ihz p rqwkvohvvwr p dwxulw— ,1Wkh dyhudj h vsuhdg lq wkh sdvwz dvderxw : es +vhh œ NN, j +4¡¡; ,,1Fohduo— ghidxowlvqrwdq lvvxh khuh dqg wkh vsuhdg lvj hqhudwhg e— wkh h–wuhp ho— vwurqj ghp dqg iru olt xlglw— 1 Z h frp sduhg vsuhdgv z lwklq wkh Wuhdvxu— p dunhwlq wkh J xoi z du shulrg dqg qr vxfk z lghqlqj lv revhuydeoh/ wkxv frqfflup lqj wkdw wkh 4¡¡4 fulvlvz dvd fuhglwhyhqw1

Orrnlqj dj dlq dwI lj xuh 4/ rqh fdq revhuyh d vxuj h lq erwk Ddd dqg Edd vsuhdgvdqg p rvwri wkhlqfuhdvhrffxuuhg lq Dxj xvwdiwhuUxvvld*vghidxow1Wkhhfrqrp lf ixqgdp hqwdov ri XVfrusrudwhv z huh olwwoh dffihfwhg dv wkhlu h–srvxuh wr Uxvvld z dv yhu— vp doodqg wkh grp hvwlf j urz wk survshfwvz huhvrxqg1Olt xlglw— fulvhvwhqg wr dffihfworz huudwhg vhfxulwlhv

DAΞi ı?Uhi@ti˙ *ı!i*ıΞLL˙ Luu@ı*Λhi LutL4 i M@?!t%uΛ?˙t ¯ LΛ*˙ ı?˙ii˙ Ξ@ffli @giU—i˙ —Ξi Uhi˙ı— hıt! T@h— ı? —Ξi tThi@˙t MΛ— U@??L— @*L?i i T*@ı? tΛUΞ @t*Λ4 T ı? ı?˙Λt—hı@*ULhTLh@—i ML?˙t˘ Σ ?L—Ξih TLttıM*i i T*@?@—ıL? uLh —Ξi ¯ ı̇ i?ı?˝ Lu tThi@˙t ¯ ΞıUΞ LUUΛhi˙ Lfflih —Ξ@— TihıL˙ ıt @UΞ@?˝i ı? hıt! @fflihtıL?˘ W?fflit—Lht Ξ@fflı?˝ *Lt— *@h˝i @4 LΛ?—t Lu 4 L?i) L? L?i 4 @h!i— ¯ ihi *itt ¯ ı**ı?˝ —L —@!i @?) Uhi˙ı— hıt!) TLtı—ıL?˘

¡

p ruh khdylo— +lq es/ qrwlq sursruwlrq ri wrwdo vsuhdgv/ vhh . i ´WttNA dqg - j ABΛ,—

+5333,, dvehlqj deoh wr vhood srvlwlrq t xlfno— lvp ruh ydoxdeoh z khq wkh srvlwlrq p d— eh vxemhfwwr ghidxow1 Rqh vkrxog wkxv eh fduhixoz khq lqwhusuhwlqj vsuhdgv dv wkh— duh qrw rqo— gxh wr ghidxowsuredelolw— exwdovr wr fkdqj hvlq olt xlglw— dqg ulvn dyhuvlrq1

Wxuqlqj wr I lj xuh 6 z h vhh wkdwkhwhurvnhgdvwlflw— lv suhvhqwlq rxu vhulhv +d vlp lodu slfwxuh/ qrwuhsruwhg khuh/ lvrewdlqhg iruDdd vsuhdgv,1Uhodwlyh fkdqj hvlq vsuhdgvz huh p dunhgo— p ruh yrodwloh dwwkh ehj lqqlqj ri rxu revhuydwlrq shulrg dqg dowkrxj k uhfhqw fulvhv kdyh vkdnhq wkh frusrudwh erqg p dunhw/ wkh yrodwlolw— kdv qhyhu uhdfkhg wkh ohyhov dwwdlqhg gxulqj wkh 4¡; 3v1 Wklv p d— uhıhfwwkh j uhdwhu p dwxulw— dqg olt xlglw— ri wkh

XVfrusrudwh erqg p dunhw1 I lqdoo— / qrwh wkh fruuhodwlrq ri vwrfn p dunhwyrodwlolw—_S z lwk frusrudwh erqg vsuhdgv vlqfh wkh ehj lqqlqj ri 53331 Z h z loo vhh dqrwkhu vshfwdfxodu h–dp soh ri vxfk d fruuhodwlrq odwhu1

-15%

-10% -5% 0% 5% 10% 15% 20% 25% 30%

01 /8 6 01 /8 8 01 /9 0 01 /9 2 01 /9 4 01 /9 6 01 /9 8 01 /0 0 I lj xuh 6=Gdlo— uhodwlyh fkdqj hvlq Edd vsuhdgv

fi Π L?T@h@4 i — hıUi t— ı4 @— ıL?

Ehiruhlp srvlqj vrp hvwuxfwxuhrq wkhvsuhdg g— qdp lfvlwlvxvhixowr dsso— qrqsdudp hwulf whfkqlt xhvwr h–wudfwvrp h lqirup dwlrq derxwwkh srvvleoh vshflfflfdwlrqviruwkh guliwdqg glffixvlrq1 7— BA— NA +4¡¡: , sursrvhv ffluvw0/ vhfrqg0dqg wklug0rughu dssur–lp dwlrqv wr π dqg ϕ z khq wkh lqwhuhvwudwh surfhvviroorz vd VGH dvht xdwlrq +4,1

SW? —Ξi �ht— ^Λ@h—ihLu2fffc—Ξi 5: ¸ Dff fflL*@—ı*ı—) ¯ @t 2e˘DI cUL4 T@hi˙ —L@�ffli )i@h@fflih@˝i Lu�SI˘

fi˘� # i ?tı—) , t— ı4 @— ıL? Wkh ffluvwvwhs lv wr hvwlp dwh wkh ghqvlwlhv ri wkh vsuhdg surfhvvhv1 Z h xvh d J dxvvldq^. nhuqhohvwlp dwruri wkh vsuhdg ghqvlw— iruwkh erqg fodvvl = i_ζ+ı, @ 4 qk_ζ ⋆ ȷ’ � ⇀ ı ∗ V^ζ_ȷ k_ζ > +5, z khuh ⇀ +/, lv wkh vwdqgdug qrup doghqvlw— ixqfwlrq/ q lv wkh qxp ehu ri revhuydwlrqv dqg wkh z lqgrz z lgwk lvj lyhq e— = k_ζ @fϕ_ζq^{∋ �D}> z khuh f lvd frqvwdqw/ dqg ϕ_ζ lvwkh hp slulfdovwdqgdug ghyldwlrq ri vsuhdgvlq fodvvl1 Wkh fkrlfh ri f ghshqgv p dlqo— rq wkh ohyhori vp rrwkqhvv rqh lv z loolqj wr dfklhyh iru wkh ghqvlw— 1 Lq wklv sdshu z h kdyh fkrvhq f @ 6 z klfk lv forvh wr wkh ydoxh xvhg lq 7— BA— NA +4¡¡: ,1 D glvfxvvlrq ri wkh fkrlfh ri nhuqhodqg edqgz lgwk fdq eh irxqg lq 7WN— — +4¡¡5, dqg œB˝BA dqg P , , BΠ +4¡¡¡,1 Wkh hvwlp dwhg ghqvlwlhv duh vkrz q rq I lj xuhv 7 dqg 8 z lwk ¡8( srlqwz lvh frqfflghqfh edqgv1 Wkh frqfflghqfh lqwhuydov kdyh ehhq fdofxodwhg xvlqj dv— p swrwlf glvwulexwlrqv +vhh h1j 1 - NO´AtNA+4¡; 6,/ Υ ´— ¯7BΠB, ´B +4¡¡9d,,1Wkhuh lvhylghqfh ri srvlwlyh vnhz qhvvhvshfldoo— lq wkh Edd vhulhv1

0

20

40

60

80 100

120

1. 0 % 1. 12 % 1. 24 % 1. 36 % 1. 48 % 1. 60 % 1. 72 % 1. 84 % 1. 96 % 2. 08 % 2. 20 % 2. 32 % 2. 4 % 2. 56 % 2. 68 % 2. 80 % 2. 92 % 3. 04 %

I lj xuh 7=Qrqsdudp hwulf ghqvlw— ri Edd vsuhdg z lwk ¡8( frqfflghqfh edqg

. AΞi B@Λttı@? ThLTih—) @TT*ıit —L—Ξi t4 LL—Ξı?˝ uΛ?U—ıL? ↽ EνøMΛ— ˙Lit ?L— ı4 T*) —Ξ@— —Ξi Λ?˙ih*)ı?˝ ffl@hı@M*it @hi @ttΛ4 i˙ —L Mi ?Lh4 @**) ˙ıt—hıMΛ—i˙˘

0 20 40 60 80 100 120 140 160

0. 31 % 0. 41 % 0. 51 % 0. 61 % 0. 71 % 0. 81 % 0. 90 % 1. 0 % 1. 10 % 1. 20 % 1. 30 % 1. 40 % 1. 50 % 1. 60 % 1. 70 % 1. 80 % 1. 89 %

I lj xuh 8=Qrqsdudp hwulf ghqvlw— ri Ddd vsuhdg z lwk ¡8( frqfflghqfh edqg fi˘2 # hıu— , t— ı4 @— ıL?

Wkh guliwwhup dwohyhoı fdq eh hvwlp dwhg xvlqj_H= π_ζ^� +ı, @ ⋆∋ � ȷ’ � V ζ ȷn � ∗ V ζ ȷ ⇀_{ϱ∋ 7 ζȷ}^{Πζ} ⋆∋ � ȷ’ � ⇀ ϱ∋ 7_ζ^ȷ Π^ζ / +6,

Vlp loduo— dq hvwlp dwruri wkh glffixvlrq lvj lyhq e— = ϕ_ζ^� +ı, @ ⋆∋ � ȷ’ � V ζ ȷn � ∗ V ζ ȷ ∗ π_ζ^� +ı,_2 ⇀_{ϱ∋ 7 ζȷ}^{Πζ} ⋆∋ � ȷ’ � ⇀ ϱ∋ 7_ζ^ȷ Π^ζ

� 2 / +7,

Wkhvh duh hvwlp dwruv fruuhvsrqglqj wr d ffluvwrughu dssur–lp dwlrq1 Klj khu rughu hvwl0 p dwruvfdq dovr ehghulyhg +vhh7— BA— NA+4¡¡: ,/ hvwlp dwruvfruuhvsrqglqj wr vhfrqg0rughu dssur–lp dwlrq j lyhq lq dsshqgl– D,1

I lj xuh 9 dqg : sorwwkh hvwlp dwhg guliwwhup dv d ixqfwlrq ri wkh ohyhori wkh vsuhdgv1

Z h rqo— uhsruwuhvxowv iru ffluvw0dqg vhfrqg0rughu dssur–lp dwlrqv +Wkh olqh Sdu z looeh glvfxvvhg lq wkh qh–wvhfwlrq,1 Wklug0rughu dssur–lp dwlrqv z huh dovr dqdo— ˝hg dqg ohdg wr yhu— vlp loduuhvxowv_b1

HAΞi tiUL?˙´Lh˙ih@TThL ı4 @—ıL? uLh4 Λ*@i @hi ˝ıffli? ı? Σ TTi?˙ı Σ ˘ AΞi @??Λ@*ı3i˙ ˙hıu— @?˙ ˙ıgΛtıL?

