Z HDN F RQYHUJ HQF H RI KHGJ LQJ VWUDWHJ LHV RI F RQWLQJ HQWF ODLP V

Mhdq0Oxf SULJ HQW^� RolylhuVFDLOOHW^2

Rfwrehu5333

Devwudfw

Wklvsdshusuhvhqwvuhvxowvrq wkhfrqyhuj hqfhirukhgjlqj vwudwhj lhvlq wkhvhwwlqj ri lqfrp sohwh fflqdqfldop dunhwv1 Z h h–dp lqh wkh frqyhuj hqfh ri wkh vr0fdoohg orfdoo— ulvn0p lqlp l˝lqj vwudwhj — 1Lwlvsuryhg wkdwvxfk d fkrlfhiruwkhwudglqj vwudwhj— / z khq shuihfwkhgjlqj ri frqwlqjhqwfodlp v lv lqihdvleoh/ lv urexvwxqghu z hdn frqyhuj hqfh1 Vhyhudoixqgdp hqwdoh–dp sohv h–wudfwhg iurp wkh fflqdqfldop rghoolqj olwhudwxuh looxv0 wudwhwklvsurshuw— iruerwk ghwhup lqlvwlf dqg udqgrp wlp hlqwhuydovvkulqnlqj wr ˝hur1

Nh— z rugv=Z hdn frqyhujhqfh¿lqfrp sohwhfflqdqfldop dunhwv¿orfdoo— ulvn0p lqlp l˝lqj vwudwhj — ¿khgj lqj vwudwhj— ¿p lqlp dop duwlqj doh p hdvxuh1

DP V4¡¡4 VxemhfwFodvvlfflfdwlrq=93I 38¿93J 77¿¡3D3¡1

�AΞi4 @cN?ıfflihtı—�i ˙i ß ih˝)´¸ L?—Lıticfifi ` ˙ ˙Λ ¸ Lh—cbDfff ß ih˝)c6h@?Ui˘ Thı̋ i?—9 Λ´Uih˝)˘uh 2W?t—ı—Λ— ˙¡Σ ˙4 ı?ıt—h@—ıL? i— ˙i Bit—ıL? i— # �iT@h—i4 i?— ˙it 5Uıi?Uit , UL?L4 ı̂ Λitc N?ıfflihtı—�i ß @—ΞL*ı̂ Λi ˙i wLΛffl@ı?cfi ¸ *@Ui ¨ L?—it^ΛıiΛc�fieHwLΛffl@ı?´*@´Π iΛfflic` i*˝ı̂ Λi˘ tU@ı**i—9 ıhit˘ΛU*˘@ŬMi ‘ i Ξ@ffli hiUiıffli˙ uhΛı—uΛ*UL4 4 i?—t uhL4 ß ˘ ¨ @h—ı?ı@?˙ a˘ ¨ �i4 ı?c@t ¯ i**@t T@h—ıUıT@?—t @— Σ 66W4 ii—ı?˝ @?˙ ` @UΞi*ıih UL?uihi?Ui˘ AΞi tiUL?˙ @Λ—ΞLh ˝h@—iuΛ**) @U!?L¯ *i˙˝it �?@?Uı@*tΛTTLh— uhL4 —Ξi ` i*˝ı@? ¸ hL˝h@4 L? W?—ihΛ?ıfflihtı—) ¸ L*it LuΣ ——h@U—ıL? Ȩ Σ W?M̆ ¸ e%f�ø˘ ¸ @h— Lu—Ξıt hiti@hUΞ ¯ @t ˙L?i ¯ Ξi? —Ξi tiUL?˙ @Λ—ΞLh ¯ @t fflıtı—ı?˝ AO, ¨ Σ˘ # L¯ ?*L@˙@M*i @— Ξ——TG%%¯ ¯ ¯ ˘iUL?˘ΛU*˘@ŬMi%W+, 5%ß 555¸ %ΞL4 i T@Tiht%tU@ı**i—%tU@ı**˘Ξ—4

41 Lqwur gxfwlr q

Z hdn frqyhujhqfh ri fflqdqfldop dunhwv lv z hooxqghuvwrrg lq wkh vhwwlqj ri frp sohwh p dunhwv1Lqghhg/ frqyhujhqfh ri rswlrq sulfhvdqg jdlq surfhvvhvlvh–whqvlyho— vwxglhg e— vhyhudodxwkruv +vhh h1j1Fr–/ Urvv dqg Uxelqvwhlq +4¡:¡,/ Kh +4¡¡3,/ Gxȷ h dqg Surwwhu

+4¡¡5,/ Fxwodqg/ Nrss dqg Z loolqjhu+4¡¡6,/ Ghoedhq dqg Vfkdfkhup d— hu+4¡¡7,/ 111,1Wkh p rvwidp rxv h–dp soh ri vxfk d frqyhujhqfh lv jlyhq e— wkh frqyhujhqfh ri wkh elqrp ldo p rghowr wkhEodfn0Vfkrohvp rgho/ z khq wkhwlp hlqwhuydoehwz hhq wudglqj gdwhvvkulqnvwr

˝hur1Erwk p rghovduh frp sohwh/ dqg frqwlqjhqwfodlp sd— rffivfdq eh shuihfwo— uhsolfdwhg e— d vhoi0fflqdqflqj vwudwhj — 1 I ru wkhvh p rghov/ Shghuvhq +4¡¡¡, kdv uhfhqwo— hvwdeolvkhg wkh frqyhujhqfh ri wkh wudglqj vwudwhj— iru Hxurshdq dqg sdwk ghshqghqwsd— rffiv1 Lq d p ruh j hqhudoiudp hz run/ Mdfrg/ P h̄ōhdug dqg Surwwhu+4¡¡¡, surylgh uhvxowvz klfk fdq eh gluhfwo— dssolhg wr wkh dqdo— vlv ri wkh frqyhuj hqfh ri wkh wudglqj vwudwhj lhv iru Hxurshdq frqwlqjhqwfodlp vz khq dvvhwsulfhvduhp duwlqj dohvxqghuwkhklvwrulfdosuredelolw— 1Wkhlu uhvxowvuho— ixqgdp hqwdoo— rq wkh Nxqlwd Z dwdqdeh ghfrp srvlwlrq ri p duwlqj dohv1

Lq wklv sdshu rxu sxusrvh lv wr h–whqg wkh uhvxowv ri Shghuvhq +4¡¡¡, dqg Mdfrg/

P h̄ōhdug dqg Surwwhu +4¡¡¡, wr wkh fdvh ri lqfrp sohwh fflqdqfldop dunhwv/ z khq sulfhv duh qr p ruh p duwlqj dohv1Lq vxfk dq lqfrp sohwh iudp hz run/ z h dgrswwkh p lqlp dop duwlqj doh p hdvxuh +I �roop hudqg Vfkz hl˝hu+4¡¡4,/ Vfkz hl˝hu+4¡¡4,,1Wklvfkrlfh kdvwkh dgydqwdj h wr j xdudqwhh erwk wkh frqyhuj hqfh ri wkh rswlrq sulfh surfhvvhv dqg wkh h–lvwhqfh ri dq h–solflwirup ri wkh wudglqj vwudwhj — / wkh vr0fdoohg orfdoo— ulvn0p lqlp l˝lqj vwudwhj— 1 Lq wkh iroorz lqj z h suryh wkh urexvwqhvv ri wklv orfdoo— ulvn0p lqlp l˝lqj vwudwhj — xqghuz hdn frqyhuj hqfh1 Wklv frp sohp hqwv lghdoo— wkh uhvxowv douhdg— nqrz q rq wkh frqyhujhqfh ri rswlrq sulfhv lq lqfrp sohwh p dunhwv +Uxqjj doglhu dqg Vfkz hl˝hu +4¡¡8,/ Kxedohn dqg

Vfkdfkhup d— hu+4¡¡;,/ Suljhqw+4¡¡¡,/ dqg Ohvqh/ Sulj hqwdqg Vfdloohw+5333,,1

Wkh sdshu lv ruj dql˝hg dv iroorz v1 Vhfwlrq 5 uhfdoov wkh qrwlrq ri d orfdoo— ulvn0 p lqlp l˝lqj vwudwhj— / dqg krz wklv w— sh ri vwudwhj — fdq eh fkdudfwhul˝hg h–solflwo— lq glvfuhwh wlp h dqg frqwlqxrxv wlp h1 Lq Vhfwlrq 6 z h surylgh wkh p dlq uhvxowri wkh sd0 shu/ qdp ho— wkh z hdn frqyhuj hqfh ri khgjlqj vwudwhj lhv1 Wkh uhjxodulw— ri wkh vhp ljurxs ri wkh vwrfn sulfh z khq lwiroorz vd P dunry surfhvvz loosod— d p dmruuroh lq lwvghulydwlrq1

I luvwz hh–dp lqhwkhfdvhri ghwhup lqlvwlf wlp hlqwhuydovehwz hhq wudglqj gdwhvz khq wkh— vkulqn wr ˝hur1 Vhyhudoixqgdp hqwdoh–dp sohv h–wudfwhg iurp wkh fflqdqfldop rghoolqj olw0 hudwxuh duh ghyhorshg lq rughu wr looxvwudwh wkh p dlq uhvxow1 Wkhq/ z h jlyh frqyhujhqfh uhvxowv iru udqgrp wlp h lqwhuydov vkulqnlqj wr ˝hur1 Wklv fryhuv wkh h–dp soh ri glvfuhwh sruwirolr uhedodqflqj1Vhfwlrq 7 j dwkhuvvrp h frqfoxglqj uhp dunv1

51 D uhylhz r i wkh or fdoo— ulvn0p lqlp l˝lqj vwudwhj —

Lq wklv vhfwlrq/ z h ffluvwuhfdoowkh p dlq uhvxowv frqfhuqlqj wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lq glvfuhwh wlp h +Vfkz hl˝hu+4¡; ;/ 4¡¡3/ 4¡¡6, dqg Vfk�do+4¡¡7,, ehiruh surfhhg0 lqj ixuwkhuz lwk wkh frqwlqxrxvwlp h fdvh +Vfkz hl˝hu+4¡¡4,,1Wkhvh uhvxowvfrqvwlwxwh wkh exloglqj eorfnv iru wkh qh–wvhfwlrq lq z klfk z h ghyhors frqyhujhqfh surshuwlhv ri wklv w— sh ri khgj lqj vwudwhj — 1

5141 Wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lq glvfuhwh wlp h

Z hfrqvlghud fflqdqfldop dunhwz lwk wz r wudghg dvvhwv=d ulvnohvvp rqh— p dunhwdffrxqw dqg d ulvn— dvvhw/ uhihuuhg wr dv wkh erqg dqg wkh vwrfn/ uhvshfwlyho— 1 Wkh ydoxh ri wkh p rqh— p dunhwdffrxqwdwwlp hwlvj lyhq e— E_ȷ @E_f +4. u,^ȷ / z khuhu lvwkhulvniuhhlqwhuhvw udwh1Z lwkrxvorvvri j hqhudolw— / z h wdnh u @3 dqg E_f @4 lq wkh iroorz lqj 1Wkh hyroxwlrq ri wkhvwrfn sulfh lvghvfulehg e— d vwrfkdvwlf surfhvv+V_ȷ ,_{ȷM⊔ fc�cνννcA⊃} rq d suredelolw— vsdfh +fl>I >LS,/ z lwk vrp h fflowudwlrq +I_ȷ ,_{ȷM⊔ fc�cνννcA⊃} rq +fl>I , +LS lvxvxdoo— fdoohg wkh klvwrulfdo suredelolw— ,1Wkh sulfh V_ȷ lvwdnhq I_ȷ 0p hdvxudeoh dqg vt xduh0lqwhjudeoh1 D wudglqj vwudwhj— z looeh ri wkh irup ω @+δ>ϵ,1 Wkh vht xhqfh +δ_ȷ ,_{ȷM⊔ fc�cνννcA⊃}/ uhvs1 +ϵ_ȷ ,_{ȷM⊔ fc�cνννcA⊃}/ ghvfulehv wkh vxffhvvlyh dp rxqwv lqyhvwhg lqwr wkh vwrfn/ uhvs1wkh erqg1 Wkh surfhvv +δ_ȷ ,_ȷ lv d vt xduh0lqwhj udeoh suhglfwdeoh surfhvv/ z kloh +ϵ_ȷ ,_ȷ lv dgdswhg dqg vt xduh0lqwhjudeoh1

