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Devwudfw

Wzr h{whqvlrqv ri d sdudphwulf prgho duh sursrvhg/ hdfk rqh lqyroy0
lqj wkh vfruh ixqfwlrq ri dq dowhuqdwlyh sdudphwulf prgho1 Zh vkrz
wkdw wkh hqfrpsdvvlqj k|srwkhvlv lv htxlydohqw wr vwdqgdug frqglwlrqv
rq wkh vfruh ri hdfk ri wkh h{whqghg prghov1 Wkh frqglwlrq rq wkh �uvw
h{whqvlrq jlyhv ulvh wr wkh vwdqgdug vfruh hqfrpsdvvlqj whvw/ zkloh wkh
frqglwlrq rq wkh vhfrqg h{whqvlrq lqgxfhv d vr0fdoohg uhyhuvhg vfruh
hqfrpsdvvlqj whvw1 D vlplodu orjlf lv dssolhg wr wkh olnholkrrg udwlr/
jhqhudwlqj d olnholkrrg udwlr dqg d uhyhuvhg olnholkrrg udwlr hqfrp0
sdvvlqj whvw1 Wkh hqvxhg whvw vwdwlvwlfv fdq eh edvhg rq vlpxodwlrqv
li fhuwdlq fdofxodwlrqv duh wrr gl!fxow wr fduu| rxw dqdo|wlfdoo|1 Zh
vwxg| wkh �uvw rughu dv|pswrwlf surshuwlhv ri wkh sursrvhg whvw vwdwlv0
wlfv xqghu jhqhudo frqglwlrqv1

MHO fodvvl�fdwlrq= F8/ F61
Nh|0zrugv= vfruh whvw/ olnholkrrg udwlr whvw/ hqfrpsdvvlqj/ vlpxodwlrq0edvhg
lqihuhqfh1

�Zh duh judwhixo wr Fkulvwldq Jrxulìurx{ iru khosixo frpphqwv1 Dgguhvv fruuhvsrq0
ghqfh wr= Jhhuw Gkdhqh/ Jkhqw Xqlyhuvlw|/ Idfxow| ri Hfrqrplfv dqg Exvlqhvv Dgplqlv0
wudwlrq/ Kryhqlhuvehuj 57/ E0<333 Jhqw/ Ehojlxp1 Who1= +.65, < 597;<:;1 Id{= +.65, <
597;<<81 H0pdlo= jhhuw1gkdhqhCuxj1df1eh1



4 Lqwurgxfwlrq
Vshfl�fdwlrq whvwv ri sdudphwulf prghov duh d fhqwudo wkhph lq wkh hfrqrphw0
ulf olwhudwxuh1 D vwdqgdug dssurdfk lv wr frqiurqw d jlyhq sdudphwulf prgho
zlwk dqrwkhu/ riwhq qrq0qhvwhg/ sdudphwulf prgho +vhh Jrxulìurx{ dqg
Prqiruw ^4<<7` iru d uhylhz,/ dqg wkhuhiruh vxfk whvwv duh rulhqwhg wrzdugv
wklv sduwlfxodu dowhuqdwlyh prgho1 Wkh frqvwudlqw xqghuo|lqj prvw ri wkhvh
whvwv lv lq idfw wkh hqfrpsdvvlqj frqglwlrq +vhh h1j1 Pl}rq dqg Ulfkdug
^4<;9`/ Khqgu| dqg Ulfkdug ^4<<3`/ Vplwk ^4<<7`/ Jrxulìurx{ dqg
Prqiruw ^4<<8`/ Gkdhqh ^4<<:`/ Gkdhqh/ Jrxulìurx{ dqg Vfdloohw
^4<<;`,/ exw qrw dozd|v +vhh Yxrqj ^4<;<`,1 Dqrwkhu dssurdfk h{sorlwv pr0
phqw frqglwlrqv lpsolhg e| wkh prgho xqghu whvw zlwkrxw kdylqj d vshfl�f
dowhuqdwlyh prgho lq plqg1 Lqirupdwlrq pdwul{ whvwv +Zklwh +4<;5,, dqg xq0
frqglwlrqdo dqg frqglwlrqdo prphqw whvwv +Qhzh| ^4<;8`/ Wdxfkhq ^4<;8`/
Elhuhqv ^4<<4`, duh h{dpsohv ri wkh odwwhu dssurdfk1