@hi LM—@ı?i˙ M) 4 Λ*—ıT*)ı?˝ —Ξi ˙@ı*) it—ı4 @—it M) 2Df @?˙ I 2Df hitTiU—ıffli*)˘ bAΞiti hitΛ*—t @hi @ffl@ı*@M*i L? hi^Λit—˘

Wkh guliwlv fohduo— qrwfrqvwdqwlq wkh ohyhori vsuhdgv exwwhqgv wr ghfuhdvh z lwk vsuhdg ohyhov1 Wklvlvhylghqfh ri p hdq uhyhuvlrq =z h fdq lqghhg fkhfn wkdwwkh ydoxh ri wkh guliwlv forvh wr ˝hur iru ydoxhv ri wkh vsuhdg durxqg wkhlu p hdq1 Wkh guliwlv srvlwlyh iru ydoxhv ri wkh vsuhdg ehorz wkh p hdq dqg qhj dwlyh iru ydoxhv deryh wkh p hdq1 Qrwlfh dovr wkdwdowkrxj k wkh guliwlv qrwvwulfwo— olqhdu/ lwgrhv qrwvkrz wkh nlqg ri qhj dwlyh h–srqhqwldovkdsh irxqg lq 7— BA— NA +4¡¡: , iru wkh vkruwudwh guliw1 Wklv odwwhu uhvxow p d— qrweh urexvwdv vkrz q lq ø ΠBV6 BA dqg œ j Bi tNA +5333, = wkh qrqsdudp hwulf hvwlp dwruvxvhg lq Υ ´— 7BΠB, ´B +4¡¡9e,/ 7— BA— NA+4¡¡: , dqg lq wklvsdshup d— vxj j hvw qrqolqhdulwlhv iru wkh guliwdwklj k ydoxhv ri wkh vsuhdg dowkrxj k wkh wuxh guliwlv olqhdu1 Wkh fxuyhg vkdsh ri wkh Edd guliwiru V^{θ ∂∂}_ȷ deryh 518( vkrxog wkhuhiruh eh lqwhusuhwhg z lwk fduh vlqfh glvwruwlrqvp d— dsshdudwerxqgdulhv1

-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

0.04

0. 31 % 0. 43 % 0. 54 % 0. 6 % 0. 7 % 0. 89 % 1. 0 % 1. 12 % 1. 23 % 1. 35 % 1. 47 % 1. 58 % 1. 70 % 1. 81 % 1. 93 %

1st Order 2nd Order Par

I lj xuh 9=Ddd vsuhdg guliwdvd ixqfwlrq ri vsuhdg ohyho

Frp sdulqj wkh wz r fflj xuhv/ rqh fdq qrwlfh wkdwwkh fxuyh lv vwhhshu iru Ddd vsuhdgv wkdq iruEdd vsuhdgv/ lqglfdwlqj idvwhup hdq uhyhuvlrq lq Ddd erqgv— lhogvwkdq lq orz hu udwhg erqgv1 wNA˝t— Buu dqg 7WΠß Bi — 5 +4¡¡8e, dovr uhsruwd vlp lodu fflqglqj ryhu d glffihuhqwrevhuydwlrq shulrg1 Vrp h sudfwlwlrqhuv kdyh dovr dfnqrz ohgj hg wklv idfwdqg uhfrp p hqghg wdfwlfdodvvhwdoorfdwlrq vwudwhj lhvedvhg rq lw=iruh–dp soh z khq h–shfwlqj wkhhqg ri d fulvlvz khuhvsuhdgvduhiduderyhwkhluorqj 0whup p hdq/ lwp d— ehdssursuldwh wr lqyhvwffluvwlq Ddd erqgv +z klfk uhfryhu idvwhu, dqg wkhq surj uhvvlyho— p ryh wr p ruh

vshfxodwlyh vhfxulwlhv+vhh DN, a6 BA+4¡¡; ,,1

Uhfdoo wkdwvsuhdgv duh qrwrqo— gxh wr fuhglwulvn exwdovr wr olt xlglw— suhp ld_{�f} 1

Fkdqj hv lq fuhglwulvn ıxfwxdwh z lwk uhdohfrqrp lf yduldeohv vxfk dv wkh exvlqhvv f— foh dqg duh wkhuhiruh udwkhu orqj odvwlqj 1 Rq wkh rwkhu kdqg fkdqj hv lq olt xlglw— suhp ld duh yhu— yrodwlohdqg ghshqg d orwrq p dunhwvhqwlp hqw1Olt xlglw— fulvhvduhxvxdoo— d p dwwhuri p rqwkv1Lwlvwkhuhiruhuhdvrqdeohwr h–shfwwkdwp hdq uhyhuvlrq lq wkholt xlglw— frp srqhqw ri vsuhdgv vkrxog eh p xfk klj khu wkdq wkdwri wkh fuhglwfrp srqhqw1 Ddd vsuhdgv duh h–sodlqhg lq d j uhdwhu sursruwlrq e— olt xlglw— dqg vkrxog lqwxlwlyho— uhyhuwp ruh t xlfno— wr wkhluorqj whup dyhudj h wkdq Edd vsuhdgv1

1. 16 % 1. 28 % 1. 40 % 1. 52 % 1. 64 % 1. 76 % 1. 8 % 2. 0 % 2. 12 % 2. 24 % 2. 36 % 2. 48 % 2. 60 % 2. 72 % 2. 84 % 2. 96 % 3. 08 % -0.03

-0.02

-0.01

0.00

0.01

0.02

1st Order

2nd Order Par

I lj xuh : =Edd vsuhdg guliwdvd ixqfwlrq ri vsuhdg ohyho fi˘fi VL*@— ı*ı—) , t— ı4 @— ıL?

Z h qrz frqvlghu wkh glffixvlrq frp srqhqw1 Orrnlqj dwI lj xuhv ; dqg ¡/ z klfk sorwwkh gdlo— fkdqj hvV_ζ^ȷ ∗ V_ζ^{ȷ∋ �} yhuvxvwkh ohyhori vsuhdgvV_ζ^{ȷ∋ �}/ wkhuh lvqr reylrxvvlj q ri d olqn ehwz hhq wkh ohyhori vsuhdgv dqg wkh yrodwlolw— 1 Wklv frqwudvwv z lwk vkruwwhup lqwhuhvw udwhv iru h–dp soh z khuh wkh yrodwlolw— lv fohduo— srvlwlyho— fruuhodwhg z lwk wkh ohyhov +vhh

�f QΛBA˝ @?˙ QΛBA˝ E2fffø @U—Λ@**) tΞL¯ —Ξ@— L?*) @fflih) t4 @**ThLTLh—ıL? Lu —Ξi )ıi*˙ tThi@˙ uLh ı?fflit—4 i?— ˝h@˙i ML?˙t ıt ˙Λi —L Uhi˙ı— hıt! @?˙ —Ξ@— —Ξıt ThLTLh—ıL? ıt Ξı̋ Ξih uLh *L¯ ih h@—i˙ ML?˙t˘

h1j 1 7— BA— NA+4¡¡: ,, dqg z lwk rughu j uhdwhu wkdq 4/ l1h1 ϕ +ı, @i +ı^δ, >ζ A 4^�1 Li wklv revhuydwlrq lvfrqfflup hg vwdwlvwlfdoo— lq wkh sdudp hwulf vhfwlrq/ rqh p d— eh deoh wr fkrrvh d vlp soh irup iruwkh yrodwlolw— whup 1

Fkrrvlqj d vlp soh p rghop d— eh xvhixolq wkh sulflqj ri sdwk ghshqghqwfuhglwvsuhdg rswlrqv z khuh qrwrqo— wkh whup lqdoglvwulexwlrq lv uht xluhg exwdovr rwkhu odz v vxfk dv wkh ffluvwsdvvdj h wlp h ri wkh surfhvv wr d erxqgdu— 1 Forvhg0irup h–suhvvlrqv iru ffluvw sdvvdj h wlp h ghqvlwlhv duh uduh = wkh odz iru wkh Eurz qldq p rwlrq lv z hoo nqrz q +vhh h1j 1 QBi i ´tNA +4¡; 8,,/ wkdwiru wkh Ruqvwhlq0Xkohqehfn surfhvv lv j lyhq lq wj O, BAW/ - j ABΛ,— dqg 7WB´, , j — +5333,1 wj O, BAWdqg 7WB´, , j — +4¡¡; , dqg DNj ´A˝ dqg v Ni +4¡¡¡, surylgh dq h–solflwh–suhvvlrq ri wkh Odsodfh wudqvirup ri ffluvwklwwlqj wlp h e— d vt xduh urrw+FLU, surfhvv1

-0.3

-0.2

-0.1 0.0 0.1 0.2 0.3 0.4 0.5 0.6

0. 7 1. 2 1. 7 2. 2 2. 7 3. 2 3. 7 3 HU FH Q W� FK DQ J H� E HW Z H Q �W � �D Q G �W

6SUHDG�DW�W�SHUFHQW�

I lj xuh ; =Gdlo— fkdqj hvlq Edd vsuhdgv

Qrwlfhwkhh–wuhp hsrlqwdwwkhwrs ri hdfk j udsk1Wklvfruuhvsrqgvwr 4¡053wk Rfwrehu 4¡; : dqg lv — hwdqrwkhu yhu— gudp dwlf vlj q ri d frqqhfwlrq ehwz hhq wkh ht xlw— dqg wkh frusrudwh erqg p dunhwv1 Rq wklv gd— / Edd vsuhdgv lqfuhdvhg e— qhduo— 93 edvlv srlqwv z kloh Ddd vsuhdgv lqfuhdvhg e— ryhu 73 edvlv srlqwv1 Rq wkh suhylrxv wudglqj gd— wkh lqfuhdvhvz huh douhdg— 63 dqg 53 edvlvsrlqwvuhvshfwlyho— 1