Wkh ydoxh ri wkh sruwirolr dwwlp h wfruuhvsrqglqj wr wkh vwudwhj— ω lv wkhq jlyhq e— =

Y_ȷ +ω , @δ_ȷ V_ȷ . ϵ_ȷ /

Wkh fxp xodwhg frvwxs wr wlp h wlvghfflqhg e— =

F_ȷ @Y_ȷ ∗ ⋃ ↔ ȷ δ_{∋ �}Ξ V> z khuh Ξ V lv ht xdo wr V ∗ V_{∋ �}1 Lq sduwlfxodu/ F_f @ Y_f 1 Erwk +Y_ȷ ,_{ȷM⊔ fc�cνννcA⊃} dqg +F_ȷ ,_{ȷM⊔ fc�cνννcA⊃} duh dgdswhg surfhvvhv1

Frqvlghuqrz d fflqdqfldodvvhw/ iruh–dp sohdq rswlrq/ z ulwwhq dwwlp hw@3 z lwk sd— rffi K_A dwp dwxulw— W1 Wkh sd— rffi K lv dq I_A0p hdvxudeoh udqgrp yduldeoh1 D Hxurshdq fdoorswlrq z lwk vwulnh N z rxog fruuhvsrqg wr K_A @+V_A ∗ N,^n 1 Lq sudfwlfh/ fflqdqfldo p dunhwv duh lqfrp sohwh/ dqg wkh fflqdqfldodvvhwh–klelwv d srvlwlyh lqwulqvlf ulvn edvhg rq wkh fxp xodwlyh frvwF_ȷ xs wr wlp h w1 Khqfh d idlu sulfh iru khgjlqj wkh sd— rffi K p xvw wdnh lqwr dffrxqwrswlp dokhgjlqj vwudwhjlhvω djdlqvwK1

D vwudwhj— ω @+δ>ϵ, lv fdoohg p hdq0vhoi0fflqdqflqj li wkh fruuhvsrqglqj frvwsurfhvv +F_ȷ ,_ȷ lvd p duwlqj doh= LHΞ̂ F_ȷ ⇕I_ȷ ‘@3/

Lq sduwlfxodu/ rqh kdv= Y_f @LHF̂_A‘/

Wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj — p lqlp l˝hvorfdoo— wkh frqglwlrqdoulvn=

LH^+F_{ȷn �} ∗ F_ȷ ,^2⇕I_ȷ ‘/

Dvlq Vfkz hl˝hu+4¡; ;, ruVfk�do+4¡¡7, z hlqwurgxfhwkhqrqghjhqhudf— frqglwlrq +QG,=

Vlvvdlg wr vdwlvi— wkhqrqghjhqhudf— frqglwlrq +QG, li wkhuhh–lvwvd frqvwdqwη ▽‘3>4^ vxfk wkdw= +LHΞ̂ V_ς⇕I_{ς∋ �}‘,^2 ⪰ ηLH^+Ξ V_ς,^2⇕I_{ς∋ �}‘>LS d/v/ +QG,

Sur s r vlwlr q 5141

Xqghu wkh frqglwlrq +QG,= l, Hyhu— vtxduh0lqwhjudeoh frqwlqjhqwfodlp sd— rffi K dgp lwv d ghfrp srvlwlrq=

K @K^f . A⋃ ς’ � σ_M^ς Ξ V^ς. O_M^A > LS d/v/> +4, zkhuhK^f lvd frqvwdqw/ σ_M lvsuhglfwdeohdqg O_M @+O_M^ς,^ςlvd vtxduh0lqwhjudeohp duwlqjdoh zlwk HÔ_M^f ‘@3 zklfk lv vwurqjo— ruwkrjrqdowr wkh p duwlqjdoh sduwri wkh vwrfn sulfh V1 ll, K^f lv htxdowr LH^{ΨUσ} K̂‘ dqg e— ohwwlqj aY^ς@LH^{ΨUσ} K̂⇕I^ς‘/ σ_M lv ghwhup lqhg e— = σ_M^ς @

LHΞ̂ aY^ςΞ V^ς⇕I^{ς∋ �}‘

LHΞ̂ V_2^ς⇕I^{ς∋ �}‘ > zkhuh aLS ghqrwhv wkh p lqlp dop duwlqjdoh p hdvxuh1 lll, δ @σ_M dqg ϵ @ aY ∗ σ_MV ghwhup lqh wkh xqltxh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— iru K1

Surri1 Vhh Vfkz hl˝hu+4¡; ;, ruVfk�do+4¡¡7,1

5151 Wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lq frqwlqxrxv wlp h

Z hvwduwz lwk wkhj hqhudofdvhehiruhdqdo— ˝lqj wkhsduwlfxodufdvhri P dunry surfhvvhv1

515141 J hqhudofdvh

Ohw+fl>I >LS, eh d suredelolw— vsdfh z lwk d fflowudwlrq +I^ȷ ,^{ȷMdfcAo} vdwlvi— lqj wkh xvxdo frqglwlrqvri uljkw0frqwlqxlw— dqg frp sohwhqhvv1Dvvxp h wkdwI^f lvwulyldodqg wkdwI^A @

I 1 Wkh sulfh V^ȷ lv djdlq vxssrvhg wr eh I^ȷ 0p hdvxudeoh dqg vt xduh0lqwhj udeoh1 Lwlv d vhp lp duwlqjdoh z lwk d ghfrp srvlwlrq=

V^ȷ @V^f . D^ȷ . P^ȷ > vxfk wkdw=

4, P lvd vt xduh0lqwhjudeoh p duwlqj doh z lwk P^f @31

5, D lvd suhglfwdeoh surfhvvri fflqlwh yduldwlrq ⇕D⇕z lwk D^f @31

Z h ghqrwh wkh suhglfwdeoh t xdgudwlf yduldwlrq ri wkh p duwlqj doh P e— ⋆ P >P A1 D wudglqj vwudwhj — z looeh ri wkh irup ω @+δ>ϵ, vdwlvi— lqj wkh iroorz lqj frqglwlrqv=

4, +δ^ȷ ,^{ȷMdfcAo} lvd suhglfwdeoh surfhvv1

5, Wkh surfhvv ⊎^ȷ f δ^ΞgV^Ξ lvd vhp lp duwlqjdoh ri fodvvV_2/ l1h1= LH^ ⊎^A f δ_2^Ξg ⋆ P >P A^Ξ . ⊎^A f ⇕δ^Ξ⇕g⇕D⇕^Ξ,_2‘⋆ △ /

6, +ϵ_ȷ ,_{ȷMdfcAo} lvdgdswhg1

Wkh ydoxh ri wkh sruwirolr dwwlp h wfruuhvsrqglqj wr ω lv wkhq j lyhq e— wkh surfhvv Y+ω , ghfflqhg e— Y_ȷ +ω , @δ_ȷ V_ȷ . ϵ_ȷ 1 Lwlv uljkw0frqwlqxrxv dqg vdwlvfflhv= Y_ȷ +ω , ▽ O^2+LS,1 Wkh fxp xodwhg frvwxs wr wlp h wlvghfflqhg e— =

F_ȷ @Y_ȷ +ω , ∗ ⊎_ȷ f δ_ΞgV_Ξ/ Dv p hdvxuh ri ulvn/ Vfkz hl˝hu +4¡¡4, lqwurgxfhv wkh frqglwlrqdo p hdq vt xduh huuru surfhvv= U_ȷ +ω , @LH^+F_A+ω , ∗ F_ȷ +ω ,,^2⇕I_ȷ ‘/

D vwudwhj — ω lvp hdq0vhoi0fflqdqflqj li F+ω , lvd p duwlqjdoh1D frqwlqjhqwfodlp lvdwwdlqdeoh li dqg rqo— li wkhuh h–lvwv dq dgp lvvleoh vwudwhj — ω vxfk wkdwY_A+ω , @K_A dqg U_ȷ +ω , @ 3>LS d/v/ Dv p hqwlrqhg lq Vfkz hl˝hu +4¡¡4,/ lwp d— kdsshq wkdwqr vwudwhj — ω fdq p lqlp l˝h U_ȷ +ω , irudoow1Wkhuhiruh/ lwlvqhfhvvdu— wr z hdnhq wklvfrqglwlrq1Wklvjlyhveluwk wr wkh qrwlrq ri orfdoo— ulvn0p lqlp l˝lqj vwudwhj— / z klfk lv ghfflqhg dviroorz v=

D wudglqj vwudwhj — Ξ @+η>θ, lvfdoohg d vp dooshuwxuedwlrq li lwvdwlvfflhv wkh iroorz lqj frqglwlrqv= 4, η lverxqghg1 5, ⊎_ȷ f ⇕η_Ξ⇕g⇕D_Ξ⇕lv erxqghg1 6, η_A @θ_A @31

Wkhxqghuo— lqj lghd lvwr lqwurgxfhwkhfrqfhswri orfdoyduldwlrq ri d wudglqj vwudwhj— 1 Wr wklvhqg/ frqvlghusduwlwlrqvχ @+w_ζ,_ζ ri wkh lqwhuydo^3>W‘1Vxfk sduwlwlrqvz loodoz d— v vdwlvi— = 3 @w_f ⋆ w_� ⋆ ///⋆ w_Υ @W> z lwk d p hvk vl˝h ghfflqh e— =⇕χ⇕@p d–_ζ+w_ζ ∗ w_{ζ∋ �},1 D vht xhqfh +χ_⋆ ,_{⋆MUΥ} ri sduwlwlrqv z loo eh lqfuhdvlqj li χ_⋆ ≥ χ_{⋆n �} irudooq1Lwz looeh fdoohg 30frqyhuj hqwli lwvdwlvfflhv=

olp_{⋆ℜ n ↑} ⇕χ_⋆ ⇕@3/

Li Ξ lv d vp doo shuwxuedwlrq dqg +v>w‘ d vxelqwhuydo ri ^3>W‘/ wkh vp doo shuwxuedwlrq Ξ ⇕+v>w‘@+η⇕+v>w‘>θ⇕+v>w‘, lvghfflqhg e— vhwwlqj= η⇕+v>w‘+ϖ>x, @η_Ξ+ϖ,4_{Ercȷo}+x, dqg θ⇕+v>w‘+ϖ>x, @θ_Ξ+ϖ,4_{drcȷø}+x,/ Wkh dv— p hwu— fruuhvsrqgvwr wkh idfwwkdwη lvsuhglfwdeoh dqg θ dgdswhg1 Ohwω eh d wudglqj vwudwhj— / Ξ d vp dooshuwxuedwlrq dqg χ d sduwlwlrq ri ^3>W‘1Wkhq/ wkh U0t xrwlhqwlvghfflqhg e— u^βω̂ >Ξ ‘+ϖ>w, @ ⋃ ȷ_ζMβ U_{ȷ ζ}+ω . Ξ ⇕+w_ζ>w_{ζn �}‘, ∗ U_{ȷ ζ}+ω , LH^⋆ P >P A_{ȷ ζn �} ∗ ⋆ P >P A_{ȷ ζ} ⇕I_{ȷ ζ}‘ +ϖ, 4_{Eȷ ζcȷ ζn �o}+w,/

Wkh vwudwhj— ω lvfdoohg orfdoo— ulvn0p lqlp l˝lqj li olp lqi^{⋆ℜ n ↑} u_{β⋆} ω̂ >Ξ ‘∼ 3> LS^⁀ d/v/ iru hyhu— vp dooshuwxuedwlrq Ξ dqg hyhu— lqfuhdvlqj 30frqyhuj hqwvht xhqfh +χ^⋆ , ri sduwl0 wlrqv ri ^3>W‘1 Wkh udwlr u_βω̂ >Ξ ‘ fdq eh lqwhusuhwhg dv d p hdvxuh iru wkh wrwdofkdqjh ri ulvnlqhvv li ω lvorfdoo— shuwxuedwhg e— Ξ dorqj wkh sduwlwlrq χ1

Vxssrvh wkdw=

K4, I ru LS0dop rvwdooϖ/ wkh p hdvxuh rq ^3>W‘ lqgxfhg e— ⋆ P >P A +ϖ, kdv wkh z kroh lqwhuydo^3>W‘ dv vxssruw+wkh p duwlqj doh P lv qrworfdoo— frqvwdqw=iru h–dp soh/ d glffix0 vlrq surfhvv z lwk d vwulfwo— srvlwlyh glffixvlrq frhȷ flhqwru d srlqwsurfhvv z lwk d vwulfwo— srvlwlyh lqwhqvlw— ,1 Wkhq/ Vfkz hl˝hu +4¡¡4, vkrz v wkdwli d wudglqj vwudwhj — lv orfdoo— ulvn0p lqlp l˝lqj wkhq lwlvp hdq0vhoi0fflqdqflqj1