Wkh dssurdfk wdnhq lq wklv sdshu idoov lqwr wkh iruphu fdwhjru|1 Dq
duelwudu| frqglwlrqdo sdudphwulf prgho lv whvwhg djdlqvw dqrwkhu duelwudu|/
srvvleo| qrq0qhvwhg/ frqglwlrqdo sdudphwulf prgho1 Zh h{sdqg rq uhvxowv
uhsruwhg lq Jrxulìurx{ dqgPrqiruw ^4<<8` dqg Gkdhqh ^4<<:`/ zkhuh
vfruh dqg olnholkrrg udwlr hqfrpsdvvlqj whvwv zhuh sursrvhg1 Wkhvh whvwv/ dqg
wkh qhz whvwv zh sursrvh/ duh jhqhudwhg e| h{srqhqwldoo| wlowlqj wkh prgho
xqghu whvw lq wzr dowhuqdwlyh gluhfwlrqv/ hdfk rqh lqyroylqj wkh vfruh ixqfwlrq
ri wkh dowhuqdwlyh prgho1 Lqwxlwlyho|/ wkh qhz whvwv duh rewdlqhg iurp uhyhuv0
lqj wkh urohv ri wkh wuxh glvwulexwlrq jhqhudwlqj wkh gdwd dqg wkh svhxgr0wuxh
glvwulexwlrq ri wkh prgho xqghu whvw1 Wklv ohdgv wr zkdw zh fdoo uhyhuvhg
vfruh dqg olnholkrrg udwlr whvwv1 Wkh whvwv uho| rq vlpxodwlrqv lq rughu wr
dyrlg wkh qhhg iru dqdo|wlf fdofxodwlrqv ri fhuwdlq h{shfwdwlrqv lq dq| sdu0
wlfxodu dssolfdwlrq1 Lq d uhfhqw sdshu/ Fkhq dqg Nxdq ^5333` sursrvh zkdw
wkh| fdoo wkh svhxgr0wuxh vfruh hqfrpsdvvlqj whvw iru qrq0qhvwhg k|srwkhvhv/
zklfk lv edvhg rq hvvhqwldoo| wkh vdph lghd ri uhyhuvlqj wkh urohv ri wkh wzr
glvwulexwlrqv mxvw phqwlrqhg1 Wkh pdlq gl�huhqfhv zlwk wkh suhvhqw sdshu
duh dv iroorzv1 Zh surylgh d khxulvwlf dujxphqw/ edvhg rq prgho h{whqvlrqv/
zklfk xql�hv wkh vwdqgdug dqg wkh uhyhuvhg vfruh whvwv1 Ixuwkhupruh/ zh
dovr dsso| wkh lghd wr wkh olnholkrrg udwlr whvw/ zh frqvlghu qhvwhg dv zhoo
dv qrq0qhvwhg k|srwkhvhv/ zh sursrvh vlpxodwlrq0edvhg yhuvlrqv ri wkh whvwv/
dqg surylgh urexvw dv|pswrwlf wkhru|1

Wkh iudphzrun lv eulh | suhvhqwhg lq Vhfwlrq 51 Vhfwlrq 6 lqwurgxfhv
wzr h{whqvlrqv ri wkh prgho xqghu whvw/ rewdlqhg e| h{srqhqwldo wlowlqj1 Lw
dovr uhvwdwhv wkh hqfrpsdvvlqj frqglwlrq lq whupv ri wkhvh h{whqvlrqv dqg
jlyhv wkh lqwxlwlrq xqghuo|lqj wkh uhyhuvhg vfruh dqg olnholkrrg udwlr whvwv1
Wkh edvlf whvw vwdwlvwlfv duh suhvhqwhg lq Vhfwlrq 71 Wkhlu �uvw rughu dv|ps0
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wrwlf surshuwlhv duh vwxglhg lq Vhfwlrq 8/ lq ghvfhqglqj rughu ri jhqhudolw|1
Vhfwlrq 9 frqfoxghv1

5 Iudphzrun
Zh frqvlghu dq duelwudu| sdlu ri frqglwlrqdo/ srvvleo| qrq0qhvwhg/ srvvleo|
plvvshfl�hg/ sdudphwulf prghov iru lqghshqghqw dqg lghqwlfdoo| glvwulexwhg
gdwd1