�˘ , ´tt @?˙ 76 ´— Π E�bbHø tΞL¯ —Ξ@— —Ξıt TΞi?L4 i?L? Lu RΞı̋ Ξ i*@t—ıUı—)Œ Eδ . �ø ı? ı?—ihit— h@—it ˙ıt@TTi@ht ¯ Ξi? L?i ı?—hL˙ΛUit @t—hΛU—Λh@*Mhi@! ULhhitTL?˙ı?˝ —L—Ξi 6i˙ i Tihı4 i?— E�f%. b —Lfb%H2ø˘

-0.3

-0.2

-0.1 0.0 0.1 0.2 0.3 0.4 0.5

0. 1 0. 6 1. 1 1. 6 2. 1 6SUHDG�DW�W�SHUFHQW�

3 HU FH Q W� FK DQ J H� E HW Z H Q �W � �D Q G �W

I lj xuh ¡=Gdlo— fkdqj hvlq Ddd vsuhdgv

Rxunhuqhohvwlp dwruvkrz vwz r yhu— glvwlqfwvkdshviruwkhglffixvlrq whup v+I lj xuhv43 dqg 44,1WkhEdd vsuhdg vhhp vwr kdyhd p rqrwrqlfdoo— lqfuhdvlqj yrodwlolw— dvd ixqfwlrq ri wkhohyhori vsuhdgvz klohwkhDdd vsuhdg h–klelwvd X0vkdshg yrodwlolw— fxuyh1Rqhp d— dj dlq wu— wr h–sodlq wkhvh fflqglqj vlq wkh olj kwri wkh glffihuhqwsursruwlrqvri olt xlglw— dqg fuhglwfrp srqhqwvlq wkhvsuhdgv1Dvz hduj xhg hduolhu/ Ddd vsuhdg fkdqj hvduhh–sodlqhg wr d oduj h h–whqwe— fkdqj hv lq olt xlglw— dqg ulvn dyhuvlrq1 Gxulqj orz ulvn shulrgv/ wkh

Ddd vsuhdg z loorvfloodwh durxqg lwvp hdq ri derxw4137( 1

0.0060

0.0065

0.0070

0.0075

0.0080

0.0085

0. 31 % 0. 41 % 0. 51 % 0. 61 % 0. 71 % 0. 81 % 0. 90 % 1. 0 % 1. 10 % 1. 20 % 1. 30 % 1. 40 % 1. 50 % 1. 60 % 1. 70 % 1. 80 % 1. 89 %

1st Order

2nd Order Par

I lj xuh 43=Ddd vsuhdg yrodwlolw— dvd ixqfwlrq ri vsuhdg ohyho

Wz r w— shv ri deqrup doshulrgv fdq wkhq rffxu1 I luvw/ d ılj kwwr t xdolw— +vxfk dv wkh vhfrqg vhp hvwhu ri 4¡¡; , fdq t xlfno— gu— rxwwkh olt xlglw— lq wkh frusrudwh erqg p dunhw wkxvsxvklqj vsuhdgvyhu— klj k dqg lqfuhdvlqj wkhluyrodwlolw— gudp dwlfdoo— 1Wklvh–sodlqv wkh ulj kwsduwri I lj xuh 431

Vhfrqg/ d orqj exoop dunhw+vxfk dv wkrvh ri 4¡; ; dqg 4¡¡60¡7, p d— wulj j hu p dvvlyh olt xlglw— lqırz v lq fuhglwulvn— p dunhwv +erwk frusrudwh dqg vryhuhlj q,1 Wklv sxvkhv vsuhdgv wr ohyhov dv orz dv 68 edvlv srlqwv dqg lp solhv dq h–wuhp ho— orz ulvn suhp lxp rq frusrudwh erqgv1 Wkhq dq h–whuqdohyhqwvxfk dv d fulvlv lq dq hp huj lqj p dunhwru wkh froodsvhri d oduj hfrusrudwhlvvxhuz rxog lp p hgldwho— ohdg lqyhvwruvwr uhdvvhvvwkhlufuhglw ulvn h–srvxuh dqg wr fxwwkhlu vkduh ri ixqgv lqyhvwhg lq fuhglwulvn— lqvwuxp hqwv1 Wklv z rxog eulqj edfn ulvn suhp ld wr p ruh ˙qrup do%ohyhov1Wkxvyhu— orz ohyhovri vsuhdgvduh dovr dvvrfldwhg z lwk klj k lqvwdelolw— dqg wkh ohiwsduwri I lj xuh 43 wkxv dovr p dnhv vhqvh1 Dj dlq wkh olqh Sdu z looeh glvfxvvhg lq wkh qh–wvhfwlrq1

0.004

0.005

0.006

0.007

0.008

0.009

0.010

0.011

0.012

1. 16 % 1. 28 % 1. 40 % 1. 52 % 1. 64 % 1. 76 % 1. 8 % 2. 0 % 2. 12 % 2. 24 % 2. 36 % 2. 48 % 2. 60 % 2. 72 % 2. 84 % 2. 96 % 3. 08 %

1st Order 2nd Order Par

I lj xuh 44=Edd vsuhdg yrodwlolw— dvd ixqfwlrq ri vsuhdg ohyho

Wkh hvwlp dwlrq iru wkh Edd vsuhdg glffixvlrq lv volj kwo— vxusulvlqj z khq orrnlqj dw I lj xuh ; 1 Wkh h–sodqdwlrq lv krz hyhu p ruh vwudlj kwiruz dug wkdq iru wkh Ddd vsuhdg1 Dq lqfuhdvlqj fxuyh z rxog eh z kdwrqh vkrxog h–shfwli wkh vsuhdgvz huh sxuh fuhglwvsuhdgv1 Vp doofuhglwvsuhdgvduh dvvrfldwhg z lwk orz ulvn dqg uhgxfhg ghidxowiuht xhqf— dqg wkxv 4:

wr orz yrodwlolw— lq wkh frusrudwh erqg p dunhw1 Frqyhuvho— / z khq wkh hfrqrp — lv lq d grz qwxuq dqg ghidxowv ehfrp h p ruh dqg p ruh iuht xhqw/ vsuhdgv duh klj k dqg whqg wr uhdfwgudp dwlfdoo— wr hyhu— qhz ghidxowlq wkh p dunhw1Wkxvklj k fuhglwvsuhdg ohyhovduh qdwxudoo— dvvrfldwhg z lwk klj k yrodwlolw— 1 J lyhq wkdwEdd vsuhdgv frqwdlq d vxevwdqwldo sduwri fuhglwulvn frp srqhqw/ lwlv qrwvxusulvlqj wr fflqg dq lqfuhdvlqj fxuyh iru wkh glffixvlrq whup 1

Z hkdyhqrz rewdlqhg qrqsdudp hwulf hvwlp dwhviruwkh guliwdqg glffixvlrq frp srqhqwv ri Ddd dqg Edd vsuhdgv1Z hvdz wkdwerwk guliwvduhqhduo— olqhdu+ghfuhdvlqj , lq wkhohyho ri vsuhdgv dqg wkdwd olqhdu vshflfflfdwlrq lv dovr uhdvrqdeoh iru wkh Edd vsuhdg glffixvlrq1

Wkh Ddd vsuhdg glffixvlrq lvkrz hyhuqrwdwdooolqhduexwlvklj khuiruydoxhvri wkh vsuhdg idudz d— iurp lwvp hdq dqg orz huiruvsuhdg ydoxhvforvh wr wkh p hdq1

e ¸ @h@4 i — hıUi t— ı4 @— ıL?

Z h qrz p ryh rq wr sdudp hwulf hvwlp dwlrq ri frusrudwh fuhglwvsuhdg lqglfhv1 Dowkrxj k qrqsdudp hwulf sulflqj lv srvvleoh +vhh iru h–dp soh Υ ´— ¯7BΠB, ´B +4¡¡9d,,/ lwlv w— slfdoo— hdvlhu wr xvh sdudp hwulf vshflfflfdwlrqv wr rewdlq forvhg0irup vroxwlrqv iru rswlrqv ru wr fduu— rxwvlp xodwlrqv1

Z h iroorz wkh dssurdfk ri ø ΠBA hwdo1 +4¡¡5, z kr sursrvh wr hvwlp dwh wkh glvfuhwh wlp h p rgho=

V_ζ^{ȷn �} ∗ V_ζ^ȷ @δ^↼ . ϵ^↼ V_ζ^ȷ . ϕ^↼ V_ζ^ȷ_{δ↼} θ^{ȷn �}> +8, z khuh θ^{ȷn �} duh dvvxp hg wr eh l1l1g1 qrup doyduldeohv1 Li δ^↼ A 3 dqg ϵ^↼ ⋆ 3>z h rewdlq wkh xvxdop hdq0uhyhuwlqj whup z lwk ∗ ϵ^↼ dvvshhg ri p hdq uhyhuvlrq dqg ∗ δ^↼ ∂ϵ^↼ dvorqj whup p hdq1ζ^↼ p hdvxuhvwkh ghj uhh ri qrqolqhdulw— ri wkh uhodwlrqvkls ehwz hhq wkh vsuhdg ohyhodqg lwvyrodwlolw— 1

P rvwrqh0idfwru p rghov xvhg iru lqwhuhvwudwh p rghoolqj duh qhvwhg lq wklv p rgho1

¨ j i — NA +4¡: 6, lv rewdlqhg e— vhwwlqj ϵ^↼ @ 3 dqg ζ^↼ @ 3>z kloh ζ^↼ @ 3 — lhogv wkh

XBt´Wj ” +4¡: : , p rgho/$ N— ΠBA+4¡: ; , fruuhvsrqgvwr δ^↼ @ϵ^↼ @3 dqg ζ^↼ @4/ z kloh

4;

˘ i j AABA dqg 7WΠß Bi — 5 +4¡; 3, dqg ø NΛi — BaNA +4¡; 5, kdyh wkh uhvwulfwlrq ζ_↼ @ 4 dqg ø N! e YA˝j i tN, , dqg - Ntt +4¡; 8, vhwζ_↼ @^�_2/

Wkh P dunryldq surshuw— ri wkh surfhvv dqg wkh dvvxp swlrq ri qrup dolw— hqdeoh xvwr hdvlo— fflqg wkh wudqvlwlrq ghqvlw— dqg wkh orj 0olnholkrrg ixqfwlrq=

O@∗ q oq ∫ 5τϕ_↼ ∗ ⋆ ρ’ �

oq V^ζ_{ρ∋ �}^{δ↼} ∗ 4 5 ⋆ ρ’ �

V^ζ_ρ ∗ δ_↼ . +ϵ_↼ . 4, V^ζ_{ρ∋ �} ϕ_↼ V^ζ_{ρ∋ �}^{δ↼} 2

Vlqfh p d–lp xp olnholkrrg — lhogv dv— p swrwlfdoo— xqeldvhg hvwlp dwhv z lwk p lqlp xp yduldqfh/ lwlv suhihudeoh wr dsso— p d–lp xp olnholkrrg udwkhuwkdq d p hwkrg ri p rp hqwv z khqhyhusrvvleoh +vhh ˘ i N5j / 7WB´, , j — dqg ~B”N´BA+4¡¡8, irud glvfxvvlrq,1 P d–lp xp olnholkrrg hvwlp dwhviruV^ζ_{ȷn �} ∗ V^ζ_ȷ @δ_↼ . ϵ_↼ V^ζ_ȷ . ϕ_↼ V^ζ_ȷ^{δ↼} θ_{ȷn �} irul @Ddd dqg l @Edd duh uhsruwhg lq Wdeoh 5^{�2}1Vwdqgdug huuruvduh surylghg z lwklq eudfnhwv1