Uhfdood p dlq uhvxowderxwwkh frp sxwdwlrq ri wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj — lq frqwlqxrxvwlp h1Dvlq wkh glvfuhwh wlp h vhwwlqj/ z h ghqrwh e— aLS wkh p lqlp dop duwlqj doh p hdvxuh/ dqg e— aY wkhfrqglwlrqdoh–shfwdwlrq ri wkhfrqwlqj hqwfodlp sd— rffi K xqghu aLS= aY^ȷ @LH^{ΨUσ} K̂⇕I^ȷ ‘/ Vxssrvh ixuwkhup ruh wkdw=

K5, D lvfrqwlqxrxv1

K6, D lvdevroxwho— frqwlqxrxvz lwk uhvshfwwr ⋆ P >P A z lwk d ghqvlw— δ vdwlvi— lqj H^⁀ ^⇕δ⇕Orj_n ⇕δ⇕‘⋆ △ 1 K7, V lvfrqwlqxrxvdwwlp h W+qr ffl–hg wlp h ri glvfrqwlqxlw— dwW,1

Dvvxp h wkdw=

K8, Wkhuh h–lvwvd vt xduh0lqwhjudeoh LS0p duwlqjdoh Q vxfk wkdwP dqg Q irup d LS0edvlv ri O_2+LS,/ dqg V hwQ irup d aLS0edvlvri O_2+aLS, +vhh Vfkz hl˝hu+4¡¡4, s1688,1

Sur s r vlwlr q 5151

Xqghu frqglwlrqv K408= l, Hyhu— vtxduh0lqwhjudeoh frqwlqjhqwfodlp sd— rffi K dgp lwv d ghfrp srvlwlrq= K @LHK̂‘^{ΨUσ} . ⊎^A f σ_{McΨUσ}^Ξ gV^Ξ . ⊎^A f ι_{McΨUσ}^Ξ gQ^Ξ> aLS d/v/> +5, zkhuh σ_{McΨUσ} dqg ι_{McΨUσ} duh suhglfwdeoh1 ll, Li +V^ȷ ,^{ȷMdfcAo} kdv frqwlqxrxv wudmhfwrulhv/ wkhq wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lv jlyhq e— = δ^ȷ @ g ⋆ aY>VA_{ΨUσ}^ȷ g ⋆ V>VA_{ΨUσ}^ȷ > zkhuh ⋆ />/A_{ΨUσ} lv wkh suhglfwdeoh txdgudwlf fryduldwlrq zlwk uhvshfwwr aLS1 lll, Wkh xqltxh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— iru wkh frqwlqjhqwfodlp K lv jlyhq e— δ @σ_{McΨUσ} dqg ϵ @ aY ∗ σ_{McΨUσ} 1

Surri1 Vhh Wkhruhp 615 ri Vfkz hl˝hu+4¡¡4,1

Ohwxv uhp dun wkdwwkh ghfrp srvlwlrqv +4, dqg +5, ohdglqj wr wkh fkdudfwhul˝dwlrq ri wkhorfdoo— ulvn0p lqlp l˝lqj vwudwhj — lq glvfuhwh wlp h dqg frqwlqrxvwlp h/ uhvshfwlyho— / orrn vlp lodu1 Wkh— krog xqghu wz r glffihuhqwsuredelolw— p hdvxuhv/ qdp ho— xqghuwkh klvwrulfdo suredelolw— iruwkhffluvwrqh/ dqg xqghuwkhp lqlp dop duwlqjdohp hdvxuhiruwkhvhfrqg rqh1 Qhyhuwkhohvv/ dvp hqwlrqhg lq Khdwk/ Sodwhq dqg Vfkz hl˝hu+4¡¡¡,/ xqghuwkhdvvxp swlrqv K408/ d vwudwhj— lvorfdoo— ulvn0p lqlp l˝lqj li dqg rqo— li lwlvsvhxgr0orfdoo— ulvn0p lqlp l˝lqj +l1h1 lwv frvwsurfhvv F lv d vt xduh lqwhjudeoh S0p duwlqjdoh/ vwurqj o— S0ruwkrj rqdowr wkh S0p duwlqjdoh sduwP ri V,1 Lq wkdwfdvh/ fflqglqj d orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lv ht xlydohqwwr fflqglqj d ghfrp srvlwlrq ri K=

K @K_f . ⊎_A f σ^M_Ξ gV_Ξ . O^M_A >

vr wkdwK_f lv lq O^2+I_f >S, dqg O^M lv d vt xduh lqwhjudeoh S0p duwlqj doh qxoo dw3 dqg vwurqjo— S0ruwkrj rqdowr P 1Lq wkdwfdvh/ δ @σ^M dqg F_ȷ @K_f . O^M_ȷ 1

515151 Sduwlfxodu fdvh ri P dunry surfhvvhv

Frqvlghu qrz d ulvn— dvvhwz krvh sulfh V iroorz v d P dunry glffixvlrq surfhvv z lwk mxp sv= gV_ȷ @d+w>V_{ȷ∋} ,gw. ϕ+w>V_{ȷ∋} ,gZ_ȷ . ⊎ U ζ+w>V_{ȷ∋} >ı,+π+gw>gı, ∗ ρ+gw>gı,,> z khuh +Z_ȷ ,_ȷ lv d vwdqgdug Eurz qldq p rwlrq/ π+gw>gı, lv wkh frxqwlqj p hdvxuh ri d frp 0 srxqg Srlvvrq surfhvv/ lqghshqghqwri +Z_ȷ ,_ȷ / dqg ρ+gw>gı, lv lwv frp shqvdwru p hdvxuh1 Wkh frhȷ flhqwd+/>/,/ ϕ+/>/,/ ζ+/>/, duh vxssrvhg wr vdwlvi— xvxdofrqglwlrqv wr j xdudqwhh h–lvwhqfh dqg xqlflw— ri wkh deryh ht xdwlrq dqg ϕ+/>/, A 3 1

Wkh frp shqvdwru wdnhv wkh irup ρ+gw>gı, @ ogwN+gı, z khuh N lv d ghwhup lqlvwlf suredelolw— nhuqhodqg od qrqqhjdwlyh frqvwdqw+vhh Vhfwlrq 615 iru ixuwkhu hoderudwlrq,1 Z h dvvxp h wkdwerwk +Z_ȷ ,_ȷ dqg π+gw>gı, duh ghfflqhg rq d fflowhuhg vsdfh +fl>I >+I_ȷ ,>S, z khuh I_ȷ lv j hqhudwhg e— V1 Lq wkdwfdvh/ dffruglqj wr Froz hoodqg Hoolrw+4¡¡6,/ wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj — lv ghwhup lqhg dviroorz v1

Frqvlghu wkh ydoxh aY ri wkh frqwlqj hqwfodlp xqghu wkh p lqlp dop duwlqj doh p hdvxuh aLS1Dsso— lqj wkh Nxqlwd Z dwdqdeh ghfrp srvlwlrq wr aY/ z h j hw=

aY_ȷ @ aY_f . ⊎_ȷ f ω^S_r g aZ_r . ⊎_ȷ f ⊎ U ω^⌢_r +π+gv>gı, ∗ aρ+gv>gı,,> z khuh +aZ_ȷ ,_ȷ lv d vwdqgdug Eurz qldq p rwlrq xqghu aLS dqg aρ ghqrwhv wkh frp shqvdwru ri wkh p hdvxuh ri mxp svxqghu aLS 1

Wkhq/ iurp Wkhruhp 614 ri Froz hoodqg Hoolrw+4¡¡6,/ wkhorfdoo— ulvn0p lqlp l˝lqj wudg0 lqj vwudwhj — h–lvwvdqg lvj lyhq e— = δ+w>V_{ȷ∋} , @ ϕ+w>V_{ȷ∋} ,ω^S+w>V_{ȷ∋} , . ⊎ U ζ+w>V_{ȷ∋} >ı,ω^⌢+w>V_{ȷ∋} >ı,oN+gı, ϕ^2+w>V_{ȷ∋} , . ⊎ U ζ^2+w>V_{ȷ∋} >ı,oN+gı, :

dqg ϵ+w>V^{ȷ∋} , @ aY^ȷ ∗ δ+w>V^{ȷ∋} ,V^ȷ / Qrwh wkdwδ+w>V^{ȷ∋} , lvvwlooht xdowr g ⋆ aY>VA_{ΨUσ}^ȷ ∂g ⋆ V>VA_{ΨUσ}^ȷ 1 P ruhryhu/ ω_S @ϕCaY∂Cı dqg ω_⌢+w>V^{ȷ∋} >ı, @ aY+w>V^{ȷ∋} . ζ+w>V^{ȷ∋} >ı,, ∗ aY+w>V^{ȷ∋} ,1 Lq rughuwr dqdo— ˝h δ+w>V^{ȷ∋} , dqg lq sduwlfxoduω_S dqg ω_⌢/ ohwxvh–dp lqh dqrwkhuz d— wr frp sxwhwkhsuhylrxvorfdoo— ulvn0p lqlp l˝lqj wudglqj vwudwhj — 1Vlqfhxqghuwkhp lqlp do p duwlqjdoh p hdvxuh aLS/ Vlvd p duwlqjdoh/ lwlvsrvvleoh wr xvh wkh uhvxowri Mdfrg/ P h̄ōhdug dqg Surwwhu +4¡¡¡,1 Wkh— jlyh dq dowhuqdwlyh irup wr wkh Fodun0Kdxvvp dq irup xod iru

P dunry surfhvvhv1

Xqghu aLS/ V lvwkh vroxwlrq ri wkh ht xdwlrq=

V_ϱ^ȷ @ı . ⊎^ȷ f ϕ+v>V_ϱ^{r∋} ,g aZ^r . ⊎^ȷ f ⊎ U ζ+v>V_ϱ^{r∋} >ı, +π+gv>gı, ∗ aρ+gv>gı,, / Wkh ixqfwlrqv ϕ dqg ζ duh vxssrvhg wr eh frqwlqxrxvo— glffihuhqwldeoh ixqfwlrqv z lwk erxqghg ghulydwlyhvϕ_≺ dqg ζ_≺1Frqvlghuwkh vroxwlrq V_≺ ri wkh iroorz lqj olqhduht xdwlrq =

V_{≺ϱ}^ȷ @4. ⊎^ȷ f ϕ_≺+v>V_ϱ^{r∋} ,V_{≺ϱ}^r g aZ^r . ⊎^ȷ f ⊎ U ζ_≺+v>V_ϱ^{r∋} >ı,V_{≺ϱ}^r +π+gv>gı, ∗ aρ+gv>gı,, / Dvvxp h wkdwwkh frqwlqj hqwfodlp kdv wkh irup K @i +V^A, z khuh i lv d p hdvxudeoh ixqfwlrq z lwk dwp rvwolqhduj urz wk1Lqwurgxfh = aS^ȷ i +ı, @LH^{ΨUσ} î +V_ϱ^ȷ ,‘> dqg aT^ȷ i +ı, @LH^{ΨUσ} î +V_ϱ^ȷ ,V_{≺ϱ}^ȷ ‘/

Qrwh wkdw+aS^ȷ , lvwkh vhp l0j urxs ri wkh P dunry surfhvvV_ϱ1

Wkhq z h fdq ghwhup lqdwh ω_S dqg ω_⌢ e— xvlqj d p rglfflhg yhuvlrq ri Wkhruhp 519 ri

Mdfrg/ P h̄ōhdug dqg Surwwhu+4¡¡¡,1Lq sduwlfxodu/ wkhiroorz lqj irup xodvlqyroyhwkht xdq0 wlw— aT^ȷ i_≺ z klfk sod— vd nh— uroh lq hvwdeolvklqj frqyhujhqfh uhvxowv1