Ohw f dqg t eh udqgrp yhfwruv wdnlqj ydoxhv % dqg + lq LU& dqg LU,/
uhvshfwlyho|/ dqg ohw �f eh wkh wuxh pdujlqdo glvwulexwlrq ri f dqg �t �f wkh
wuxh frqglwlrqdo glvwulexwlrq ri t / jlyhq f1 Dvvxph wkdw wkh dydlodeoh gdwd
duh A lqghshqghqw gudzlqjv E%|c +|�/ | ' �c � � � c A / iurp �f dqg �t �f1 Ohw
J ' i8:Ek� mk 5 lk � LU6j dqgK ' i8GEq� mq 5 lq � LU?j eh sdudphwulf
prghov ri �t �f1 Lw lv dvvxphg wkdw wkh glvwulexwlrqv 8:Ek�/ 8GEq� dqg
�t �f dgplw frqglwlrqdo ghqvlw| ixqfwlrqv s:E+m%(k�/ sGE+m%( q� dqg RfE+m%�/
uhvshfwlyho|/ uhodwlyh wr vrph phdvxuh > qrw ghshqglqj rq %/ k dqg q1 Lw lv
dovr dvvxphg wkdw wkh h{shfwdwlrqv ri wkh orj ghqvlw| ixqfwlrqv h{lvw zkhqhyhu
wkh| duh wdnhq1

Dffrxqwlqj iru wkh srvvlelolw| wkdw J lv plvvshfl�hg/ l1h1 �t �f 95 J/ dqg
olnhzlvh iru K/ lw lv ri lqwhuhvw wr gh�qh wkh svhxgr0wuxh ydoxhv ri k dqg q
zlwk uhvshfw wr �f dqg �t �f +vhh h1j1 Vdzd ^4<:;`,=

kf ' @h} 4@ 
kMlk

.f.f *L} s:Et mf(k�

qf ' @h}4@ 
qMlq

.f.f *L} sGEt mf(q�c

zkhuh wkh pdwkhpdwlfdo h{shfwdwlrqv .f dqg .f duh wdnhq zlwk uhvshfw wr
�f dqg �t �f / uhvshfwlyho|1 Zh dvvxph wkdw kf dqg qf h{lvw/ duh xqltxh dqg
lqwhulru wr lk dqg lq/ uhvshfwlyho|1

Zh vkdoo eh lqwhuhvwhg lq whvwlqj J djdlqvw K1 Wkhuhiruh/ zh dovr gh�qh
wkh svhxgr0wuxh ydoxh ri q zlwk uhvshfw wr �f dqg 8:Ek�/

qk ' @h}4@ 
qMlq

.f.k *L} sGEt mf(q�c

zkhuh wkh pdwkhpdwlfdo h{shfwdwlrq .k lv wdnhq zlwk uhvshfw wr 8:Ek�1 Zh
dvvxph wkdw qk h{lvwv/ lv xqltxh dqg lqwhulru wr lq dqg lv frqwlqxrxvo| gl�hu0
hqwldeoh zlwk uhvshfw wr k1 E| gh�qlwlrq/ J hqfrpsdvvhv K/ zulwwhq J H K/ li
qf ' qkf1 Lw lv zhoo nqrzq wkdw wkh lpsolflw qxoo k|srwkhvlv ri pdq| whvwv ri J
djdlqvw K lv fkdudfwhul}hg e| wkh frqglwlrq wkdw J H K1 Vhh h1j1Pl}rq dqg
Ulfkdug ^4<;9`/ Jrxulìurx{ dqg Prqiruw ^4<<8`/ dqg Gkdhqh ^4<<:`1
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Qrwh wkdw wkh xqghuo|lqj glvwulexwlrqv �f dqg �t �f duh fuxfldo lq ghwhu0
plqlqj zkhwkhu ru qrw J H K1 Wkh vfruh ixqfwlrqv ri J dqg K duh gh�qhg
dv

r:E+m%(k� ' Y

Yk
*L} s:E+m%(k�

dqg

rGE+m%(q� ' Y

Yq
*L} sGE+m%( q�c

uhvshfwlyho|1 Lw lv dvvxphg wkdw wkh vfruh ixqfwlrqv duh frqwlqxrxvo| gl�hu0
hqwldeoh lq wkh sdudphwhuv/ wkdw wkhlu h{shfwdwlrqv h{lvw zkhqhyhu wkh| duh
wdnhq/ wkdw