Wdeoh 5 =P d–lp xp Olnholkrrg Hvwlp dwhv V^{Φ ∂∂}_ȷ V^{θ ∂∂}_ȷ δ_↼ 3/3449 +3/335: 3,

3/3466 +3/3369; , ϵ_↼ ∗ 3/3443 +3/33584,

∗ 3/33: 4 +3/33535, ϕ_↼ 3/3749 +3/3337¡,

3/3565 +3/33¡; , ζ_↼ 3/3333 +QD, 3/¡6¡8 +3/3974; ,

Uhfdoo wkdwz h duh xvlqj gdlo— gdwd1 Vr/ wkh hvwlp dwruv iru wkh sdudp hwhuv ri wkh frqwlqxrxv surfhvv duh uhvshfwlyho— j lyhq e— δ @583 ⋄ δ_↼ >ϵ @583 ⋄ ϵ_↼ >ϕ @ϕ_↼ ∫ 583 dqg ζ @ζ_↼ /

�2Π L—i —Ξ@— ¯ i it—ı4 @—i˙ —Ξi 4 L˙i*L? tThi@˙t { �ffctL—Ξ@— @tThi@˙ Lu�I ¯ LΛ*˙ i?—ih—Ξi it—ı4 @—ıL? @t � @?˙ ?L— fνf�˘

4¡

e˘� Σ @@tThi @˙ ˙) ?@4 ıUt

I ru wkh Ddd vhulhv/ rqh fdq qrwlfh wkdwwkh p d–lp xp olnholkrrg fflwlv rewdlqhg z lwk d frqvwdqwyduldqfh1 Wklv fruuhvsrqgv wr gudz lqj d vwudlj kwkrul˝rqwdoolqh wkurxj k I lj xuh

43 dwwkh ohyhoϕ^↼ ∫ 583 @3/98; ( 1Olqh Sdu lq I lj xuh 43 lvvhwdwwkh ohyho ϕ^↼ ∫ 5831

Wkhuh lv hylghqfh ri p hdq uhyhuvlrq +ϵ ⋆ 3, dv frxog kdyh ehhq h–shfwhg iurp wkh qrqsdudp hwulf hvwlp dwlrq +Olqh Sdu lq I lj xuh 9 lv wkh sdudp hwulf hvwlp dwh iru wkh guliw whup ,1 Wkh hvwlp dwhg g— qdp lfv iru wkh Ddd vsuhdg +p hdq uhyhuwlqj guliwdqg frqvwdqw yduldqfh, duh wkrvh ri dq Ruqvwhlq0Xkohqehfn +R0X, surfhvv gV_{Φ ∂∂}^ȷ @ δ . ϵV_{Φ ∂∂}^ȷ gw.

ϕgZ^ȷ /Wklvvshflfflfdwlrq z dviruh–dp sohdvvxp hg e— $ Λj , , 6 BAAdqg b ´AauΛΠi +5333, wr p rghovryhuhlj q vsuhdgvehwz hhq Lwdo— dqg J hup dq— 1

Lwlv z hoonqrz q +vhh EV] ru $ j b ´AAj +4¡¡; , iru h–dp soh, wkdwwkh Hxohu vfkhp h

+ht xdwlrq 8, lqwurgxfhv d glvfuhwl˝dwlrq eldv dqg wkdwrqh vkrxog udwkhu xvh wkh h–dfw glvfuhwl˝dwlrq iruwkh Ruqvwhlq0Xkohqehfn surfhvv=

V_{Φ ∂∂}^{Eȷn �ø–} ∗ V_{Φ ∂∂}^{ȷ–} @ ∗ δ∂ϵ ∗ V_{Φ ∂∂}^{ȷ–} 4∗ h_{q–} . ϕh_{qEȷn �ø– Eȷn �ø–}^{ȷ–} h_{∋ qr}gZ^r> +9, z khuh Ξ lvwkh ohqj wk ri wlp h ehwz hhq wz r revhuydwlrqv/ khuh Ξ @4∂583 — hdu1

Wklv h–dfwglvfuhwl˝dwlrq fdq eh hvwlp dwhg xvlqj d vlqj oh uhj uhvvlrq1 Z h shuirup hg wklv hvwlp dwlrq dqg rewdlqhg wkh uhvxowv uhsruwhg lq Wdeoh 61 Wkh— duh frp sduhg wr wkh hvwlp dwhvrewdlqhg z lwk wkh Hxohuglvfuhwl˝dwlrq +dqqxdol˝hg sdudp hwhuviurp Wdeoh 5,1

Wdeoh 6 =Hvwlp dwlrq ri R0X surfhvv

Hvwlp dwh H–dfw Hxohu δ 5/¡49_W 5/¡35_W ϵ ∗ 5/: 9;_W ∗ 5/: 87_W ϕ 3/995_W 3/98;_W

Wvlj qlfflfdqwdw4( ohyho1

Wkheldvlvyhu— vp dooerwk lq wkhguliwdqg wkhglffixvlrq whup / z klfk lvfrqvlvwhqwz lwk wkh fflqglqj vri 7WΠBj uj i +4¡; 3,1

Rqh vkrxog dfnqrz ohgj h wkdwwkhvroxwlrq rewdlqhg e— p d–lp xp olnholkrrg lvd fruqhu vroxwlrq dv wkh frqvwudlqwζ ∼ 3 lv elqglqj +wklv h–sodlqv z k— z h fdqqrwfdofxodwh d

vwdqgdug ghyldwlrq iru ζ,1 Wklv lqglfdwhv wkdwwkh fodvv ri surfhvvhv whvwhg lv qrwulfk hqrxj k wr fflwwkh Ddd gdwd rswlp doo— dv rqh frxog kdyh j xhvvhg iurp wkh qrqsdudp hwulf hvwlp dwlrq ri yrodwlolw— 1

e˘2 ` @@tThi @˙ ˙) ?@4 ıUt UhvxowviruEdd vsuhdgv+Wdeoh5, dovr vkrz hylghqfhri p hdq uhyhuvlrq1Z hfflqg wkdq p hdq uhyhuvlrq lv vorz hu iru Edd vsuhdgv wkdq iru Ddd vsuhdgv ϵ^{Φ ∂∂} A ϵ^{θ ∂∂} dv h–shfwhg iurp wkh qrqsdudp hwulf vhfwlrq +vhh olqh Sdu lq I lj xuh : ,1 Wkh glffixvlrq lv krz hyhu qrw frqvwdqw1 Z h fflqg wkdw ζ_↼ lv forvh wr 4 z klfk lp solhv wkdwwkh yrodwlolw— ri wkh vsuhdg lqfuhdvhv dop rvwolqhduo— z lwk lwv ohyho1 Olqh Sdu lq I lj xuh 44 lv d sorwri wkh sdudp hwulf hvwlp dwh ri wkh glffixvlrq whup 1

Vhwwlqj ζ @4dqg hvwlp dwlqj wkhp rghodj dlq/ z hj hwδ_↼ @3/3467>ϵ_↼ @∗ 3/33: 3+wkh guliwwhup lvxqdffihfwhg, dqg ϕ_↼ @3/3557/Wklvp rgholvwkhglvfuhwhyhuvlrq ri ˘ i j AABA dqg 7WΠß Bi — 5 +4¡; 3,/ dovr xvhg lq ø NΛi — BaNA+4¡; 5,1Wkhglffixvlrq whup wkxvrewdlqhg lvlqglvwlqj xlvkdeohiurp olqhSdu z klfk lvuhdvrqdeo— vdwlvidfwru— dwfdswxulqj wkhj hqhudo vkdsh ri yrodwlolw— 1

e˘fi aLı?— Mi Ξ@fflıLΛh LutThi @˙t Z h qrwhg deryh wkdwEdd dqg Ddd vhulhv qhyhu furvv1 Wkh sursrvhg vshflfflfdwlrq ri wkh Ddd vsuhdg dv dq Ruqvwhlq0Xkohqehfn surfhvv dqg ri wkh Edd vsuhdg dv d ˙Euhqqdq dqg Vfkz duw̋%surfhvv p d— ohdg wr lqfrqvlvwhqflhv ri wkh nlqg V^{Φ ∂∂}_ȷ A V^{θ ∂∂}_ȷ /Wkh iroorz lqj P rqwh0Fduor h–shulp hqwvkrz v wkdwdowkrxj k z h fdqqrwuxoh rxwwklv srvvlelolw— / lwlv h–wuhp ho— xqolnho— hyhq ryhud yhu— orqj krul˝rq1

Z h shuirup 83/333 vlp xodwlrqvri wkh gdlo— vsuhdgvryhud 43 — hdu+5833 gd— v, shulrg/ xvlqj ht xdwlrq +8, dqg sdudp hwhu ydoxhv j lyhq lq Wdeoh 51 Dv vwduwlqj ydoxhv iru wkh vsuhdgv/ z hfkrrvhwkhluvdp sohp hdqv+vhhWdeoh4,1Vwdqgdug J dxvvldq udqgrp yduldeohv duh gudz q dqg wudqvirup hg wkurxj k wkh Fkrohvnl ghfrp srvlwlrq ri wkh fryduldqfh p dwul– lq rughu wr p dwfk wkh vdp soh fruuhodwlrq ri Ddd dqg Edd vsuhdg lqfuhp hqwv1 I lqdoo— / iru hdfk vlp xodwlrq/ dq lqglfdwru ixqfwlrq uhfrugv li wkh Ddd vsuhdg lv j uhdwhu wkdq wkh

Edd vsuhdg dwdq— wlp h ehwz hhq w@ 3 dqg w@ 43 — hduv1 Wklv hqdeohv xv wr fdofxodwh wkh suredelolw— wkdwwkh wz r vsuhdgvfurvv1Z h fflqg wkdwwklvsuredelolw— lv3/337( dqg lv wkhuhiruh dop rvwqhj olj leoh1

E— wkhvdp hwrnhq/ z hxvhg wkhvlp xodwlrq uxqvwr fdofxodwhwkhsuredelolw— ri wkhDdd vsuhdgvuhdfklqj 3 +xvlqj wkhglvfuhwl˝hg p rgho,1Ryhu43 — hduvwkhsuredelolw— lv3/35(_{�fi}1