Sur s r vlwlr q 5161

Li i lv glffihuhqwldeoh zlwk erxqghg ghulydwlyh i_≺ wkhq wkh xqltxh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— iru wkh frqwlqjhqwfodlp K lv fkdudfwhul˝hg e— = ω_S+w>V^{ȷ∋} , @ aT^{A∋ ȷ} i_≺+V_ϱ^{ȷ∋} ,> ω_⌢+w>V^{ȷ∋} >℘, @ ζ+w>V_ϱ^{ȷ∋} >℘, ⊎^� f aT^{A∋ ȷ} i ≺]Vϱ^{ȷ∋} . ζ+w>Vϱ^{ȷ∋} >℘,x⌊gx> zklfk jlyhv= δ+w>i +V_ϱ^{ȷ∋} ,, @ aT^{A∋ ȷ} i_≺+V_ϱ^{ȷ∋} , ._�^{ŠEȷc7} ϱ^{ȷ ∋ ø} ⊎ U oζ_2+w>V_ϱ^{ȷ∋} >℘,N+g℘, ⊎^� f ) aT^{A∋ ȷ} i ≺+Vϱ^{ȷ∋} . ζ+Vϱ^{ȷ∋} >℘,x, ∗ aT^{A∋ ȷ} i ≺+Vϱ^{ȷ∋} , [ gx> ;

Sur s r vlwlr q 6141

Li P^⋆ kdv wkh surshuw— XW/ dqg li P lv d orfdoo— vtxduh0lqwhjudeoh p duwlqjdoh zlwk ξ_2/⋆ P >P A ⋆ △ / zkloh= +P^⋆ >⋆ P^⋆ >P^⋆ A>ξ^⋆ , OEU↼_fiø @⇔ +P >⋆ P >P A>ξ,> wkhq

+V^⋆ >aκ^⋆ , OEU↼_2ø @⇔ +V>aκ,/ Wklv sursrvlwlrq vkrz v wkdwwkh p lqlp dop duwlqjdoh p hdvxuh lv d vxlwdeoh fkrlfh wr jxdudqwhh wkh urexvwqhvvri rswlrq sulflqj xqghuz hdn frqyhuj hqfh1

Qrz wkdwz h duh ixoo— ht xlsshg/ z h p d— h–dp lqh wkh wrslf ri rxusdshu/ qdp ho— frq0 yhuj hqfh ri orfdoo— ulvn0p lqlp l˝lqj vwudwhj lhv1 Lq wkh iroorz lqj erwk ghwhup lqlvwlf dqg udqgrp wlp hlqwhuydovehwz hhq wudglqj gdwhvz looehh–dp lqhg1Z h vwduwz lwk wkhdqdo— vlv ri wkh irup hu1

6141 F r qyhuj hqfh ir u ghwhup lqlvwlf wlp h lqwhuydov

I ru wkh vdnh ri vlp solflw— / z h wdnh W@41 Ohwi eh d glffihuhqwldeoh ixqfwlrq z lwk d erxqghg dqg Olsvfklw̋ ghulydwlyh1Wkh frqwlqjhqwfodlp K lv jlyhq e— K @i +V^�,1

Wkh glvfuhwh wlp h p rghofrqvlvwv ri d vht xhqfh ri l1l1g1yduldeohv +♮^{⋆cς},^⋆ ghfflqhg rq d suredelolw— vsdfh +fl^⋆ >I^⋆ >LS^⋆ , vxfk wkdw= LH^⋆ ^♮^{⋆cς}‘ @3> LH^⋆ ^♮_2^{⋆cς}‘@ 4 q > LH^⋆ ^♮_e^{⋆cς}‘ ⪰ θ^⋆ q > z lwk θ^⋆ ↔ 3/

Ghfflqh=

♯^⋆ +w, @ d⋆ȷo⋃ ς’ � ♮^{⋆cς}/ Z h wkhq nqrz wkdw+♯^⋆ ,^⋆ frqyhuj hv z hdno— wr wkh surfhvv ♯^ȷ @ Z^ȷ / z khuh +Z^ȷ ,^ȷ lv d vwdqgdug Eurz qldq p rwlrq1

Ohwxvlqwurgxfh wkh fflowudwlrq I^{⋆cς}@ϕ+♮^{⋆c}>o⪰ n,/ dqg ohwV^⋆ eh vroxwlrq ri= V_ϱ^{⋆cς}@V_ϱ^{⋆cς∋ �} . d+V_ϱ^{⋆cς∋ �}, q . ϕ+V_ϱ^{⋆cς∋ �},♮^{⋆cς}> V^{⋆cf} @ı> z khuh d dqg ϕ duh frqwlqxrxvo— glffihuhqwldeoh z lwk erxqghg dqg Olsvfklw̋ ghulydwlyhv d_≺ dqg ϕ_≺1

Ohwdovr V_≺^⋆ eh vroxwlrq ri= V_{≺ϱ}^{⋆cς}@V_{≺ϱ}^{⋆cς∋ �} . d_≺+V_ϱ^{⋆cς∋ �}, q V_{≺ϱ}^{⋆cς∋ �} . ϕ_≺+V_ϱ^{⋆cς∋ �},V_{≺ϱ}^{⋆cς∋ �}♮^{⋆cς}> V_≺^{⋆cf} @4/

Z h ixuwkhughqrwh e— S^⋆_t wkh frp p rq glvwulexwlrq ri wkh ♮_{⋆cς} xqghuLS_⋆ / dqg aS^⋆_{ς⋆} i +ı, @ LH_{ΨUσ ⋆} î +V^ϱ_{⋆cς},‘> aT^⋆_{ς⋆} i +ı, @ LH_{ΨUσ ⋆} î +V^ϱ_{⋆cς},V^{≺ϱ}_{⋆cς}‘/ I luvwz h qhhg wr frp sxwh wkh irup ri wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— 1 Qrwh wkdw wklv vwudwhj— glffihuv iurp wkh rqh lq Mdfrg/ P h̄ōhdug dqg Surwwhu +4¡¡¡, vlqfh z h duh qrw lq wkh p duwlqj doh fdvh1

Ohp p d 6141

Wkh h–solflwirup ri σ^M_{⋆cς} lv jlyhq e— σ^M_{⋆cς}@ q ϕ+V^ϱ_{⋆cς∋ �}, ⊎ ⌋ aS^⋆_{�∋ ς⋆} i ] V^ϱ_{⋆cς∋ �} . d+V^ϱ_{⋆cς∋ �}, q . ȷ ϕ+V^ϱ_{⋆cς∋ �}, ⌊ ∗ aS^⋆_{�∋} ς∋ �_⋆ i +V^ϱ_{⋆cς∋ �}, ⌈ ȷ S^⋆_t +gȷ ,/ Surri1Lwlvd gluhfwfrqvht xhqfh ri Sursrvlwlrq 514 +ll, dqg suhylrxvdvvxp swlrqv1

Vhfrqg iurp vwdqgdug dujxp hqwv +vhh P h̄p lq dqg Vorp lqvn— +4¡¡4, iru h–dp soh,/ z h jhwwkh z hdn frqyhujhqfh ri wkh vht xhqfh ri sulfh surfhvvhv+V^ϱ_{⋆cȷ} ,_⋆ ghfflqhg e— V^ϱ_{⋆cȷ} @V^ϱ_{⋆cς} li w▽ ^^ς_⋆ >^{ςn �}_⋆ ^wr= V^ϱ_ȷ @ı . ⊎_ȷ f d+V^ϱ_{r∋} ,gv. ⊎_ȷ f ϕ+V^ϱ_{r∋} ,gZ_r/ I xuwkhup ruh z h dovr kdyh wkh z hdn frqyhuj hqfh ri wkh vht xhqfh +V^{≺ϱ}_{⋆cȷ} ,_⋆ wr=

V^{≺ϱ}_ȷ @4. ⊎_ȷ f d^≺+V^{≺ϱ}_{r∋} ,V^{≺ϱ}_{r∋} gv. ⊎_ȷ f ϕ^≺+V^{≺ϱ}_{r∋} ,V^{≺ϱ}_{r∋} gZ_r / Wkxvz h jhwwkh p dlq uhvxowri rxusdshu/ qdp ho— =

Sur s r vlwlr q 6151

Xqghusuhylrxvdvvxp swlrqv/ wkhorfdoo— ulvn0p lqlp l˝lqj vwudwhj— lq glvfuhwh0wlp hfrqyhujhv wr wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lq frqwlqxrxv wlp h1

Surri1 Z h sdudooho frp sxwdwlrqv jlyhq lq Mdfrg/ P h̄ōhdug dqg Surwwhu +4¡¡¡,/ exw xqghu wkh qrq p duwlqj doh fdvh1 I urp wkh surshuwlhv ri d dqg ϕ/ lwfdq eh ghgxfhg wkdw wkh p dsslqj iurp ı wr V^ϱ_{⋆cȷ} lvglffihuhqwldeoh dqg lwvghulydwlyh lvj lyhq e— V^{≺ϱ}_{⋆cȷ} 1Wkhuhiurp z h kdyh wkdw^Y_{Yϱ}S_{⋆cȷ} i +ı, @T_{⋆cȷ} i^≺+ı, dqg/ e— d Wd— oruh–sdqvlrq/ wkdw= ⊎ ⌋ aS^⋆_{�∋ ς⋆} i ] V^ϱ_{⋆cς∋ �} . d+V^ϱ_{⋆cς∋ �}, q . ȷ ϕ+V^ϱ_{⋆cς∋ �}, ⌊ ∗ aS^⋆_{�∋} ς∋ �_⋆ i +V^ϱ_{⋆cς∋ �}, ⌈ ȷ S^⋆_t +gȷ ,,

@ ⊎ ⌋] d+Vϱ_{⋆cς∋ �}, q . ȷ ϕ+V^ϱ_{⋆cς∋ �}, ⌊ ] aT^⋆_{�∋ ς⋆} i^≺+V^ϱ_{⋆cς∋ �}, . θ_{⋆cς} ⌊ ⌈ ȷ S^⋆_t +gȷ ,>

z lwk vxs^ς θ^{⋆cς}↔ 31

Xvlqj wkh dvvxp swlrqvrq ♮^{⋆cς}/ lwlvht xdowr= ϕ+V_ϱ^{⋆cς∋ �}, q ] aT_⋆^{�∋ ς⋆} i_≺+V_ϱ^{⋆cς∋ �}, . θ^{⋆cς} ⌊ / Wkxv/ wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— vdwlvfflhv= σ_M^{⋆cς}@ aT_⋆^{�∋} ς^⋆ i_≺+V_ϱ^{⋆cς∋ �}, . θ^{⋆cς}/ Uhfdoowkdw aT_⋆^{�∋ ς⋆} i_≺+V_ϱ^{⋆cς∋ �}, @ LH^{ΨUσ ⋆} î_≺+V_ϱ^{⋆cς},V_{≺ϱ}^{⋆cς}‘1 Qrz / dsso— lqj Sursrvlwlrq 614/ dqg vwdqgdug duj xp hqwv/ z h j hwwkh frqyhuj hqfh +V_ϱ^⋆ >V_{≺ϱ}^⋆ >aκ^⋆ , OEU↼_fiø @⇔ +V>V_{≺ϱ}>aκ, Wkhq/ iurp wkh dvvxp swlrqvrq i / z h fdq ghgxfh wkdw+LH^{ΨUσ ⋆} î_≺+V_ϱ^{⋆cd⋆ ȷ o⋆} ,V_{≺ϱ}^{⋆cd⋆ ȷ o⋆} ‘,^ȷ frqyhuj hv z hdno— wr +LH^{ΨUσ} î_≺+V_ϱ^ȷ ,V_{≺ϱ}^ȷ ‘,^ȷ / z klfk lv ht xdowr aT^{�∋ ȷ} i_≺+V_ϱ^ȷ ,1

I lqdoo— / vlqfh wkh dp rxqwlqyhvwhg rq wkh erqg lv j lyhq e— ϵ^{⋆cς} @ LH^{ΨUσ ⋆} î +V_ϱ^{⋆cς},‘ ∗ σ_M^{⋆cς}V_ϱ^{⋆cς}/ z h rewdlq= ] σ_M^{⋆cd⋆ ȷ o⋆} ¿ϵ^{⋆c}d⋆ ȷ o^⋆ ⌊ ȷ OEU↼_2ø @⇔ ) aT^{�∋ ȷ} i_≺+V_ϱ^ȷ ,¿aY^ȷ ∗ ) aT^{�∋ ȷ} i_≺+V_ϱ^ȷ , [ V^ȷ [ ȷ / Qrz wdnh wkh frqwlqxrxv wlp h p rgho1 I urp Sursrvlwlrqv 515 dqg 516/ vlqfh surfhvvhv duh frqwlqxrxv/ wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj — σ_M^ȷ lv dovr ht xdowr aT^{�∋ ȷ} i_≺+V_ϱ^{ȷ∋} ,/ dqg wkh vwdwhg uhvxowiroorz v1

Qrz wkdwwkh j hqhudouhvxowkdv ehhq suhvhqwhg/ z h p d— wxuq rxu dwwhqwlrq wr wkh dqdo— vlvri vhyhudoohdglqj h–dp sohveruurz hg iurp wkh fflqdqfldoolwhudwxuh1