.f.fr:Et mf(k� ' f rqo| li k ' kfc

.f.frGEt mf( q� ' f rqo| li q ' qfc

.f.krGEt mf( q� ' f rqo| li q ' qkc

dqg wkdw wkh pdwulfhv .f.fdr:Et mf(kf�r
�
:Et mf(kf�o/ .f.fdrGEt mf( qf�r

�
GEt mf(qfo�

dqg .f.kdrGEt mf( qk�r
�
GEt mf(qko� h{lvw dqg duh srvlwlyh gh�qlwh1 Wkhq/

gh�qlqj wkh vfruh txdqwlw|

r� ' .f.frGEt mf( qkf�

dqg wkh olnholkrrg udwlr +OU, txdqwlw|

,� ' .f.fd*L} sGEt mf( qkf�� *L} sGEt mf( qf�oc

lw lv reylrxv wkdw J H K lv htxlydohqw wr r� ' f dqg dovr wr ,� ' f1 Wklv
surshuw| kdv ohg wr wkh ghyhorsphqw ri vfruh hqfrpsdvvlqj whvwv/ edvhg rq
hvwlpdwhv ri r� +Jrxulìurx{ dqgPrqiruw ^4<<8`,/ dqg OU hqfrpsdvvlqj
whvwv/ edvhg rq hvwlpdwhv ri ,� +Vplwk ^4<<7` dqg Gkdhqh ^4<<:`,1 Wkh
sxusrvh ri wklv sdshu lv wr lqwurgxfh whvwv wkdw duh edvhg rq txdqwlwlhv vlplodu
wr r� dqg ,�/ lq sduwlfxodu wkh txdqwlwlhv rewdlqhg iurp r� dqg ,� e| uhyhuvlqj
wkh urohv ri �t �f dqg 8:Ekf�1 D khxulvwlf dujxphqw iru grlqj vr lv suhvhqwhg
lq wkh qh{w vhfwlrq1

6 Prgho h{whqvlrqv
Frqvlghu wkh iroorzlqj h{whqvlrq ri J=

J� ' i8 �
:Ekc b�� m Ekc b�� 5 lk � LU?jc
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zkhuh wkh glvwulexwlrq 8 �
:Ekc b�� kdv wkh iroorzlqj ghqvlw| ixqfwlrq uhodwlyh

wr >=

s �:E+m%(kc b�� '
s:E+m%(k� i TEb��rGE+m%(qkf��

.k i TEb��rGE+m%( qkf��
�

Wkh ghqvlw| s�:E+m%(kc b�� lv rewdlqhg iurp s:E+m%(k� e| h{srqhqwldo wlowlqj
+Eduqgruii0Qlhovhq dqg Fr{ ^4<;<`,1 Revhuyh wkdw J � J� dqg wkdw wkh
sdudphwhu yhfwru Ekc b�� qhhg qrw eh lghqwl�hg1 Lqvwhdg ri sxwwlqj q ' qkf
lq wkh udqgrp yhfwru rGEt mf(q�/ rqh pd| dowhuqdwlyho| sxw q ' qf/ ohdglqj
wr dqrwkhu h{whqvlrq ri J=

J2 ' i8 2
:Ekc b2� m Ekc b2� 5 lk � LU?jc

zkhuh wkh glvwulexwlrq 8 2
:Ekc b2� kdv wkh iroorzlqj ghqvlw| ixqfwlrq uhodwlyh

wr >=

s 2:E+m%(kc b2� '
s:E+m%(k� i TEb�2rGE+m%( qf��

.kf i TEb
�
2rGE+m%( qf��

�

Wkh ghqvlw| s 2:E+m%(kc b2� lv dovr rewdlqhg iurp s:E+m%(k� e| h{srqhqwldo
wlowlqj/ exw lq d gl�huhqw gluhfwlrq1 Dv ehiruh/ J � J2 dqg Ekc b2� qhhg qrw
eh lghqwl�hg1 Wkh prwlydwlrq iru frqvlghulqj wkh h{whqghg prghov J� dqg J2
frphv iurp wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 Wkh iroorzlqj htxlydohqfhv krog=