D Σ ?i ¯ ThLUi tt uLh Uhi ˙ı— tThi @˙t

I roorz lqj wkh hp slulfdorevhuydwlrqv iru erwk vsuhdgv p dgh lq wkh wz r suhylrxv vhfwlrqv/ z h qrz sursrvh d qhz p rghoirufuhglwvsuhdg lqglfhv/ j xdudqw— lqj srvlwlyh vsuhdgvz kloh fdswxulqj mxp sv dqg p hdq uhyhuvlrq1 Z h vwduwz lwk lwv ghvfulswlrq ehiruh glvfxvvlqj lwv surshuwlhvdqg fduu— lqj rxwlwvhvwlp dwlrq rq wkh gdwd_{�e}1

D˘� AΞi ThLUi tt

Ohw♮^ȷ ghqrwh wkh orj dulwkp ri wkh fuhglwvsuhdg lqgh– +hlwkhu Ddd ru Edd,1 Z h dvvxp h wkdw♮^ȷ iroorz vwkh g— qdp lfv= g♮^ȷ @δ +λ∗ ♮^ȷ , gw. ϕgZ^ȷ . gQ^ȷ > +: , z khuh Z^ȷ lv d vwdqgdug Eurz qldq p rwlrq dqg Q^ȷ lv d frp srxqg Srlvvrq surfhvv1

W^⋆ ghqrwhv wkh q_{ȷΠ} mxp s wlp h ri wkh frp srxqg Srlvvrq surfhvv dqg ♭^⋆ lwv dvvrfldwhg p dun +mxp s vl˝h,1 Wkurxj krxw/ z h z loodvvxp h wkdwwkh glvwulexwlrq ri p dunv lv wlp h lqghshqghqwdqg xqfruuhodwhg z lwk wkh Eurz qldq sduwri wkh surfhvv1

Ohwxvghqrwh p^� @H^♭^⋆ ‘ @^∧ ıN+gı,> dqg p^2 @H ♭_2^⋆ @^∧ ı_2N+gı,>

�fiAΞi UΞLıUi Lu@B@Λttı@? ThLUitt uLh—Ξi Uhi˙ı— tThi@˙ ıt @˙4 ı——i˙*) ˙iM@—@M*i MiU@Λti Lu—Ξi TLttıMı*ı—)

Lu?i˝@—ıffli ffl@*Λit˘ AΞi ThLM@Mı*ı—) LutΛUΞ @? iffli?— ıt ΞL¯ ifflih fflih) *L¯ @t —Ξıt i Tihı4 i?— ˙i4 L?t—h@—it˘

�e Π L—i —Ξ@— it—ı4 @—ıL? hitΛ*—t LM—@ı?i˙ ı? —Ξıt tiU—ıL? @hi ?L— ˙ıhiU—*) UL4 T@hi˙ —L—ΞLti Lu—Ξi ThifflıLΛt tiU—ıL? tı?Ui —Ξi 4 L˙i*t @hi ?L? ?it—i˙˘ 5—@?˙@h˙ UL4 T@hıtL? ı? —ih4 t Lu4 i@? t^Λ@hi˙ ihhLhtc*ı!i*ıΞLL˙ h@—ıLtc‘ @*˙ Lh w@˝h@?˝i ¨ Λ*—ıT*ıih —it—t @hi L?*) ffl@*ı̇ uLh ?it—i˙ 4 L˙i*t˘

z khuh N+gı, lvwkh suredelolw— +nhuqho, wkdwwkh p dun idoovlq wkh lqwhuydogı ▽ ⊥ /Q_ȷ lvvxfk wkdw+Q ∗ ξwp_�,_ȷ lvd p duwlqj doh1

Lq wkh vht xho/ z h z loodvvxp h wkdwmxp s wlp hviroorz dq h–srqhqwldoglvwulexwlrq z lwk sdudp hwhu ξ dqg wkdwp dunv iroorz d elqrp ldoglvwulexwlrq z lwk suredelolw—^�_2 dqg mxp s vl˝h d1Z h wkxvkdyh gı ▽ ^∗ d>. d‘>N+. d, @N+∗ d, @^�_2/ p_� @3>p_2 @d^2/

Ghfflqlqj wkh p duwlqj doh P_ȷ @ ϕZ_ȷ . +Q ∗ ξwp_�,_ȷ >wkh vroxwlrq wr wkh vwrfkdvwlf glffihuhqwldoht xdwlrq +: , wdnhvdq h–solflwirup =

♮_ȷ @♮_f h–s +∗ δw, . λ. ξp_� δ +4∗ h–s +∗ δw,, .^ȷ_f h–s +∗ δ +w∗ v,, gP_r> +; ,

dqg wkh frqglwlrqdoh–shfwdwlrq dqg yduldqfh duh uhvshfwlyho— =

H_f ^♮_ȷ ‘ @ ♮_f h–s +∗ δw, . λ. ξp_� δ +4∗ h–s +∗ δw,, >

Ydu_f ^♮_ȷ ‘ @ +4∗ h–s +∗ 5δw,, ξp_2 . ϕ^2 5δ / Wkh surrivduh ghwdlohg lq Dsshqgl– E1

D˘2 ¸ hLTi h— ıi t Lu— Ξi ThLUi tt Z h fdq qrz glvfxvv wkh surshuwlhv ri rxu surfhvv1 δ +z h dvvxp h δ A 3, lv wkh wudgl0 wlrqdovshhg ri p hdq uhyhuvlrq dvlq wkh Ruqvwhlq0Xkohqehfn vshflfflfdwlrq1Rxusurfhvvlv wkhuhiruh deoh wr fdswxuh wklvihdwxuh ri wkh gdwd1

λ lv krz hyhu qrwwkh orqj whup p hdq ri wkh surfhvv lq wkh j hqhudo fdvh1 Z h fdq lqghhg fdofxodwh wkh h–shfwdwlrq ri wkh vwdwlrqdu— glvwulexwlrq e— wdnlqj wkh olp lwri wkh frqglwlrqdoh–shfwdwlrq dvwlp h lqfuhdvhvwr lqfflqlw— =

p @ olp_{ȷℜ ↑} H_f ^♮_ȷ ‘ @ λ. ξp_� δ / Lq wkh vshflfflf fdvh z h uhwdlq lq wklv sdshu/ p_� @ 3 dqg z h wkhuhiruh idooedfn rq wkh lqwxlwlyh fdvh z khuh λ wdnhvwkh lqwhusuhwdwlrq ri wkh orqj uxq p hdq1Wkh irup xod irukdoi olih +wkh h–shfwhg wlp h wkh surfhvvz loowdnh wr uhdfk wkh p lggoh ohyhoehwz hhq lwvfxuuhqw ydoxh dqg lwvorqj whup p hdq, lvdovr xqdffihfwhg z khq p_� @31

Vlp loduo— / wdnlqj wkh olp lw/ z h fflqg wkdwwkh vwdwlrqdu— yduldqfh lv=

Y @ olp^{ȷℜ ↑} Ydu^f ^♮^ȷ ‘ @ ξp^2 . ϕ_2 5δ / Qrwlfh wkdwwkh vwdwlrqdu— yduldqfh lverxqghg_{�D}1

Wklvsurfhvvhqdeohvxvwr fdswxuh mxp svz klfk duh reylrxvo— suhvhqwlq wkh gdwd +vhh fflj xuh 4,1 Vlp loduvshflfflfdwlrqv kdyh ehhq sursrvhg e— $ Bt +4¡¡9, irup rghoolqj lqwhuhvw udwhv1Krz hyhu/ xvlqj orj dulwkp vsuhfoxghvqhj dwlyh ydoxhviruvsuhdg lqglfhvz lwkrxwwkh qhhg iruwuxqfdwlrq xvhg e— $ Bt +4¡¡9,1

D˘fi , t— ı4 @— ıL?

Wkhsurfhvvghvfulehg deryhlvfrqglwlrqdoo— qrup do/ l1h1j lyhq wkdwwkhuhlvdq xs0mxp s/ d grz q0mxp s/ ruqr mxp s/ wkh glvwulexwlrq lvqrup doz lwk d fruuhvsrqglqj p hdq1Lwlvwkxv vwudlj kwiruz dug wr ghfrp srvh wkh olnholkrrg ixqfwlrq lq d surgxfwri qrup doglvwulexwlrqv z hlj kwhg e— wkh suredelolw— ri kdylqj d j lyhq mxp s ruqr mxp s dwdoo1

Z h z dqwwr hvwlp dwh wkh sdudp hwhuv ri wkh surfhvv xvlqj glvfuhwh gdwd vsdfhg e— wkh vkruwwlp h lqwhuydoΞ >fkrvhq wr eh 4∂583 — hdu+rqh gd— , lq rxuhvwlp dwlrqv1Wkh gdwdvhw kdv ehhq ghvfulehg lq vhfwlrq 51 Ohwı^ζ ghqrwh fkdqj hv lq orj vsuhdgv ryhu wkh shulrg

+l ∗ 4,Ξ wr lΞ /Z h kdyh= π^ζ @ H^{Eζ∋ �ø–} î^ζ‘ @ λ. ξp^� δ ∗ ♮^{Eζ∋ �ø–} +4∗ h–s +∗ δΞ ,, > ϕ_2^ζ @ Ydu^{Eζ∋ �ø–} î^ζ‘ @+4∗ h–s +∗ 5δΞ ,, ξp^2 . ϕ_2 5δ > dqg wkh orj 0olnholkrrg ixqfwlrq_{�S} lv/ vdyh rq d frqvwdqw= O+ı⇕Λ, @ ⋆ ζ’ �

oq h_{∋ b–} ω ı^ζ¿π^ζ>ϕ_2^ζ . ↑ ρ’ � 4 5 h_{∋ b–} +ξΞ ,_ρ m$ ω ı^ζ¿π^ζ∗ md>ϕ_2^ζ . ω ı^ζ¿π^ζ. md>ϕ_2^ζ > z khuh ω k¿n>Ψ_2 lv wkh qrup doghqvlw— dwsrlqwk z lwk p hdq n dqg yduldqfh Ψ_2>Λ @

+δ>λ>ϕ>ξ>d, >ı lv wkh yhfwru ri q orj vsuhdg fkdqj hv1 I ru sudfwlfdohvwlp dwlrqv/ z h kdyh

�DAΞi UΞ@h@U—ihıt—ıUuΛ?U—ıL? Lu—Ξi ˙ıt—hıMΛ—ıL? @?˙ ı—t ˙ihıffl@—ıL? @hi @ffl@ı*@M*i ΛTL? hi^Λit—˘