H–dp soh 6141 Wulqrp ldowuhhv

Wkh vr0fdoohg wulqrp ldowuhh lv d glvfuhwh wlp h p rghoghfflqhg rq wkh suredelolw— vsdfh fl^⋆ @⟩ϖ^�>ϖ^2>ϖ^fi|_⋆ z lwk= V^{⋆cȷ} @V^{⋆cd⋆ȷo} @V^{⋆cd⋆ȷo∋ �}+4. �♮^{⋆cd⋆ȷo},> �♮^{⋆cd⋆ȷo} @π q . ♮^{⋆cd⋆ȷo}> z khuh +♮^{⋆cς},^ς lv d vht xhqfh ri l1l1g1wulqrp ldowuldovvxfk wkdw LS^{⋆cς}^♮^{⋆cς}@ δ ∫ q ‘ @s^�> LS^{⋆cς}^♮^{⋆cς}@ ϵ ∫ q ‘@s^2> LS^{⋆cς}^♮^{⋆cς}@ ∗ ζ ∫ q ‘@s^fi/

Z h dvvxp h π A 3> δ A ϵ ∼ 3> 4. π A ζ A π dqg s^� A 3> s^2 A 3> s^fi A 3>

dqg s_�δ . s_2ϵ ∗ s_fiζ @31Wkh odvwfrqglwlrq hqwdlovLH^♮_{⋆cς}‘@31

I urp xvxdoduj xp hqwv +vhh Mdfrg dqg Vklu— dhy +4¡;:, s17370738 iru wkh Olqghehuj 0 I hoohu wkhruhp iru urz z lvh wuldqjxodu duud— v,/ z h jhwfrqyhuj hqfh wr wkh Eodfn0Vfkrohv p rgho/ lq z klfk V_ȷ @V_f h–s^+π ∗ 4 5 ϕ^2,w. ϕZ_ȷ ,>

z khuh +Z_ȷ ,_ȷ lvd vwdqgdug Eurz qldq p rwlrq dqg ϕ^2 @s_�δ^2 . s_2ϵ^2 . s_fiζ^21

F r ur oodu— 6141

Xqghu suhylrxv dvvxp swlrqv/ wkh sulfhv aY_⋆ +w, ri Hxurshdq rswlrqv K frp sxwhg xqghu wkh p lqlp dop duwlqjdoh p hdvxuh/ frqyhujh wr wkh rswlrq sulfhv Y_ȷ ri wkh Eodfn0Vfkrohv p rgho dqg wkh glvfuhwh wlp h orfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv frqyhujh wr wkhlu frqwlqxrxv wlp h dqdorjxhv= σ^M_ȷ @ CY_ȷ CV_ȷ > ϵ^M_ȷ @Y_ȷ ∗ σ^M_ȷ V_ȷ /

Surri1 E— vwudljkwiruz dug dssolfdwlrq ri Sursrvlwlrqv614 dqg 6151

Qrwh wkdwaLS lvkhuh wkh vwdqgdug xqlt xh p duwlqjdoh p hdvxuh/ vlqfh wkh olp lwlqj p du0 nhwlvfrp sohwh1I xuwkhup ruhwkh wudglqj vwudwhj— σ^M_ȷ fruuhvsrqgvwr wkhz hoo0nqrz q ghowd YTȷ Y7ȷ ri wkh rswlrq1 Lq idfwFruroodu— 614 h–whqgv Shghuvhq*v uhvxowiurp wkh +frp sohwh, elqrp ldovhwwlqj wr wkh +lqfrp sohwh, wulqrp ldovhwwlqj1 J hqhudop xowlqrp ldop rghov p d— eh h–dp lqhg dorqj wkh vdp h olqhv1

H–dp soh 6151 J DUFK p rghov

J DUFK p rghov duh yhu— srsxodu lq wkh hp slulfdofflqdqfldoolwhudwxuh/ dqg kdyh ehhq vkrz q e— Qhovrq +4¡¡3, wr eh vxlwdeoh wrrovlq dssur–lp dwlqj vwrfkdvwlf yrodwlolw— p rghov +Kxoodqg Z klwh +4¡;: ,,1Qhovrq*vdssur–lp dwlrq exlowrq= ⟩ ♭_{⋆cς} @ ♭_{⋆cς∋ �} . j_⋆ +ϕ^2_{⋆cς}, . ϕ_{⋆cς}♯_{⋆cς}> ϕ^2_{⋆cς} @ ϖ_⋆ . ϕ^2_{⋆cς∋ �}ϵ̂_⋆ . η_⋆ ♯_{⋆cς∋ �}‘>

z khuh Ξ ♭_{⋆cς} @oq +V_{⋆cς}, ∗ oq +V_{⋆cς∋ �},/ +♯_{⋆cς}, lv dq l1l1g1wuldqjxoduduud— / dqg frhȷ flhqwv

duh fkrrvhq wr hqvxuh +ϕ^2_{⋆cd⋆ȷon �}>♭_{⋆cd⋆ȷo},_ȷ

OEU↼^2ø @⇔ +ϕ^2_ȷ >♭_ȷ ,_ȷ 1 I ru h–dp soh/ ohwxv wdnh=ϖ_⋆ / ϵ_⋆ / η_⋆ qrq0qhj dwlyh/ olp_⋆ +qϖ_⋆ , @ϖ/ olp_⋆ +qϵ̂_⋆ ∗ 4 . B_⋆ ⋆ ‘, @∗ λ/ olp_⋆ +5^{B2⋆}_⋆ , @η^2/ j_⋆ +/, @^�_⋆ j +/,/ z khuh j lv erxqghg dqg frqwlqxrxv/ dqg wkh yduldqfh υ^2_{⋆cς} ri +♯_{⋆cς},_ς lvht xdowr^�_⋆ 1

Wkhq z h j hwfrqyhujhqfh wr wkh Kxoo0Z klwh p rgho= ⟩ g♭_ȷ @j +ϕ^2_ȷ ,gw. ϕ_ȷ gZ_{�cȷ} > gϕ^2_ȷ @+ϖ ∗ λϕ^2_ȷ ,gw. ηϕ^2_ȷ gZ_{2cȷ} >

z khuh +Z^{�cȷ} , dqg +Z^{2cȷ} , duh lqghshqghqwvwdqgdug Eurz qldq p rwlrqv1

Qrwh wkdwV^ȷ @V^f h_{f ȷ} dqg vr e— Lwr*v irup xod=gV^ȷ @V^ȷ ^+j +ϕ_2^ȷ , ._�^2ϕ_2^ȷ ,gw. ϕ^ȷ gZ^{�cȷ} ‘/

F r ur oodu— 6151

Xqghu suhylrxv dvvxp swlrqv/ wkh sulfhv aY^⋆ +w, ri Hxurshdq rswlrqv frp sxwhg xqghu wkh p lqlp do p duwlqjdoh p hdvxuh frqyhujh wr wkh rswlrq sulfhv aY^ȷ jlyhq e— wkh Kxoo0Z klwh p rghodqg wkh glvfuhwh wlp h orfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv frqyhujh wr wkhlu frqwlqxrxv wlp h dqdorjxhv= σ_M^ȷ @ CaY^ȷ CV^ȷ > ϵ_M^ȷ @ aY^ȷ ∗ σ_M^ȷ V^ȷ /

Surri1 OhwK @i +V_ϱ^{⋆c⋆} ,1Uhfdoowkdwσ_M^{⋆cς}@_{U▷ d– ΨT⋆ cς– 7 ϱ⋆ cς�} I^{⋆ cς∋ �}o U▷ d– E7_ϱ^{⋆ cς}ø_2�I^{⋆ cς∋ �}o / z klfk lp solhv=

σ_M^{⋆cς}@ 4 V_ϱ^{⋆cς∋ �} LHΞ̂ aY^{⋆cς} ) h_{– f ⋆ cς} ∗ 4 [ ⇕I^{⋆cς∋ �}‘ LH^ ] h_{– f ⋆ cς} ∗ 4 ⌊^2 ⇕I^{⋆cς∋ �}‘ / Ghqrwh S_⋆^⃗ wkh frp p rq glvwulexwlrq ri wkh ♯^{⋆cς}1 Ohwxv uhp dun wkdwϕ^{⋆cς} lv suhglfwdeoh1

Wkhq/ z h ghgxfh= σ_M^{⋆cς} @ 4 V_ϱ^{⋆cς∋ �} 4 ⊎) h_{℘⋆ Ej 2⋆ cςøn j ⋆ cς5} ∗ 4 [^2 S_⋆^⃗ +g℘, ⋄ ⊎ ⌋ aS_⋆^{�∋ ς⋆} i ) V_ϱ^{⋆cς∋ �} . V_ϱ^{⋆cς∋ �} ) h_{℘⋆ Ej 2⋆ cςøn j ⋆ cς5} ∗ 4 [[

∗ aS_⋆^{�∋} ς∋ �^⋆ i +V_ϱ^{⋆cς∋ �}, ) h_{℘⋆ Ej 2⋆ cςøn j ⋆ cς5} ∗ 4 [⌈ S_⋆^⃗ +g℘,/ Khqfh wkh uhvxowv iroorz viruvlp loduduj xp hqwdvehiruh1_fi

Qrwhwkdwwkhuhodwlrq σ_M^ȷ @CaY^ȷ ∂CV^ȷ lvhvwdeolvkhg lq Skdp / Ukhlqo�dqghudqg Vfkz hl˝hu

+4¡¡; ,1

H–dp soh 6161 ˙Gluhfwglvfuhwl˝dwlrqv%

Lq vrp h fdvhv/ lqyhvwruv fdq rqo— wudgh dwffl–hg gdwhv dowkrxj k sulfh surfhvvhv hyroyh lq frqwlqxrxv wlp h1 I ru vxfk wudghuv p dunhwv duh lqfrp sohwh +vhh h1j 1Nlqg/ Olswvhu/ dqg

Uxqjj doglhu+4¡¡4,/ Hehuohlq +4¡¡5,,1

Wkh frqwlqxrxv wlp h surfhvv lv jlyhq e— V^ȷ @V^f h–s ++π ∗_�^2ϕ_2,w. ϕZ^ȷ , z khuh +Z^ȷ ,^ȷ lvd vwdqgdug Eurz qldq p rwlrq xqghuwkh fflowudwlrq +I^ȷ ,^ȷ 1

Z h frqvlghuwkh iroorz lqj gluhfwdssur–lp dwlrq=

V^{⋆cȷ} @V^{⋆cς} @ V^f h–s^+π ∗ 4 5 ϕ_2,w^{⋆cς}. ϕZ^{ȷ ⋆ cς}‘> w▽ ŵ^{⋆cς}>w^{⋆cςn �}>^> fi# i—@ı*t L? hi^Λit—

z khuh+w_{⋆cς},_{⊔ ςM⊔ fcνννc6 E⋆ø⊃} lvd sduwlwlrq ri wkhlqwhuydo^3/4‘+l1h13 @w_{⋆cf} ⋆ ///⋆ w_{⋆c6 E⋆ø} @4, z krvh p hvk vl˝h p d–_{ȷ ⋆ cς} ⇕w_{⋆cςn �} ∗ w_{⋆cς}⇕whqgv wr 31 Z h sxw+I_{⋆cς},_{⋆cς} @ +I_{ȷ ⋆ cς},_{⋆cς}1 dqg ♭_{⋆cς}@oq+^{7⋆ cς}_{7f} , vr wkdw= Ξ ♭_{⋆cς}@+π ∗ 4 5 ϕ^2,+w_{⋆cς}∗ w_{⋆cς∋ �}, . ϕ+Z_{ȷ ⋆ cς} ∗ Z_{ȷ ⋆ cς∋ �} ,/

F r ur oodu— 6161

Xqghu suhylrxv dvvxp swlrqv/ wkh sulfhv aY_⋆ +w, ri Hxurshdq rswlrqv frp sxwhg xqghu wkh p lqlp dop duwlqjdoh p hdvxuh frqyhujh wr wkh rswlrq sulfhv Y_ȷ ri wkh Eodfn0Vfkrohv p rgho dqg wkh glvfuhwh wlp h orfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv frqyhujh wr wkhlu frqwlqxrxv wlp h dqdorjxhv= σ^M_ȷ @ CY_ȷ CV_ȷ > ϵ^M_ȷ @Y_ȷ ∗ σ^M_ȷ V_ȷ /