J H K +, .f.f *L} s
�
:Et mf(kc b�� kdv d orfdo pd{lpxp dw Ekc b�� ' Ekfc f�

+, .f.frGEt mf(qkf� ' fc

J H K +, .f.f *L} s
2
:Et mf(kc b2� kdv d orfdo pd{lpxp dw Ekc b2� ' Ekfc f�

+, .f.kfrGEt mf( qf� ' f�

Surri1 Wkh vfruh ixqfwlrqv dvvrfldwhg zlwk J� dqg J2 duh

r�:E+m%(kc b�� '

3
EEEEC

r:E+m%(k�� .kdr:Et m%(k� i TEb��rGEt m%( qkf��o
.k i TEb��rGEt m%( qkf��

rGE+m%( qkf��
.kdrGEt m%(qkf� i TEb��rGEt m%( qkf��o

.k i TEb��rGEt m%( qkf��

4
FFFFD

dqg

r2:E+m%(kc b2� '

3
EEEEC

r:E+m%(k�� .kdr:Et m%(k� i TEb�2rGEt m%(qf��o
.k i TEb�2rGEt m%( qf��

rGE+m%( qf�� .kdrGEt m%( qf� i TEb�2rGEt m%( qf��o
.k i TEb�2rGEt m%( qf��

4
FFFFD c
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uhvshfwlyho|1 Sxwwlqj Ekc b�� ' Ekc b2� ' Ekfc f� dqg wdnlqj h{shfwdwlrqv
|lhogv

.f.fr
�
:Et mf(kfc f� '

#
.f.fr:Et mf(kf��.f.kfr:Et mf(kf�
.f.frGEt mf(qkf��.f.kfrGEt mf( qkf�

$

'

#
f

.f.frGEt mf(qkf�

$

dqg

.f.fr
2
:Et mf(kfc f� '

#
.f.fr:Et mf(kf��.f.kfr:Et mf(kf�
.f.frGEt mf( qf��.f.kfrGEt mf( qf�

$

'

#
f

.f.kfrGEt mf( qf�

$
�

Jlyhq wkh dvvxpswlrqv pdgh hduolhu/ lw iroorzv wkdw J H K li dqg rqo| li
wkh ixqfwlrqv .f.f *L} s

�
:Et mf(kc b�� dqg .f.f *L} s

2
:Et mf(kc b2� kdyh d

vwdwlrqdu| srlqw dw Ekc b�� ' Ekfc f� dqg Ekc b2� ' Ekfc f�/ uhvshfwlyho|1
Qrz zh qhhg wr vkrz wkdw/ li qf ' qkf/ wkh vwdwlrqdu| srlqw Ekfc f� lv
lqghhg d orfdo pd{lpxp ri wkh ixqfwlrqv lqyroyhg1 Iluvw/ �{lqj b� ' f/
.f.f *L} s

�
:Et mf(kc f� dwwdlqv d joredo pd{lpxp dw k ' kf/ e| gh�qlwlrq1

Vhfrqgo|/ �{lqj k ' kf/ zh �qg/ li qf ' qkf/%
Y2

Yb�Yb��
.f.f *L} s

�
:Et mf(kfc b��

&
b�'f

' �.f.fdrGEt mf( qf�r
�
GEt mf(qf�o�

Wkh odwwhu pdwul{ lv qhjdwlyh gh�qlwh e| dvvxpswlrq/ khqfh.f.f *L} s
�
:Et mf(kfc b��

dwwdlqv d orfdo pd{lpxp dw b� ' f1 Wkh surri lv frpsohwh e| qrwlqj wkdw
wkh ixqfwlrqv s �: dqg s 2: duh lghqwlfdo zkhq qf ' qkf1 +T1H1G1,