�SAΞi it—ı4 @—ıL? Lu˚Λ4 T˙ıgΛtıL? 4 L˙i*t Λtı?˝ ¨ @ ı4 Λ4 wı!i*ıΞLL˙ U@? tL4 i—ı4 it *i@˙ —Lı?UL?tıt—i?— it—ı4 @—it ˙Λi —L —Ξi Λ?MLΛ?˙i˙?itt Lu—Ξi *ı!i*ıΞLL˙ uΛ?U—ıL? Etii QNANi �j E�bbHøø˘ AΞıt ˙Lit ?L— @TT*)

Ξihi MiU@Λti —Ξi ˙ıt—hıMΛ—ıL? Lu˚Λ4 Tt ıt MLΛ?˙i˙˘

wuxqfdwhg wkh lqfflqlwh vxp dwm@ 481^{�.} Wkh p d–lp l˝dwlrq surj udp xvhg d Qhz wrq0 Udskvrq whfkqlt xh dqg z h kdyh fkhfnhg wkdwwkh doj rulwkp frqyhuj hv wr wkh vdp h vhwri rswlp dosdudp hwhuvz khq vwduwlqj iurp glffihuhqwlqlwldoydoxhv1

Uhvxowvirurxuhvwlp dwlrqvduh uhsruwhg lq wdeoh 71Wkh— dooduh vlj qlfflfdqwdwwkh 4( ohyho1Rxuuhvxowvduhlq olqhz lwk vrp hrevhuydwlrqvp dghlq vhfwlrq 5/ 6 dqg 71I luvw/ erwk vhulhv h–klelwp hdq uhyhuvlrq dqg wkh Ddd vsuhdgv uhyhuwp xfk idvwhu wr wkhlu orqj whup dyhudj h1 Vhfrqg/ wkh orz hu yrodwlolw— iru wkh Edd vhulhv lv frqvlvwhqwz lwk rxu suhylrxv revhuydwlrq wkdwuhodwlyhfkdqj hv+uhp hp ehuz hduhz runlqj z lwk orj v, lq Ddd vsuhdgvduh rq dyhudj h oduj huwkdq wkrvh ri Edd vsuhdgv1

Mxp svduh irxqg wr eh vlj qlfflfdqwlq erwk vhulhvdqg d olnholkrrg udwlr whvwri wkh mxp s Ruqvwhlq0Xkohqehfn yhuvxvlwvglffixvlrq frxqwhusduwvwurqj o— uhmhfwvwkh dvvxp swlrq ri qr mxp sv dwwkh 8( ohyho1 Qrwh wkdwwkh vl˝h ri +uhodwlyh, mxp sv lq Edd vsuhdgv lv derxw kdoi wkdwri mxp sv lq Ddd vsuhdgv1 Wklv lqglfdwhv wkdwdyhudj h mxp sv lq erwk vhulhv duh dssur–lp dwho— wkh vdp h vl˝h ehfdxvh wkh ohyhori Ddd vsuhdgv rvfloodwhg durxqg 4( dqg Edd vsuhdgvdurxqg 5( 1

Wdeoh 7 =Sdudp hwhu hvwlp dwhv Hvwlp dwhv Ddd Edd δ 5/; 5; +3/854¡,

4/37; +3/6698, λ ∗ 7/7; ¡ +3/37¡9,

∗ 6/¡: 8 +3/3: 3¡, ϕ 3/6¡: +3/33¡; ,

3/557 +3/3393, ξ 77/; : ¡ +6/7359,

67/66: +6/; ; 83, d 3/3; 34 +3/3359,

3/3738 +3/334; ,

�. AΞıt ıt @fflih) UL?tihffl@—ıffli UΞLıUi˘ AhΛ?U@—ı?˝ @— ρ ’ D¯ LΛ*˙ Ξ@ffli )ıi*˙i˙ @TihUi?—@˝i ˙ıgihi?Ui ı? T@h@4 i—iht Lu*itt —Ξ@? �f^{∋ e}˘

Z h kdyh dovr frqvlghuhg oliwlqj wkh dvvxp swlrq ri v— p p hwulf mxp sv ^∗ d>. d‘1 Z h hvwlp dwhg wkh p rgho z lwkrxwwkh uhvwulfwlrq dqg irxqg dq xs0mxp s vl˝h ri 3/3; 39 dqg grz q0mxp s vl˝h∗ 3/3: 84 iruwkhDdd vhulhvz klohfruuhvsrqglqj fflj xuhviruEdd lqglfhvduh

3/374; dqg ∗ 3/3734/Lq erwk fdvhv/ olnholkrrg udwlr whvwvdwwkh 8( ohyhofdqqrwuhmhfwwkh k— srwkhvlvri ht xdomxp s vl˝hv1

S ß L?U*ΛtıL?

Lq wklv sdshu/ z h kdyh xvhg qrqsdudp hwulf dqg sdudp hwulf whfkqlt xhv wr p rghoDdd dqg

Edd frusrudwherqg vsuhdg lqglfhv1Erwk vhulhvduhirxqg wr ehp hdq uhyhuwlqj z lwk vshhg ri p hdq uhyhuvlrq p xfk klj khu iru klj khu udwhg erqgv1 Qrqsdudp hwulf hvwlp dwhv ri wkh guliwvkrz dq dop rvwolqhduqhj dwlyhuhodwlrqvkls ehwz hhq wkhohyhori vsuhdgvdqg wkhguliw whup v1 Rq wkh frqwudu— / wkh glffixvlrq ixqfwlrq lv lqfuhdvlqj lq wkh ohyhori vsuhdgv lq wkh

Edd vhulhv/ z kloh lwh–klelwvd X0vkdsh iruDdd vsuhdgv1

Sdudp hwulf hvwlp dwhv vkrz wkdwwkh ˙ehvw%vshflfflfdwlrq iru Ddd vsuhdgv z lwklq d eurdg fodvvri surfhvvhvlvdvdq Ruqvwhlq0Xkohqehfn surfhvv+p hdq uhyhuwlqj z lwk frqvwdqw yrodwlolw— ,1Wklvlvsduwo— gxh wr wkh lqdelolw— ri wkh fodvvri surfhvvwr fdswxuh d X0vkdshg yrodwlolw— 1Edd vsuhdgvduh ehvwghvfulehg dvd ˘ i j AABAdqg 7WΠß Bi — 5 +4¡; 3, surfhvv1

Edvhg rq wkhvh hp slulfdofflqglqj v/ z h sursrvh d qhz vlp soh dqg ıh–leoh p rghoiru fuhglwvsuhdg lqglfhv z klfk lqfrusrudwhv erwk p hdq uhyhuvlrq dqg mxp sv1 Sdudp hwhuv ri wkh surfhvvduh hvwlp dwhg dqg whvwvrq wkh uhvwulfwlrqvlp srvhg e— rxup rghoduh irxqg wr vxssruwwkh dvvxp swlrq ri v— p p hwulf mxp sv1

UHI HUHQF HV =

⊆ Dlw0Vdkdold “ 1+4¡¡9d, ˙Qrqsdudp hwulf sulflqj ri lqwhuhvwudwhghulydwlyhvhfxulwlhv%/ Hfrqrp hwulfd/ 97/ 85: 08931

⊆ Dlw0Vdkdold “ 1+4¡¡9e, ˙Whvwlqj frqwlqxrxv0wlp h p rghov ri wkh vsrwlqwhuhvwudwh%/ Uhylhz ri I lqdqfldoVwxglhv/ ¡/ 6; 807591

⊆ Dqghuvrq U1dqg V1Vxqgduhvdq +4¡¡9, ˙Ghvlj q dqg ydoxdwlrq ri ghewfrqwudfwv%/ Uhylhz ri I lqdqfldoVwxglhv/ ¡/ 6: 09; 1

⊆ Dqghuvrq U1dqg V1Vxqgduhvdq +5333, ˙D frp sdudwlyh vwxg— ri vwuxfwxudop rghov ri frusrudwh erqg — lhogv= dq h–sorudwru— lqyhvwlj dwlrq%/ Mrxuqdori Edqnlqj dqg I lqdqfh/ 57/ 588059¡1

⊆ EhuqgwH1/ E1Kdoo/ U1Kdoodqg M1Kdxvp dq +4¡: 7, ˙Hvwlp dwlrq dqg lqihuhqfh lq qrqolqhduvwuxfwxudop rghov%/ Dqqdov ri Hfrqrp lf dqg VrfldoP hdvxuhp hqw/ 6/ 9860 9981

⊆ Eodfn I 1dqg M1Fr– +4¡: 9, ˙Ydoxlqj frusrudwh vhfxulwlhv = vrp h hffihfwv ri erqg lqghqwxuh surylvlrqv%/ Mrxuqdori I lqdqfh/ 64/ 684069: 1

⊆ Eodfn I 1/ H1Ghup dq dqg Z 1Wr— +4¡¡3, ˙D rqh0idfwru p rghori lqwhuhvwudwhv dqg lw*v dssolfdwlrq wr Wuhdvxu— erqg rswlrqv%/ I lqdqfldo Dqdo— vwv Mrxuqdo/ Mdq0I he/ 6606¡1

⊆ Eolvv U1 dqg G1 Vp lwk +4¡¡; , ˙Wkh hodvwlflw— ri lqwhuhvwudwh yrodwlolw— 0 Fkdq/ Nduro— l/ Orqj vwdffi dqg Vdqghuvuhylvlwhg%/ Mrxuqdori Ulvn/ 4/ 540791

⊆ Euhqqdq P 1dqg H1Vfkz duw̋ +4¡; 3, ˙Dqdo— vlqj frqyhuwleoh erqgv%/ Mrxuqdori I l0 qdqfldodqg Txdqwlwdwlyh Dqdo— vlv/ 48/ ¡3: 0¡5¡1

⊆ Eur— ghq F1 +4¡: 3, ˙Wkh frqyhuj hqfh ri d fodvv ri grxeoh0udqn p lqlp l˝dwlrq do0 j rulwkp v 5/ Wkh Qhz Doj rulwkp 1%/ Mrxuqdo ri wkh Lqvwlwxwh iru P dwkhp dwlfv dqg Dssolfdwlrqv/ 9/ 55505641 5:

⊆ Eur˝h O1/ R1Vfdloohwdqg M0P 1] dnrldq +4¡¡8, ˙Whvwlqj iru frqwlqxrxv0wlp h p rghov ri wkh vkruw0whup lqwhuhvwudwh%/ Mrxuqdori Hp slulfdoI lqdqfh/ 5/ 4¡¡05561

⊆ Fkdq N1F1/ J 1Nduro— l/ I 1Orqj vwdffi dqg E1Vdqghuv +4¡¡5, ˙Dq hp slulfdofrp sdu0 lvrq ri dowhuqdwlyh p rghov ri wkh vkruw0whup lqwhuhvwudwh%/ Mrxuqdori I lqdqfh/ 7: /