Surri1 E— vwudljkwiruz dug dssolfdwlrq ri Sursrvlwlrqv614 dqg 6151^e

6151 F r qyhuj hqfh ir u udqgr p wlp h lqwhuydov

Z hsuhvhqwkhuhvrp huhvxowvrq wkhfrqyhujhqfhri wkhorfdoo— ulvn0p lqlp l˝lqj vwudwhj— z khq wlp hlqwhuydovehwz hhq wudglqj gdwhvduhudqgrp lqvwhdg ri ehlqj ghwhup lqlvwlf1Vxfk udqgrp qhvvfdq eh lqgxfhg iruh–dp soh e— wudghuvz kr ghflgh wr uhdgmxvwwkhlusrvlwlrqv rqo— diwhuvljqlfflfdqwp ryhvlq wkhxqghuo— lqj dvvhwsulfh1Wudghuvp d— ghflghwr glvfuhwho— uhedodqfh wkhlu khgjlqj sruwirolrv rqo— li wkh sulfh lqfuhdvhv +ru ghfuhdvhv, e— d jlyhq shufhqwdj h d/ l1h1dffruglqj wr uhodwlyh sulfh p ryhp hqwv1

Wklv w— sh ri sruwirolr uhedodqflqj lv dqdo— ˝hg lq Sulj hqw/ Uhqdxowdqg Vfdloohw+4¡¡¡/ 5333,1 Lq vxfk d iudp hz run sulfh p ryhp hqwv duh ehvwghvfulehg e— d surfhvv z krvh orj dulwkp lf yduldwlrqv kdyh ffl–hg vl˝hv +d ru ∗ d, dqg rffxu dwudqgrp wlp hv1 Vxfk d surfhvvlv d p dunhg srlqwsurfhvv rq wkh uhdoolqh z lwk rqh glp hqvlrqdop dun vsdfh1Wkh uhdoolqh ghslfwvwlp h z kloh wkh p dunvghvfuleh wkh udqgrp mxp svwdnlqj sodfh dwudqgrp wlp hvri rffxuuhqfh ri hyhqwv1

OhwV eh jlyhq e— V_ȷ @V_f h^{f ȷ} >

z lwk ♭_ȷ @ ⋃ ρGA_ρ↔ ȷ ♯_ρ> exlowiurp wkh p dunhg srlqwv+W_ρ>♯_ρ,1

Frqvlghuwkh fflowudwlrq +I_ȷ ,_ȷ j hqhudwhg e— wkh p dunhg srlqwsurfhvv1Wkh surfhvv♭ lv d sxuho— glvfrqwlqxrxv surfhvv z lwk mxp sv ♯_ρ @Ξ ♭_{Aρ} dwudqgrp wlp hv W_ρ1 Lwwdnhv wkh

e # i—@ı*t L? hi^Λit—

irup ri dq lqwhj udosurfhvvı ±π ghfflqhg e— wkh vxp ri wkh mxp sv =

♭^ȷ @ ⋃ ρGA^ρ↔ ȷ Ξ ♭^{Aρ} @ı ±π^ȷ / Wkh lqwhjhu0ydoxhg udqgrp p hdvxuh π+gw>gı, rq LU^n ⋄ H lvwkh frxqwlqj p hdvxuh dvvrfl0 dwhg wr wkh p dunhg srlqwsurfhvvz lwk p dunvlq vhwH @⟩d>∗ d| 1

Li H^ ⋃ ρGA^ρ↔ ȷ ⇕♯^ρ ⇕‘ lv fflqlwh iru doow+Mdfrg dqg Vklu— dhy +4¡; :, s1: 5,/ vxfk d surfhvv fdq eh ghfrp srvhg dv= ♭ @ı ±+π ∗ ρ, . ı ±ρ/ Wkh p hdvxuh ρ lv d suhglfwdeoh p hdvxuh/ fdoohg wkh frp shqvdwru/ z lwk wkh surshuw— wkdw π ∗ ρ lv d orfdop duwlqj doh p hdvxuh1 Wklv p hdvxuh fdq eh glvlqwhj udwhg dv +Mdfrg dqg

Vklu— dhy +4¡; :, s19:, = ρ+gw>gı, @gΣ^ȷ N+w>gı,> z khuh Σ lvd suhglfwdeoh lqwhj udeoh lqfuhdvlqj surfhvvdqg N lvd wudqvlwlrq nhuqho1

Sur s r vlwlr q 6161

Xqghu suhylrxv dvvxp swlrqv/ wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhj— lv jlyhq e— = iru w▽

‘‘W^ρ>W^{ρn �}‘‘/ δ^ȷ @σ_M^ȷ @ ⊎ U aω^{Aρ} +ı,η+ı,N+W^{ρn �}>gı, V^{Aρ} ⊎ ▷ η+ı,_2N+W^{⋆cρn �}>gı, > zlwk aω^{Aρ} +ı, @ aY+W^ρ>V^{Aρ} h_ϱ, ∗ aY+W^ρ>V^{Aρ} ,/ dqg η+ı, @h_ϱ∗ 41

Surri1 vhh Froz hoodqg Hoolrww+4¡¡6,1

Ohwxv qrz h–dp lqh wkh frqyhuj hqfh wr wkh Eodfn0Vfkrohv p rgholq z klfk wkh vwrfn sulfh hyroyhvdffruglqj wr d jhrp hwulf Eurz qldq p rwlrq=

V^ȷ @V^f h–s ] +p ∗ v_2 5 ,w. vZ^ȷ ⌊ > dqg z khq wkh wuljj hulqj sulfh lqfuhp hqwvkulqnvwr ˝hur1Z h orrn dwwz r sduwlfxodufdvhv= d p dunhg Srlvvrq surfhvvdqg d mxp s surfhvvgulyhq e— d odwhqwjhrp hwulf Eurz qldq p r0 wlrq +vhh Sulj hqw/ Uhqdxow/ dqg Vfdloohw+4¡¡¡/ 5333, iru ixuwkhu ghwdlov rq rswlrq sulflqj lq wklviudp hz run,1

H–dp soh 6171 P dunhg Srlvvrq surfhvv

Wkh frp shqvdwruρ_∂+gw>gı, rq LU . ⋄ ⟩d>∗ d| ri d p dunhg Srlvvrq surfhvvz lwk lqgh0 shqghqwelqrp ldop dunvvdwlvfflhv= ρ_∂+gw>gı, @o_∂gwN_∂+gı,>

z lwk N^∂+gı, @ s^∂ li gı @d> @ 4∗ s^∂ li gı @∗ d/ Wkh Udgrq0Qlnrg— p ghulydwlyh ri wkh p lqlp dop duwlqj doh p hdvxuh lv fkdudfwhul˝hg e— = aκ^∂_A aκ^∂_ȷ @ ⋂ ρGȷΨ A_ρ↔ A ] 4∗ η+d,s^∂. η+∗ d,+4∗ s^∂, η+d,^2s^∂. η+∗ d,^2+4∗ s^∂, η+♯_ρ, ⌊

h–s ] o^∂++W_{ρn �} ⊣ W, ∗ W_ρ,

+η+d,s^∂. η+∗ d,+4∗ s^∂,,^2 η+d,^2s^∂. η+∗ d,^2+4∗ s^∂, ⌊ / Doouhohydqwt xdqwlwlhvduh lqgh–hg e— d/ dqg frqyhujhqfh vkrxog eh xqghuvwrrg z khq ohwwlqj d jr wr ˝hur1

Sur s r vlwlr q 6171

Xqghu wkh dvvxp swlrqv=

s^∂∗ 4∂5 ⊃ p d∂+5v^2, dqg o^∂⊃ v^2∂d^2>

wkh iroorzlqj frqglwlrqv duh vdwlvfflhg= η±ρ^∂_ȷ ∗↔ p w> η^2 ±ρ^∂_ȷ ∗↔ v^2w> iurp zklfk zh ghgxfh= l, +V^∂_ȷ >aκ^∂_ȷ ,^{\ EU↼ 2ø}@⇔ ] V_ȷ >H ] ∗ p v Z_ȷ ⌊ ⌊ / ll, Wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv frqyhujh wr wkh Eodfn0Vfkrohv vwudwhjlhv1

Surri1 Wkh deryh frqglwlrqv fdq eh uhz ulwwhq dv= o^∂ ⌋ +h^∂∗ 4, s^∂. ] h^{∋ ∂}∗ 4 ⌊ +4∗ s^∂, ⌈ ∗↔ p > o^∂ ⌋ +h^∂∗ 4,^2 s^∂. ] h^{∋ ∂}∗ 4 ⌊_2

+4∗ s^∂, ⌈ ∗↔ v^2/ I urp Wd— oruh–sdqvlrqv/ lwfdq ehyhulfflhg wkdwerwk frqglwlrqvduhvdwlvfflhg li =s^∂∗ 4∂5 ⊃ p d∂+5v^2, dqg o^∂⊃ v^2∂d^21

Wkhvhfrqglwlrqvdqg wkhmxp s erxqghgqhvvhqvxuhwkhfrqyhujhqfhri wkhffluvwGrōhdqv0 Gdghh–srqhqwldoH+η±π^∂_ȷ , wr H+p w. vZ_ȷ , +vhhMdfrg dqg Vklu— dhy +4¡; :, 6144s1765dqg

4:

qrwhwkdwerwk η±ρ_∂^ȷ dqg η_2±ρ_∂^ȷ duhkhuhghwhup lvwlf,1Vlqfhwkhp duwlqj dohsduwri wkhglv0 frxqwhg sulfhlvxqlirup o— wlj kw+wkhmxp svduherxqghg dqg wkhsuhglfwdeohsduwlvlqfuhdv0 lqj, z h frqfoxgh wkdwwkh vhfrqg Grōhdqv0Gdgh h–srqhqwldoaκ_∂^ȷ @H++∗ ξVη, ±+π_∂∗ ρ_∂,^ȷ , frqyhuj hv wr wkh Udgrq0Qlnrg— p ghulydwlyh aκ^ȷ ri wkh p lqlp dop duwlqjdoh p hdvxuh dv lq

Sulj hqw+4¡¡¡, Sursrvlwlrq 616 ru Ohvqh/ Suljhqwdqg Vfdloohw+4¡¡; , Sursrvlwlrq 41

Wkh vwdwhg uhvxow+ll, lvghgxfhg iurp wkh vwxg— ri aω_∂^{Aρ} +ı, @ aY+W^ρ>V_∂^{Aρ} h_ϱ, ∗ aY+W^ρ>V_∂^{Aρ} , dvlq Sursrvlwlrq 6151Lq idfw/ iurp Sursrvlwlrq 516= δ_∂+w>i +V_∂^{ȷ∋} ,, @ ⊎ U η_2+℘,V_∂^{Aρ} )⊎^� f ) aT^{A∋ Aρ} i ≺+V∂^{Aρ} . η+℘,V∂^{Aρ} x, [ gx [ N_∂+W^{ρn �}>g℘, V_∂^{Aρ} ⊎ U η+℘,_2N_∂+W^{ρn �}>g℘, > z klfk lvdovr ht xdowr= η_2+d, )⊎^� f aT^{A∋ Aρ} i ≺+V∂^{Aρ} . η+d,V∂^{Aρ}x,gx [ s_∂. η_2+∗ d, )⊎^� f aT^{A∋ Aρ}i ≺+V∂^{Aρ} . η+∗ d,V∂^{Aρ} x,gx [ +4∗ s_∂, s_∂η+d,_2 . +4∗ s_∂,η+∗ d,_2 / Ehvlghv η_2+d, ⊃ d_2/ η_2+∗ d, ⊃ d_2/ iurp Wd— oru h–sdqvlrqv/ dqg s_∂ ↔ 4∂51 I xuwkhu0 p ruh erwk ⊎^� f aT^{A∋ Aρ} i ≺+V∂^{Aρ} . η+d,V∂^{Aρ}x,gx dqg ⊎_�^f aT^{A∋ Aρ} i ≺+V∂^{Aρ} . η+∗ d,V∂^{Aρ} x,gx frqyhuj h wr aT^{A∋ ȷ} i_≺+V^ȷ ,/ dqg wkh vwdwhg uhvxowiroorz v1_D

Wklvsursrvlwlrq jlyhvwkh frqglwlrqvrq wkh suredelolw— s_∂dqg wkh gluhfwlqj lqwhqvlw— o_∂vr wkdwwkh p dunhg Srlvvrq p rghofrlqflghvz lwk wkh Eodfn0Vfkrohvp rgholq wkh olp lw1