Wkh sursrvlwlrq lv lq vhyhudo uhvshfwv vlplodu wr Wkhruhp 4 lq Fkhvkhu
dqg Vplwk ^4<<:`/ zklfk uhvwdwhv prphqw frqglwlrqv lq whupv ri dq h{whqghg
sdudphwulf ghqvlw|1 Khuh/ dq hqfrpsdvvlqj frqglwlrq lv uhvwdwhg lq whupv ri
h{whqghg sdudphwulf ghqvlwlhv1 Wkh sursrvlwlrq vkrzv wkdw J H K li dqg
rqo| li wkh h{whqvlrqv ri J fduu|lqj wkh vfruh ixqfwlrq ri K gr qrw dowhu wkh
svhxgr0wuxh ydoxh dvvrfldwhg zlwk J/ dw ohdvw qrw orfdoo|1 Lq d vhqvh/ wkh
h{whqvlrqv duh wkxv lqh�hfwlyh lq eulqjlqj J forvhu wr �t �f/ dffruglqj wr wkh
Nxooedfn0Ohleohu +4<84, Lqirupdwlrq Fulwhulrq1 Ixuwkhu/ wkh frqglwlrq
J H K lv uhvwdwhg lq whupv ri surshuwlhv ri wkh vfruh ixqfwlrq rG lq uhodwlrq wr
wkh glvwulexwlrqv �t �f dqg 8:Ekf�1 Lqwhuhvwlqjo|/ wkh wzr surshuwlhv pluuru
hdfk rwkhu lq wkh vhqvh wkdw hdfk rqh/ frpsduhg wr wkh rwkhu/ uhyhuvhv wkh
urohv ri �t �f dqg 8:Ekf�1 Diwhu doo/ wklv vkrxog qrw frph dv d vxusulvh vlqfh/
iru jlyhq kf/ wkh glvwulexwlrqv �t �f dqg 8:Ekf� sod| d v|pphwulf uroh lq wkh
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gh�qlwlrq ri hqfrpsdvvlqj1 Wkxv/ zh duh ohg wr gh�qh wkh uhyhuvhg vfruh
txdqwlw|

r2 ' .f.kfrGEt mf( qf�c

dqg/ dsso|lqj wkh vdph orjlf/ wkh uhyhuvhg OU txdqwlw|

,2 ' .f.kfd*L} sGEt mf( qf�� *L} sGEt mf(qkf�o�

Wkh txdqwlwlhv r2 dqg ,2 vkduh wkh surshuw| zlwk r� dqg ,� wkdw J H K lv
htxlydohqw wr r2 ' f dqg dovr wr ,2 ' f1 Wklv surshuw| hqdeohv xv wr ghyhors
uhyhuvhg vfruh hqfrpsdvvlqj whvwv/ edvhg rq hvwlpdwhv ri r2/ dqg uhyhuvhg OU
hqfrpsdvvlqj whvwv/ edvhg rq hvwlpdwhv ri ,21

Rqh pd| zrqghu zkhwkhu wkh vdph uhdvrqlqj ri uhyhuvlqj wkh urohv ri
�t �f dqg 8:Ekf� fdq dovr eh dssolhg wr wkh Zdog hqfrpsdvvlqj whvw wr
|lhog vrphwklqj lqwhuhvwlqj1 Wkh Zdog hqfrpsdvvlqj whvw +Jrxulìurx{
dqgPrqiruw ^4<<8`, lv edvhg rq hvwlpdwhv ri wkh Zdog txdqwlw|/ gh�qhg dv
�� ' qf � qkf1 Wkh uhyhuvhg Zdog txdqwlw| zrxog wkhq eh �2 ' qkf � qf '
���/ zklfk reylrxvo| grhv qrw ohdg wr dq lqwhuhvwlqj qhz whvw1 Wkh uhdvrq
iru wklv �qglqj lv wkdw �t �f dqg 8:Ekf� sod| vlplodu urohv lq ��/ dsduw iurp
wkh vljq1 Khqfh/ uhyhuvlqj wkhlu urohv grhvq*w ohdg wr dq|wklqj qhz1 Orrnlqj
edfn qrz dw r� dqg ,�/ zh fohduo| vhh wkdw �t �f dqg 8:Ekf� sod| hvvhqwldoo|
gl�huhqw urohv1 Wklv lv zk| uhyhuvlqj wkhp kdsshqv wr eh iuxlwixo1