453¡0455: 1

⊆ Fkdsp dq G1 dqg Q1 Shduvrq +5333, ˙Lv wkh vkruwudwh guliwdfwxdoo— qrqolqhdu%/

Mrxuqdori I lqdqfh/ 88/ 68806; ; 1

⊆ Frxuwdgrq J 1 +4¡; 5, ˙Wkh sulflqj ri rswlrqv rq ghidxow0iuhh erqgv%/ Mrxuqdo ri

I lqdqfldodqg Txdqwlwdwlyh Dqdo— vlv/ 4: / : 804331

⊆ Fr– M1/ M1Lqj huvroodqg V1Urvv +4¡; 8, ˙D wkhru— ri wkh whup vwuxfwxuh ri lqwhuhvw udwhv%/ Hfrqrp hwulfd/ 86/ 6; 8073: 1

⊆ Furxk— P 1/ G1J dodl dqg U1P dun +5333, ˙D frp sdudwlyh dqdo— vlvri fxuuhqwfuhglw ulvn p rghov%/ Mrxuqdori Edqnlqj dqg I lqdqfh/ 57/ 8¡044: 1

⊆ Gdv V1U1 +4¡¡9, ˙Glvfuhwh0wlp h erqg dqg rswlrq sulflqj iru mxp s0glffixvlrq sur0 fhvvhv%/ Uhylhz ri Ghulydwlyhv Uhvhdufk/ 4/ 54405761

⊆ Gh Z lqqh U1+4¡¡; ,/ ˙Surfhvvxvgh glffixvlrq hweldlvgh glvfuh̄wlvdwlrq =xqh dqdo— vh hp slult xh sdulqih̄uhqfh lqgluhfwh dssolt xh̄h dx– wdx– g*lqw̄huahw%/ I lqdqfh/ 4¡/ 7408; 1

⊆ Grwkdq X1+4¡: ; ,/ ˙Rq wkh whup vwuxfwxuh ri lqwhuhvwudwhv%/ Mrxuqdori I lqdqfldo

Hfrqrp lfv/ 9/ 8¡09¡1

⊆ Gxhoop dqq N1dqg P 1Z lqgixku+5333, ˙Fuhglwvsuhdgvehwz hhq J hup dq dqg Lwdoldq vryhuhlj q erqgv0gr dȷ qhp rghovz run B%/ Z runlqj SdshuXqlyhuvlw— ri P dqqkhlp 1

⊆ Gxffihh J 1+4¡¡; , ˙Wkh uhodwlrq ehwz hhq Wuhdvxu— — lhogv dqg frusrudwh erqg — lhog vsuhdgv%/ Mrxuqdori I lqdqfh/ 86/ 5558055751

⊆ GxffihhJ 1+4¡¡¡, ˙Hvwlp dwlqj wkhsulfhri ghidxowulvn%/ Uhylhz ri I lqdqfldoVwxglhv/

45/ 4¡: 05591 5;

⊆ Gxȷ hG1dqg G1Odqgr +4¡¡: , ˙Whup vwuxfwxuhri fuhglwvsuhdgvz lwk lqfrp sohwhdf0 frxqwlqj lqirup dwlrq%/ Z runlqj Sdshu/ Vwdqirug Xqlyhuvlw— / iruwkfrp lqj lq Hfrqr0 p hwulfd1

⊆ Gxȷ h G1dqg N1Vlqj ohwrq +4¡¡¡, ˙P rgholqj whup vwuxfwxuhvri ghidxowdeoh erqgv%/ Uhylhz ri I lqdqfldoVwxglhv/ 45/ 9; : 0: 531

⊆ Hulfvvrq M1dqg R1Uhqdxow+5333, ˙Olt xlglw— dqg fuhglwulvn%/ Z runlqj Sdshu/ Orq0 grq Vfkrrori Hfrqrp lfv1

⊆ Hulfvvrq M1dqg M1Uhqhe— +4¡¡; , ˙D iudp hz run iru ydoxlqj frusrudwh vhfxulwlhv%/ Dssolhg P dwkhp dwlfdoI lqdqfh/ 8/ 47604961

⊆ I ohvdnhuE1/ O1Kxj kvrq/ O1Vfkuhlehudqg O1Vsuxqj +4¡¡7, ˙Wdnlqj doowkh fuhglw%/ Ulvn/ : / 437043; 1

⊆ I ohwfkhuU1+4¡: 3, ˙D qhz dssurdfk wr yduldeoh0p hwulf doj rulwkp v%/ Frp sxwhuMrxu0 qdo/ 46/ 64: 06551

⊆ J rhlqj D1dqg P 1“ ru +4¡¡¡, ˙D vxuyh— dqg vrp h j hqhudol˝dwlrqv ri Ehvvhosur0 fhvvhv%/ Ulvnode Z runlqj Sdshu/ HWK ] xulfk1

⊆ J rogidue G1+4¡: 3, ˙D idp lo— ri yduldeoh0p hwulf doj rulwkp v ghulyhg e— yduldwlrqdo p hdqv%/ P dwkhp dwlfv ri Frp sxwdwlrq/ 57/ 560591

⊆ J rogp dq G1+4¡¡; ,/ ˙Frusrudwh erqgv = vrp h ohvvrqv iurp sdvwfulvhv dqg uhfry0 hulhv%/ J oredoVwudwhj— ) DvvhwDoorfdwlrq/ FuhglwVxlvvh I luvwErvwrq/ Rfwr e hu/ 460491

⊆ J rug— P 1+5333, ˙D frp sdudwlyhdqdwrp — ri fuhglwulvn p rghov%/ Mrxuqdori Edqnlqj dqg I lqdqfh/ 57/ 44¡047¡1

⊆ Kduulvrq M1+4¡; 8,/ ˙Eurz qldq p rwlrq dqg vwrfkdvwlf ırz v— vwhp v%/ Mrkq Z loh— dqg Vrqv/ Qhz “ run1

5¡

⊆ Kr W1dqg V1Ohh +4¡; 9, ˙Whup vwuxfwxuh p ryhp hqwv dqg sulflqj lqwhuhvwudwh frq0 wlqj hqwfodlp v%/ Mrxuqdori I lqdqfh/ 74/ 43440435¡1

⊆ Krqruh̄ S1+4¡¡; , ˙Slwidoov lq hvwlp dwlqj mxp s glffixvlrq p rghov%/ Z runlqj Sdshu/

DdukxvXqlyhuvlw— 1

⊆ Kxdqj M0] 1 dqg P 1 Kxdqj +5333,/ ˙Krz p xfk ri wkh frusrudwh 0Wuhdvxu— — lhog vsuhdg lvgxh wr fuhglwulvn B%/ Z runlqj Sdshu/ Vwdqirug Xqlyhuvlw— 1

⊆ Mduurz U1/ G1Odqgr dqg V1Wxuqexoo+4¡¡: , ˙D P dunry p rghoiruwkhwhup vwuxfwxuh ri fuhglwulvn vsuhdgv%/ Uhylhz ri I lqdqfldoVwxglhv/ 43/ 7; 408561

⊆ Mduurz U1dqg V1Wxuqexoo+4¡¡8, ˙Sulflqj ghulydwlyhvrq fflqdqfldovhfxulwlhvvxemhfw wr fuhglwulvn%/ Mrxuqdori I lqdqfh/ 83/ 860; 81

⊆ Mhdqeodqf P 1dqg P 1Uxwnrz vnl +4¡¡¡,˙P rghoolqj ri ghidxowulvn = dq ryhuylhz %/

Glvfxvvlrq Sdshu/ Xqlyhuvlw̄h g*Hyu— 1

⊆ NdwhvJ 1+4¡¡¡, ˙Fuhglwghulydwlyhvulvnvdqg wuhqgv%/ Ulvn Surihvvlrqdo/ 4/ 5; 0641

⊆ Nhhqdq V1/ L1Vkwrj ulq dqg M1Vrehkduw+4¡¡¡, ˙Klvwrulfdoghidxowudwhvri frusrudwh erqg lvvxhuv/ 4¡5304¡¡; %/ VshfldoFrp p hqw/ P rrg— *vLqyhvwruvVhuylfh1

⊆ NlhvhoU1/ Z 1Shuudxglq dqg D1Wd— oru+4¡¡¡, ˙Wkhvwuxfwxuhri fuhglwulvn%/ Z runlqj

Sdshu/ Elunehfn Froohj h1

⊆ Odqgr G1+4¡¡; , ˙Rq Fr– surfhvvhv dqg fuhglwulvn— vhfxulwlhv%/ Uhylhz ri Ghulyd0 wlyhv Uhvhdufk/ 5/ ¡¡04531

⊆ Oheodqf E1/ R1Uhqdxowdqg R1Vfdloohw+5333, ˙D fruuhfwlrq qrwhrq wkhffluvwsdvvdj h wlp h ri dq Ruqvwhlq0Xkohqehfn surfhvvwr d erxqgdu— %/ I lqdqfh dqg Vwrfkdvwlfv/ 7/

43¡04441

⊆ Oheodqf E1dqg R1Vfdloohw+4¡¡; , ˙Sdwk ghshqghqwrswlrqv rq — lhogv lq wkh dfflqh whup vwuxfwxuh p rgho%/ I lqdqfh dqg Vwrfkdvwlfv/ 5/ 67¡069: 1

⊆ Orqj vwdffi I 1dqg H1Vfkz duw̋ +4¡¡8, ˙Ydoxlqj fuhglwghulydwlyhv%/ Mrxuqdori I l–hg Lqfrp h/ 8/ 90451

⊆ P dgdq G1dqg K1Xqdo+5333, ˙D wz r0idfwrukd˝dug udwhp rghoirusulflqj ulvn— ghew dqg wkh whup vwuxfwxuh ri fuhglwvsuhdgv%/ Mrxuqdori I lqdqfldodqg Txdqwlwdwlyh Dqdo— vlv/ 68/ 760981

⊆ P huwrq U1+4¡: 6, ˙Wkhru— ri udwlrqdorswlrq sulflqj %/ EhooMrxuqdori Hfrqrp lfv dqg P dqdjhp hqwVflhqfh/ 7/ 47404; 61

⊆ P huwrq U1+4¡: 7, ˙Rq wkh sulflqj ri frusrudwh ghew=wkh ulvn vwuxfwxuh ri lqwhuhvw udwhv%/ Mrxuqdori I lqdqfh/ 5¡/ 77¡07: 31

⊆ P rxj hrwQ1+4¡¡¡,/ ˙Sulflqj vsuhdg rswlrqv%/ Glvfxvvlrq Sdshu/ IDP H/ KHF Odx0 vdqqh1

⊆ Sdj dq D1dqg D1Xoodk +4¡¡¡, Qrqsdudp hwulf hfrqrp hwulfv/ Fdp eulgj h Xqlyhuvlw— Suhvv/ Fdp eulgj h1