Lwhp erglhv wkh frqyhujhqfh ri wkh lqfrp sohwh p rghoedvhg rq wkh p dunhg srlqwsurfhvv wr wkh frp sohwh Eodfn0Vfkrohvp rgho1

H–dp soh 6181 Odwhqwjhrp hwulf Eurzqldq p rwlrq

Wklvodvwh–dp sohlvdnlq wr H–dp soh616/ dqg fdq ehylhz hg dv˙gluhfwglvfuhwl˝dwlrqv% lq vsdfh lq sodfh ri wlp h1

Ohwxvfrqvwlwxwhwkh vhwri eduulhuvE @⟩ V^f h–s md>m▽ ♯♯ |/ dqg frqvlghuwkhudqgrp 0 furvvlqjvri vxfk eduulhuve— wkh j hrp hwulf Eurz qldq p rwlrq V1Wklvz looghfflqh d p dunhg srlqwsulfh surfhvvV_∂1 Lwlv hqrxjk wr wdnh =h–s ♭^ȷ @V^ȷ ∂V^f / li V^ȷ ▽ E1 Wkh hqwluh sdwk ri wkh jhrp hwulf Eurz qldq p rwlrq lv dvvxp hg wr eh qrwrevhuydeoh dqg wkh frqwlqxrxv wlp h surfhvvgulylqj wkh mxp svlv wkxv odwhqw+klgghq,1Wkh glvwulexwlrqdoihdwxuhvri wkh jhrp hwulf Eurz qldq p rwlrq fdq qhyhuwkhohvv eh xvhg wr lghqwli— wkh glvwulexwlrq ri wkh mxp s surfhvv ♭ 1

Wkh frqglwlrqdoglvwulexwlrq ri duulydowlp hvlvfkdudfwhul˝hg e— wkh suredelolw— wkdwd

Eurz qldq p rwlrq z lwk guliwhvfdshvwkhfruulgru⟩d>∗ d|1Wklvsuredelolw— fdq ehghgxfhg iurp wkhwulyduldwhglvwulexwlrq ri wkhuxqqlqj p lqlp xp / uxqqlqj p d–lp xp dqg hqg ydoxh ri d Eurz qldq p rwlrq +Uhyx˝ dqg “ ru +4¡¡7, s1437, diwhu d vxlwdeoh fkdqjh ri p hdvxuh wr lqfrusrudwh wkh suhvhqfh ri d guliw+vhh dovr Nxqlwrp r dqg Lnhgd +4¡¡5,/ J h̄p dq dqg

“ ru +4¡¡7,/ Kh/ Nhluvwhdg dqg Uhekrő +4¡¡;,,1 Wkh frqglwlrqdoglvwulexwlrq ri p dunv lv jlyhq e— wkh suredelolw— wkdwd Eurz qldq p rwlrq z lwk guliwklwv rqh eduulhu ehiruh wkh rwkhu+vhh Nduolq dqg Wd— oru+4¡: 8, s1694,1

D˙i—@ı*t L? hi^Λit— 4;

z lwk = �ω_∂^{Aρ}+ı, @ aY+W^ρ>V_∂^{Aρ} . V_∂^{Aρ} +h_ϱ∗ 4,, ∗ aY+W^ρ>V_∂^{Aρ} ,1

Dj dlq doouhohydqwt xdqwlwlhvduh lqgh–hg e— d/ dqg frqyhujhqfh vkrxog eh xqghuvwrrg z khq ohwwlqj d j r wr ˝hur1

Lq wkhghulydwlrq ri wkhfrqyhujhqfhuhvxowv/ z hz looqhhg wr uho— rq wkhiroorz lqj ohp p d=

Ohp p d 6151_S

I ru vp dood/ li Q_∂^ȷ ghqrwhv wkh qxp ehu ri mxp sv rq wkh wlp h lqwhuydo^3>w‘/ wkhq= ⊎^↑ f h_{∋ ȷ} LHQ̂_∂^ȷ ‘gw⊃ 4 o_2

v_2 d_2 /

Sur s r vlwlr q 6181

Xqghu suhylrxv dvvxp swlrqv/ zh ghgxfh= l, +V_∂^ȷ >aκ_∂^ȷ ,_{\ EU↼ 2ø}@⇔ ] V^ȷ >H ] ∗ p v Z^ȷ ⌊ ⌊ / ll, Wkh orfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv frqyhujh wr wkh Eodfn0Vfkrohv vwudwhjlhv1

Surri 1

0Wkh frqyhujhqfh ri +V_∂^ȷ ,_∂lvlp p hgldwho— ghgxfhg iurp wkh iroorz lqj surshuw— = vxs^{ȷMdfcAo}⇕♭_∂^ȷ ∗ +p_≺w. vZ^ȷ ,⇕⪰ d> z klfk lvwuxhe— frqvwuxfwlrq ri ♭_∂+VhhMdfrg dqg Vklu— dhy Uhp dun 6163 dqg Ohp p d

6164 s1649 z lwk w_∂@♭_∂∗ p_≺w. vZ^ȷ dqg ♮_∂@p_≺w. vZ^ȷ 1

0Qrz / z h hvwdeolvk wkdw♭_∂kdvwkh surshuw— XW+xqlirup wljkwqhvv,1Uhfdoowkdw♭_∂^ȷ lvht xdowr ⋃ A^ρ↔ ȷ ♯ ρ dqg vr ♭ ∂ ȷ @+ı ±ρ_∂,^ȷ . ı ±+π_∂∗ ρ_∂,^ȷ 1

I urp Frqglwlrq +ll, 5 ri Wkhruhp 407 ri P h̄p lq dqg Vorp lqvnl +4¡¡4,/ z h kdyh wr fkhfn wkdwYdu+E_∂, lvLS_∂0vwrfkdvwlfdoo— erxqghg z khuh E_∂lvwkh erxqghg yduldwlrq sduw ri ♭_∂dqg vr lvht xdowr ı ±ρ_∂1

Khuh/ vlqfh ı ±ρ_∂lvdq lqfuhdvlqj surfhvv/ z h kdyh= vxs^{dfcAo}Ydu+ı ±ρ_∂, @+ ⊎ ıN_∂+gı,, ⋄ ⊎^A f o_∂^ȷ gw/ P ruhryhu/ irudooOA 3= LS^+ ⊎ ıN_∂+gı,, ⋄ ⊎^A f o_∂^ȷ gwA O‘⪰ 4 O + ⊎ ıN_∂+gı,, ⋄ LH^ ⊎^A f o_∂^ȷ gw‘/ S¸ hLLu@ffl@ı*@M*i L? hi^Λit—

UhfdoowkdwLH^ ⊎_A f o^∂_ȷ gw‘ @LHQ̂^∂_ȷ ‘1 Qrwh dovr wkdw ⊎ ıN^∂+gı, ⊃^{6 ≺}_{r2} d^2 vlqfh N+d, ⊃^�_2 .^�_2^{6 ≺∂}_{r2} 1 I urp Ohp p d 615 dqg suhylrxvuhodwlrqv/ z h ghgxfh wkdw= ∅ θA 3>ℜO>LSv̂xs_{dfcAo}Ydu+ı ±ρ^∂, A O‘⋆ θ> dqg vr Ydu+E^∂, lv LS^∂0vwrfkdvwlfdoo— erxqghg1

0Vlqfh p^≺w. vZ_ȷ lvfrqwlqxrxv/ z h jhwiurp Sursrvlwlrq 515 ri P h̄p lq dqg Vorp lqvnl +4¡¡4, wkdwwkh p duwlqj doh sduwı ± +π^∂∗ ρ^∂, ri ♭^∂frqyhujhv wr wkh p duwlqjdoh +vZ_ȷ ,_ȷ dqg wkdwwkh erxqghg yduldwlrq sduwı ±ρ^∂frqyhujhvwr wkh erxqghg yduldwlrq sduwp^≺w1 Lq idfw/ iruvp dood dqg ffl–hg w/ LH^ ⊎_A f o^∂_ȷ gw‘⊃^{r2}_{∂2} w1 Vr z h rewdlq= η±ρ^∂_ȷ^σ∗↔ p^≺w> η^2 ±ρ^∂_ȷ^σ∗↔ v^2w> Wkh odvwfrqglwlrq j xdudqwhhv wkh frqyhuj hqfh ri wkh suhglfwdeoh frp shqvdwru ri wkh p duwlqjdohv ı ± +π^∂∗ ρ^∂,1 P ruhryhu/ vlqfh wkh mxp sv ri wkhvh p duwlqjdohv duh xqlirup o— erxqghg/ wkh vht xhqfh +ı ±+π^∂∗ ρ^∂,,_∂vdwlvfflhvwkh xqlirup wljkwqhvv+XW, frqglwlrq1 Qrz / z h h–dp lqh wkh frqyhujhqfh ri wkh Udgrq0Qlnrg— p ghqvlw— ri wkh p lqlp dop du0 wlqjdoh p hdvxuh +vhh Sursrvlwlrq 614,1 Vwdqgdug Wd— oru h–sdqvlrqv ri ξ^∂_ȷ suryh wkdwξ^∂ frqyhuj hvz hdno— wr ξ z lwk ξ_ȷ @^�_{7ȷ}^6_{r2} / z klfk ohdgvwr wkh uhvxow1

Doowkh suhylrxvsurshuwlhvhqvxuh wkh frqyhuj hqfh ri wkh ffluvwGrōhdqv0Gdgh h–srqhq0 wldoH+η±π^∂_ȷ , wr H+p w. vZ_ȷ , +Mdfrg dqg Vklu— dhy +4¡; :, Wkhruhp 6144 s1765,1Z hfrq0 foxgh wkdwwkh vhfrqg Grōhdqv0Gdgh h–srqhqwldoaκ^∂_ȷ @H++∗ δVη, ±+π^∂∗ ρ^∂,_ȷ , frqyhuj hv wr wkh Udgrq0Qlnrg— p ghulydwlyh aκ_ȷ ri wkh p lqlp dop duwlqjdoh p hdvxuh dv lq Suljhqw +4¡¡¡, Sursrvlwlrq 616 rulq Ohvqh/ Suljhqwdqg Vfdloohw+4¡¡; , Sursrvlwlrq 41 Wkh vwdwhg uhvxow+ll, lvghgxfhg ri wkh vwxg— ri aω^∂_{Aρ}+ı, @ aY+W_ρ>V^∂_{Aρ}h^ϱ, ∗ aY+W_ρ>V^∂_{Aρ} , dv lq wkh surri ri Sursrvlwlrq 617^. 1

71 F r qfoxglqj uhp dunv

Z h kdyh vkrz q wkdworfdoo— ulvn0p lqlp l˝lqj vwudwhjlhv duh urexvwxqghu z hdn frqyhu0 jhqfh1 Vrp h ohdglqj h–dp sohv eruurz hg iurp wkh fflqdqfldoolwhudwxuh kdyh ehhq dqdo— ˝hg iru looxvwudwlrq sxusrvhv ri rxu j hqhudouhvxowv1 Ghwhup lqlvwlf dqg udqgrp wlp h lqwhuydov ehwz hhq wudglqj gdwhv kdyh ehhq frqvlghuhg lq wkhvh h–dp sohv1 Wkh urexvwqhvv uhvxowv frqwdlqhg lq wklv sdshu frqfhuq Hxurshdq rswlrqv/ dqg rxjkwwr eh h–whqghg wr sdwk ghshqghqwrswlrqvdqg Dp hulfdq rswlrqv1Wkhvh h–whqvlrqv vwloodz dlwixuwkhuuhvhdufk1

. ˙i—@ı*t L? hi^Λit—

UHI HUHQF HV =

⊆ DqvhoM1S1dqg F1Vwulfnhu+4¡¡5, ˙Orlvgh p duwlqj doh/ ghqvlw̄hvhwgh̄frp srvlwlrq gh

I �roop hu0Vfkz hl˝hu%/ Dqqdohv gh o*LqvwlwxwKhqul Srlqfduh̄/ 5; / 6:806¡51

⊆ DqvhoM1S1dqg F1Vwulfnhu +4¡¡6, ˙Xqlflw̄h hwh–lvwhqfh gh od orl p lqlp doh%/ Ohfwxuh qrwhv lq p dwk1Vhp 1Sure1[ [ YLL1/ 488: / 5505¡/ Vsulqj hu0Yhuodj / Ehuolq1