7 Whvw vwdwlvwlfv
Jlyhq wkh vdpsoh E%|c +|�/ | ' �c � � � c A / ri lqghshqghqw revhuydwlrqv iurp �f
dqg �t �f / zh vhhn wr ghyhors whvwv ri wkh k|srwkhvlv wkdw J H K1 Lw iroorzv
iurp wkh surshuwlhv ghulyhg lq wkh suhylrxv vhfwlrq wkdw hvwlpdwhv ri wkh
txdqwlwlhv r�/ ,�/ r2 dqg ,2 dqg ri wkhlu fryduldqfh pdwulfhv qdwxudoo| ohdg wr
whvwv ri J H K1 Qrwh wkdw wklv k|srwkhvlv lv zhdnhu wkdq wkh k|srwkhvlv wkdw J
lv fruuhfwo| vshfl�hg/ l1h1 �t �f 5 J1 Khqfh hvwlpdwhv ri wkh vdph txdqwlwlhv
duh dovr vxlwhg iru whvwlqj wkh k|srwkhvlv wkdw J lv fruuhfwo| vshfl�hg1 D
glvwlqjxlvklqj ihdwxuh ehwzhhq whvwv ri J H K dqg whvwv ri �t �f 5 J lv wkdw/
iru wkh odwwhu whvwv wkh glvwulexwlrq wkhru| lv xvxdoo| edvhg rq wkh dvvxpswlrq
wkdw J lv fruuhfwo| vshfl�hg/ zkhuhdv iru wkh iruphu whvwv wkh glvwulexwlrq
wkhru| fdq dw prvw eh edvhg rq wkh dvvxpswlrq wkdw J H K1 Wkh glvwulexwlrq
wkhru| suhvhqwhg lq wklv sdshu frqvlghuv wkh prvw jhqhudo fdvh/ l1h1 zkhuh J
srvvleo| grhv qrw hqfrpsdvv K1

Wkh svhxgr0pd{lpxp olnholkrrg hvwlpdwruv 	k dqg 	q vroyh

4@ 
kMlk

�

A

A[
|'�

*L} s:E+|m%|(k�

9



dqg

4@ 
qMlq

�

A

A[
|'�

*L} sGE+|m%|(q�c

uhvshfwlyho|1 Xqghu uhjxodulw| frqglwlrqv vxfk dv jlyhq lqZklwh ^4<;5`/ 	k @�t�$
kf dqg 	q

@�t�$ qf1 Iru dq| k 5 lk/ ohw +�| Ek�/ | ' �c � � � c A dqg � ' �c � � � c M/
eh lqghshqghqw gudzlqjv iurp 8:Ek�/ jlyhq %|1 Iru dq| � ' �c � � � cM/ wkh
vlpxodwhg svhxgr0pd{lpxp olnholkrrg hvwlpdwru 	q�k lv gh�qhg wr vroyh

4@ 
qMlq

�

A

A[
|'�

*L} sGE+
�
| Ek�m%|( q��

Xqghu vlplodu uhjxodulw| frqglwlrqv/ 	q�k
@�t�$ qk dqg 	q�	k

@�t�$ qkf1 Khuh dqg lq
wkh vhtxho/ vwrfkdvwlf olplwv duh wdnhq dv A $4/ zlwk M �{hg/ srvvleo| dw
41 Wkhq/ gh�qh wkh vlpxodwhg vfruh dqg uhyhuvhg vfruh vwdwlvwlfv dv

	r� '
�

AM

M[
�'�

A[
|'�

rGE+|m%|( 	q�	k�c

	r2 '
�

AM

M[
�'�

A[
|'�

rGE+
�
| E	k�m%|( 	q�c

uhvshfwlyho|/ dqg wkh vlpxodwhg OU dqg uhyhuvhg OU vwdwlvwlfv dv

	,� '
�

AM

M[
�'�

A[
|'�

k
*L} sGE+|m%|( 	q�	k�� *L} sGE+|m%|( 	q�

l
c

	,2 '
�

AM

M[
�'�

A[
|'�

k
*L} sGE+

�
| E	k�m%|( 	q�� *L} sGE+

�
| E	k�m%|( 	q�	k�

l
c

uhvshfwlyho|1 Zh kdyh 	r�
@�t�$ r�/ 	r2

@�t�$ r2/ 	,�
@�t�$ ,� dqg 	,2

@�t�$ ,21 Wkh �uvw rughu
olplw glvwulexwlrqv ri 	r�/ 	r2/ 	,� dqg 	,2 duh lqyhvwljdwhg lq wkh qh{w vhfwlrq1

8 Olplw glvwulexwlrqv
Zh qhhg wr lqwurgxfh vrph dgglwlrqdo qrwdwlrq1 Ohw

,:Ek� '
�

A

A[
|'�

*L} s:E+|m%|(k�

dqg

,GEq� '
�

A

A[
|'�

*L} sGE+|m%|( q�

:



eh wkh qrupdol}hg orj olnholkrrg ixqfwlrqv ri J dqg K edvhg rq wkh revhuyhg
gdwd E%|c +|�/ | ' �c � � � c A / dqg ohw