⊆ Shgurvd P 1dqg U1Uroo+4¡¡; , ˙V— vwhp dwlf ulvn lq frusrudwh erqg fuhglwvsuhdgv%/ Mrxuqdori I l–hg Lqfrp h/ ; / : 0591

⊆ Shuudxglq Z 1dqg D1Wd— oru+4¡¡¡, ˙Rq wkh frqvlvwhqf— ri udwlqj vdqg erqg p dunhw — lhogv%/ Z runlqj Sdshu/ Elunehfn Froohj h1

⊆ Srroh Z 1+4¡¡; , ˙Z klwkhuwkh X1V1FuhglwP dunhwvB%/ SuhvlghqwldoVshhfk/ I hghudo Uhvhuyh ri VwOrxlv1

⊆ Urelqvrq S1+4¡; 6, ˙Qrqsdudp hwulf hvwlp dwruv iru wlp h vhulhv%/ Mrxuqdori Wlp h Vhulhv Dqdo— vlv/ 7/ 4; 8053: 1

⊆ Vfkdhihu V1+4¡; 3, Glvfxvvlrq ri wkh duwlfoh ˙Frqglwlrqdosuhglfwlrqv ri erqg sulfhv dqg uhwxuqv%e— Euhqqdq P 1dqg H Vfkz duw̋/ Mrxuqdori I lqdqfh/ 68/ 74: 074¡1

⊆ VfrwwG1+4¡¡5, P xowlyduldwh ghqvlw— hvwlp dwlrq =wkhru— / sudfwlfh dqg ylvxdol˝dwlrq/ Mrkq Z loh— / Qhz “ run1

⊆ Vkdqqr G1+4¡: 3, ˙Frqglwlrqlqj ri t xdvl0Qhz wrq p hwkrgv iru ixqfwlrq p lqlp l˝d0 wlrq%/ P dwkhp dwlfv ri Frp sxwdwlrq/ 57/ 97: 09891

⊆ Vwdqwrq U1 +4¡¡: , ˙D qrqsdudp hwulf p rgho ri whup vwuxfwxuh g— qdp lfv dqg wkh p dunhwsulfh ri lqwhuhvwudwh ulvn%/ Mrxuqdori I lqdqfh/ 85/ 4¡: 6053351

⊆ Ydvlfhn R1+4¡: : , ˙Dq ht xloleulxp fkdudfwhul˝dwlrq ri wkh whup vwuxfwxuh%/ Mrxuqdo ri I lqdqfldoHfrqrp lfv/ 8/ 4: : 04; ; 1

DSSHQGL[ D

Vhfrqg0rughudssur–lp dwlrq ri wkh guliwdqg yduldqfh whup v=

π^ζ_2 +ı, @ 4 5 ⋄ 7H V^ζ_{ȷn �} ∗ V^ζ_ȷ V^ζ_ȷ @ı ∗ H V^ζ_{ȷn 2} ∗ V^ζ_ȷ V^ζ_ȷ @ı +D4, ≪ /8⋄ 7 ⋆∋ � ȷ’ � V ζ ȷn � ∗ V ζ ȷ ⇀^{ϱ∋ 7 ζȷ}_Π ⋆∋ � ȷ’ � ⇀ ϱ∋ 7^ζ_ȷ Π ∗ ⋆∋ 2 ȷ’ � V ζ ȷn 2 ∗ V ζ ȷ ⇀^{ϱ∋ 7 ζȷ}_Π ⋆∋ 2 ȷ’ � ⇀ ϱ∋ 7^ζ_ȷ Π > dqg ϕ^ζ_2 +ı, @ 4 5 ⋄ 7ydu V^ζ_{ȷn �} V^ζ_ȷ @ı ∗ ydu V^ζ_{ȷn 2} V^ζ_ȷ @ı +D5,

≪ /8⋄^e ⋆ ∋ � ȷ ’ � +7 ζ ȷ n �∋ 7 ζ ȷ ∋ >^ζ_�Eϱø,^2↽^{ϱ∋ 7 ζȷ}_Π ⋆ ∋ � ȷ ’ � ↽ ϱc ϱ∋ 7 ζȷ Π ∗ /8 ⋆ ∋ 2 ȷ ’ � +7 ζ ȷ n 2∋ 7 ζ ȷ ∋ >^ζ_2Eϱø,^2↽^{ϱ∋ 7 ζȷ}_Π ⋆ ∋ 2 ȷ ’ � ↽ ϱ∋ 7 ζȷ Π

� 2

>

z khuh wkh frqvwdqwv 7 dqg ∗ 4 frp h iurp Wd— oru*v h–sdqvlrq dqg π^ζ_� +ı, lv j lyhq lq +6,1

Dqqxdolvhg ydoxhviruwkhguliwdqg glffixvlrq duhrewdlqhg e— p xowlso— lqj wkhgdlo— hvwlp dwhv

e— 583 dqg ∫ 583uhvshfwlyho— 1

DSSHQGL[ E

Lq wklvdsshqgl–/ z h vkrz wkdwwkh vroxwlrq wr wkh VGH +: , lvj lyhq e— +; ,1

Z h j xhvvd vroxwlrq ri wkh w— sh ♮_ȷ @h–s +∗ δw, ♯_ȷ /

Ghulylqj wkh deryh h–suhvvlrq/ z h j hw=

g♮_ȷ @h–s +∗ δw, +∗ δ♯_ȷ gw. g♯_ȷ , >

dqg wkxv=

g♯_ȷ @ h–s +δw, +g♮_ȷ . δ♮_ȷ gw,

@ h–s +δw, +δ +λ∗ ♮_ȷ , gw. ϕgZ_ȷ . gQ_ȷ . δ♮_ȷ gw, @ h–s +δw, +δλgw. ϕgZ_ȷ . gQ_ȷ , @ h–s +δw, ++δλ. ξp_�, gw. gP_ȷ , /

I lqdoo— / e— lqwhj udwlrq wkh h–suhvvlrq irug♯^ȷ =

♯^ȷ @ ♯^f ._ȷ^f g♯^r >

♮^ȷ h–s +δw, @ ♮^f ._ȷ^f h–s +δv, ++δλ. ξp^�, gv. gP^r , >

♮^ȷ @ ♮^f h–s +∗ δw, . +δλ. ξp^�,_ȷ^f h–s +∗ δ +w∗ v,, gv._ȷ^f h–s +∗ δ +w∗ v,, gP^r>

♮^ȷ @ ♮^f h–s +∗ δw, . λ. ξp^� δ +4∗ h–s +∗ δw,, ._ȷ^f h–s +∗ δ +w∗ v,, gP^r/

Wklvfrp sohwhvwkh surri ri ht xdwlrq +; ,1

E— ghfflqlwlrq ri P^r>z hnqrz wkdwwkhodvwwhup kdv˝hur p hdq dqg lp p hgldwho— rewdlq=

H^f ^♮^ȷ ‘ @♮^f h–s +∗ δw, . λ. ξp^� δ +4∗ h–s +∗ δw,, /

Z h qrz surfhhg wr ghulyh wkh irup xod iruwkh frqglwlrqdoyduldqfh ri wkh surfhvv=

Ydu^f ^♮^ȷ ‘ @ Ydu_ȷ^f h–s +∗ δ +w∗ v,, gP^r

@ h–s +∗ 5δw, Ydu_ȷ^f h–s +δv, gP^r

@ h–s +∗ 5δw,_ȷ^f h–s +5δv, g‖P >P ↕^r > z khuh ‖P >P ↕ ghqrwhvwkh suhglfwdeoh t xdgudwlf yduldwlrq +dqj oh eudfnhw,1

J lyhq wkdwz hkdyhdvvxp hg wkdwwkhEurz qldq p rwlrq dqg wkhP SS duhlqghshqghqw/ z h kdyh = ‖P >P ↕^ȷ @ ‖Q ∗ ξp^�w>Q ∗ ξp^�w↕^ȷ . ϕ_2 ‖Z >Z ↕^ȷ @ ξp^2w. ϕ_2w/

Wkxv=

Ydu^f ^♮^ȷ ‘ @ h–s +∗ 5δw,_ȷ^f h–s +5δv, ξp^2 . ϕ_2 gv

@ +4∗ h–s +∗ 5δw,, ξp^2 . ϕ_2 5δ /

DSSHQGL[ F Wklv dsshqgl– j dwkhuv j udskv ri ffluvwrughuqrqsdudp hwulf hvwlp dwhv iruwkh guliwdqg yrodwlolw— ri Ddd dqg Edd vsuhdgv z lwk frqfflghqfh lqwhuydov1 ¡8( srlqwz lvh frqfflghqfh edqgv z huh fdofxodwhg xvlqj dv— p swrwlf glvwulexwlrqv +vhh h1j 1 - NO´AtNA +4¡; 6,/ Υ ´—¯ 7BΠB, ´B +4¡¡9d,,1

-0.050

-0.040

-0.030

-0.020

-0.010

0.000

0.010

0.020

0.030

0.040

0.050

0. 31 % 0. 41 % 0. 51 % 0. 61 % 0. 71 % 0. 81 % 0. 90 % 1. 0 % 1. 10 % 1. 20 % 1. 30 % 1. 40 % 1. 50 % 1. 60 % 1. 70 % 1. 80 % 1. 89 %

I lj xuh 45=Ddd vsuhdg guliwz lwk ¡8( frqfflghqfh edqg

-0.040

-0.030

-0.020

-0.010

0.000

0.010

0.020

1. 16 % 1. 28 % 1. 40 % 1. 52 % 1. 64 % 1. 76 % 1. 8 % 2. 0 % 2. 12 % 2. 24 % 2. 36 % 2. 48 % 2. 60 % 2. 72 % 2. 84 % 2. 96 % 3. 08 %

I lj xuh 46=Edd vsuhdg guliwz lwk ¡8( frqfflghqfh edqg

0.006

0.006

0.007

0.007

0.008

0.008

0.009

0.009

0.010

0. 31 % 0. 41 % 0. 51 % 0. 61 % 0. 71 % 0. 81 % 0. 90 % 1. 0 % 1. 10 % 1. 20 % 1. 30 % 1. 40 % 1. 50 % 1. 60 % 1. 70 % 1. 80 % 1. 89 %

I lj xuh 47=Ddd vsuhdg yrodwlolw— z lwk ¡8( frqfflghqfh edqg

0.004

0.005

0.006

0.007

0.008

0.009

0.010

0.011

0.012

1. 16 % 1. 28 % 1. 40 % 1. 52 % 1. 64 % 1. 76 % 1. 8 % 2. 0 % 2. 12 % 2. 24 % 2. 36 % 2. 48 % 2. 60 % 2. 72 % 2. 84 % 2. 96 % 3. 08 %

I lj xuh 48=Edd vsuhdg yrodwlolw— z lwk ¡8( frqfflghqfh edqg