⊆ Froz hoo G1 dqg U1 Hoolrww+4¡¡6, ˙Glvfrqwlqxrxv dvvhwsulfhv dqg qrq0dwwdlqdeoh frqwlqjhqwfodlp v%/ P dwkhp dwlfdoI lqdqfh/ 6/ 5¡8063; 1

⊆ Fr– M1/ V1Urvvdqg P 1Uxelqvwhlq +4¡: ¡,/ ˙RswlrqvSulflqj =d Vlp solfflhg Dssurdfk%/

Mrxuqdori I lqdqfldoHfrqrp lfv/ : / 55¡05961

⊆ Q1Fxwodqg/ H1Nrss dqg Z 1Z loolqj hu+4¡¡6, ˙I urp glvfuhwh wr frqwlqxrxvfflqdqfldo p rghov=qhz frqyhuj hqfh uhvxowvirurswlrq sulflqj%/ P dwkhp dwlfdoI lqdqfh/ 6/ 4340

4561

⊆ Ghoedhq I 1dqg Z 1Vfkdfkhup d— hu +4¡¡7, ˙D j hqhudoyhuvlrq ri wkh ixqgdp hqwdo wkhruhp ri dvvhwsulflqj = z hdn frqyhuj hqfh ri wkh fflqdqfldoj dlq surfhvv%/ P dwkh0 p dwlvfkh Dqqdohq/ 633/ 79608531

⊆ Gxȷ h G1dqg S1Surwwhu +4¡¡5, ˙I urp glvfuhwh wr frqwlqxrxv wlp h fflqdqfh =Z hdn frqyhuj hqfh ri wkh fflqdqfldojdlq surfhvv%/ P dwkhp dwlfdoI lqdqfh/ 5/ 40491

⊆ Gxȷ h G1dqg G1Odqgr +4¡¡: , ˙Whup vwuxfwxuhv ri fuhglwvsuhdgv z lwk lqfrp sohwh dffrxqwlqj lqirup dwlrq%/ GS Vwdqirug Xqlyhuvlw— / iruwkfrp lqj lq Hfrqrp hwulfd1

⊆ Hehuohlq H1+4¡¡5, ˙Rq p rgholqj t xhvwlrqv lq vhfxulw— ydoxdwlrq%P dwk1 I lqdqfh/

5/ 4: 0651

⊆ I �roop huK1dqg G1Vrqghup dqq +4¡; 9, ˙Khgj lqj ri qrq0uhgxqgdqwfrqwlqj hqwfodlp v%/ lq Frqwulexwlrqv wr P dwkhp dwlfdoHfrqrp lfv lq Krqru ri J h̄udug Gheuhx/ hgv1Z 1

Kloghqeudqg dqg D1P dv0Frohoo/ Qruwk0Kroodqg/ 53805561

⊆ I �roop huK1dqg P 1Vfkz hl˝hu+4¡¡4, ˙Khgjlqj ri frqwlqj hqwfodlp vxqghulqfrp sohwh lqirup dwlrq%/ lq Dssolhg Vwrfkdvwlf Dqdo— vlv/ VwrfkdvwlfvP rqrjudskv/ hgv1P 1K1D1

Gdylvdqg U1M1Hoolrww/ J rugrq dqg Euhdfk/ 8/ Orqgrq2Qhz “ run/ 6; ¡07471

⊆ J h̄p dq K1dqg P 1“ ru+4¡¡7, ˙Sulflqj dqg khgj lqj grxeoh0eduulhurswlrqv=d sure0 delolvwlf dssurdfk%/ P dwkhp dwlfdoI lqdqfh/ 9/ 69806: ;1

⊆ Kh K1+4¡¡3, ˙Rswlp dofrqvxp swlrq0sruwirolr srolflhv=d frqyhujhqfh iurp glvfuhwh wr frqwlqxrxvwlp h p rghov%/ Mrxuqdori Hfrqrp lf Wkhru— / 88/ 67306961

⊆ Kh K1/ Z 1Nhluvwhdg dqg M1Uhekrő +4¡¡;, ˙Grxeoh orrnedfnv%/ P dwkhp dwlfdoI l0 qdqfh/ ; / 534055;1

⊆ Khdwk G1/ Sodwhq H1dqg P 1Vfkz hl˝hu +4¡¡¡, ˙D frp sdulvrq ri wz r t xdgudwlf ds0 surdfkhv wr khgjlqj lq lqfrp sohwh p dunhwv%/ z runlqj sdshu Whfkqlvkh Xqlyhuvlw�dw Ehuolq1

⊆ Kxedohn I 1dqg Z 1Vfkdfkhup d— hu +4¡¡; , ˙Z khq grhv frqyhujhqfh ri dvvhwsulfh surfhvvhvlp so— frqyhujhqfh ri rswlrq sulfhvB%P dwkhp dwlfdoI lqdqfh/ ; / 6;807361

⊆ KxooM1dqg D1Z klwh+4¡;: , ˙Wkhsulflqj ri rswlrqvrq dvvhwvz lwk vwrfkdvwlf yrodwlo0 lwlhv%Mrxuqdori I lqdqfh/ 75/ 5; 406331

⊆ Mdfrg M1dqg D1Vklu— dhy +4¡;: , Olp lwwkhruhp v iru vwrfkdvwlf surfhvvhv/ Vsulqj hu0 Yhuodj / Ehuolq1

⊆ Mdfrg M1/ P h̄ōhdug V1dqg S1Surwwhu +4¡¡¡, ˙H–solflwirup dqg urexvwqhvv ri p du0 wlqj doh uhsuhvhqwdwlrqv%/ z runlqj sdshuXqlyhuvlw̄h SdulvYL1

⊆ Mdnxerz vnl D1/ M1 P h̄p lq dqg J 1 Sdjhv +4¡; ¡, ˙Frqyhujhqfh hq orl ghv vxlwhv g*lqw̄hjudohv vwrfkdvwlt xhv vxu o*hvsdfh LG^� gh Vnrurnkrg%/ Suredelolw— wkhru— dqg Uho1 I lhogv/ ; 4/ 444046:1

⊆ Nduolq V1dqg K1Wd— oru +4¡: 8, D ffluvwfrxuvh lq vwrfkdvwlf surfhvvhv/ 5qg hg1/ Dfd0 ghp lf Suhvv/ Orqgrq1

⊆ Nlqg S1/ U1V1Olswvhudqg Z 1M1Uxqjjdoglhu+4¡¡4, ˙Glffixvlrq dssur–lp dwlrq lq sdvw ghshqghqwp rghov dqg dssolfdwlrqvwr rswlrq sulflqj/%Dqqdov ri Dsso1 Suredelolw— / 4/ 6: ¡07381

⊆ Nxqlwrp r Q1dqg P 1Lnhgd +4¡¡5, ˙Sulflqj rswlrqvz lwk fxuyhg erxqgdulhv%/ P dwk0 hp dwlfdoI lqdqfh/ 5/ 5:805¡;1

⊆ Ohvqh M1S1/ M1O1Sulj hqwdqg R1Vfdloohw+5333, ˙Frqyhuj hqfh ri glvfuhwh wlp h rswlrq sulflqj irup xodvxqghuvwrfkdvwlf lqwhuhvwudwhv%/ I lqdqfh dqg Vwrfkdvwlfv/ 7/ ;40¡61

⊆ P h̄p lq M1dqg O1Vorp lqvnl +4¡¡4, ˙Frqglwlrq XWhwvwdelolw̄h hq orl ghv vroxwlrqv g*h̄t xdwlrqv glffih̄uhqwlhoohv vwrfkdvwlt xhv%/ Ohfwqrwhv lq p dwk1 Vhp 1 Sure1 [ [ Y1/ 47; 8/ 495049: / Vsulqjhu0Yhuodj/ Ehuolq1

⊆ Qhovrq G1+4¡¡3, ˙Dufk p rghovdvglffixvlrq dssur–lp dwlrqv%/ Mrxuqdori Hfrqrp hw0 ulfv / 78/ : 06¡1

⊆ Shghuvhq M1+4¡¡¡, ˙Frqyhujhqfhri vwudwhjlhv=dq dssurdfk xvlqj Fodun0Kdxvvp dq*v irup xod%/ I lqdqfh dqg Vwrfkdvwlfv/ 6/ 65606771

⊆ Skdp K1/ Ukhlqo�dqghuW1dqg P 1Vfkz hl˝hu+4¡¡; , ˙P hdq0yduldqfh khgjlqj irufrq0 wlqxrxvsurfhvvhv=qhz surrivdqg h–dp sohv%/ I lqdqfh dqg Vwrfkdvwlfv/ 5/ 4: 604¡;1

⊆ SuljhqwM1O1+4¡¡¡, ˙Lqfrp sohwh p dunhwv=Frqyhujhqfh ri rswlrqvydoxhvxqghuwkh p lqlp dop duwlqj doh p hdvxuh%/ Dgydqfhv lq Dssolhg Suredelolw— / 64/ 438;043: :1

⊆ SuljhqwM1O1/ UhqdxowR1dqg R1Vfdloohw+4¡¡¡, ˙Rswlrq sulflqj z lwk glvfuhwh uhedo0 dqflqj %/ Wkhp d z runlqj sdshuQr ¡¡0741

⊆ SuljhqwM1O1/ UhqdxowR1dqg R1Vfdloohw+5333, ˙Dq dxwruhjuhvvlyh elqrp ldorswlrq sulflqj p rgho%/ Wkhp d z runlqj sdshu Qr ¡¡07R/ iruwkfrp lqj lq Vhohfwhg sdshuv iurp wkh Edfkholhu frqihuhqfh1

⊆ Uhyx˝ G1dqg P 1“ ru +4¡¡7, Frqwlqxrxv p duwlqjdohv dqg Eurzqldq p rwlrq/ 5qg hg1/ Vsulqj huYhuodj / Ehuolq1

⊆ Uxqjj doglhu Z 1M1dqg P 1Vfkz hl˝hu +4¡¡8, ˙Frqyhuj hqfh ri rswlrq ydoxhv xqghu lqfrp sohwhqhvv%lq Vhp lqdu rq vwrfkdvwlf dqdo— vlv/ udqgrp fflhogv dqg dssolfdwlrqv/ hgv1H1Erowkdxvhq/ P 1Gr˝˝l dqg I 1Uxvvr/ Elunk�dxvhu/ 69806; 71

⊆ Vfk�doP 1+4¡¡7, ˙Rq t xdgudwlf frvwfulwhuld iru rswlrq khgj lqj%/ P dwkhp dwlfv ri

Rshudwlrqv Uhvhdufk/ 4¡/ 45404641

⊆ Vfkz hl˝hu P 1+4¡; ;, ˙Khgjlqj ri rswlrqv lq d jhqhudovhp lp duwlqjdoh p rgho%/ glvv1

HWK] Qr ;9481

⊆ Vfkz hl˝huP 1+4¡¡3, ˙Ulvn p lqlp dolw— dqg ruwkrjrqdolw— ri p duwlqj dohv%/ Vwrfkdvwlfv/

63/ 45604641

⊆ Vfkz hl˝huP 1+4¡¡4, ˙Rswlrq khgj lqj iruvhp lp duwlqjdohv%/ Vwrfkdvwlf Surfhvvhvdqg wkhlu Dssolfdwlrqv/ 6: / 66¡06961

⊆ Vfkz hl˝hu P 1 +4¡¡5d, ˙P duwlqjdoh ghqvlwlhv iru jhqhudo dvvhwsulfhv%/ Mrxuqdo ri

P dwkhp dwlfdoHfrqrp lfv/ 54/ 69606:; 1

⊆ Vfkz hl˝huP 1+4¡¡5e, ˙P hdq0yduldqfhkhgjlqj irujhqhudofodlp v%/ Dqqdovri Dssolhg

Suredelolw— / 5/ 4: 404: ¡1

⊆ Vfkz hl˝hu P 1+4¡¡6, ˙Yduldqfh0rswlp dokhgjlqj lq glvfuhwh wlp h%/ P dwkhp dwlfv ri

Rshudwlrqv Uhvhdufk/ 53/ 40651

⊆ Vfkz hl˝hu P 1+4¡¡7, ˙Dssur–lp dwlrq sulflqj dqg wkh yduldqfh0rswlp dop duwlqj doh p hdvxuh%/ Dqqdov ri Suredelolw— / 57/ 53905691

⊆ VwulfnhuF1+4¡; 8, ˙Orlvgh vhp lp duwlqjdohvhwfulw̆huhvgh frp sdflw̄h/%Ohfwxuh qrwhv lq p dwk1 Vhp 1 Sure1 [ L[ 1/ 4456/ 53¡054: 1