,�GEq(k� '
�

A

A[
|'�

*L} sGE+
�
| Ek�m%|( q�

eh wkh qrupdol}hg orj olnholkrrg ixqfwlrq ri K edvhg rq wkh vlpxodwhg gdwd
E%|c +

�
| Ek��/ | ' �c � � � c A 1 Fruuhvsrqglqjo|/ gh�qh wkh qrupdol}hg vfruh ixqf0

wlrqv

r:Ek� '
Y

Yk
,:Ek�c

rGEq� '
Y

Yq
,GEq�c

dqg

r�GEq(k� '
Y

Yq
,�GEq(k��

814 Olplw glvwulexwlrqv xqghu jhqhudo frqglwlrqv

Iru vx!flhqwo| odujh A / 	k vdwlv�hv wkh �uvw rughu frqglwlrq r:E	k� ' f1 H{0
sdqglqj r:E	k� lq d Wd|oru vhulhv durxqg r:Ekf�/ wdnlqj wkh suredelolw| olplw
ri dYr:Ek�*Yk�ok'kf dqg uhduudqjlqj |lhogv wkh zhoo nqrzq uhvxow +Zklwh
^4<;5`, s

A E	k� kf� '
s
Ag3�

: r:Ekf� n JRE��c

zkhuh

g: ' �.f.f

%
Y

Yk�
r:Ek�

&
k'kf

�

Vlploduo|/ s
A E 	q � qf� '

s
Ag3�

G rGEqf� n JRE��c

zkhuh

gG ' �.f.f

%
Y

Yq �
rGEq�

&
q'qf

c

dqg s
A E 	q�kf � qkf� '

s
A �g3�

7G
r�GEqkf(kf� n JRE��c

zkhuh
�g 7G ' �.f.kf

%
Y

Yq�
r�GEq(k�

&
k'kfcq'qkf

�

;



Ixuwkhu/ h{sdqglqj 	q�	k durxqg 	q�kf |lhogvs
A E 	q�	k � qkf� '

s
A E 	q�@f � qkf� n

s
A�E	k� kf� n JRE��

'
s
A �g3�

7G
r�GEqkf(kf� n�g3�

: r:Ekf� n JRE��c

zkhuh +vhh Gkdhqh ^4<<:`,

� '

%
Yqk
Yk�

&
k'kf

' �g3�
7G

�a 7G:c

zlwk

�a 7G: ' .f.kf

%
Y

Yq
*L} sGEt mf( q�

Y

Yk�
*L} s:Et mf(k�

&
k'kfcq'qkf

�

Qrz/ h{sdqglqj rGE 	q�	k� durxqg rGEqkf� jlyhv

s
A E	r� � r�� '

s
A ErGEqkf�� r���

s
A

M

M[
�'�

g 7GE 	q
�
	k � qkf� n JRE��

'
s
A ErGEqkf�� r���

s
Ag 7G�g

3�
: r:Ekf�

�
s
Ag 7G

�g3�
7G

�

M

M[
�'�

r�GEqkf(kf� n JRE��c

zkhuh

g 7G ' �.f.f

%
Y

Yq �
rGEq�

&
q'qkf

�

H{sdqglqj r�GE 	q( 	k� durxqg r
�
GEqf(kf� jlyhv

s
A E	r2 � r2� '

s
A

M

M[
�'�

Er�GEqf(kf�� r2��
s
A �gGE 	q � qf�

s
A �aG:E	k� kf� n JRE��

'

s
A

M

M[
�'�

Er�GEqf(kf�� r2��
s
A �gGg

3�
G rGEqf�

n
s
A �aG:g

3�
: r:Ekf� n JRE��c

zkhuh

�aG: ' .f.kf

%
Y

Yq
*L} sGEt mf( q�

Y

Yk�
*L} s:Et mf(k�

&
k'kfcq'qf

' �a �:G

�gG ' �.f.kf

%
Y

Yq�
r�GEq(k�

&
k'kfcq'qf

�

<



Wklv frpsohwhv wkh dv|pswrwlf h{sdqvlrqv iru 	r� dqg 	r21 Wxuqlqj wr 	,�/
h{sdqglqj ,GE 	q�	k� durxqg ,GEqkf� jlyhv

s
A E	,� � ,�� '

s
A E,GEqkf�� ,GEqf�� ,�� n

s
A

M

M[
�'�

rGEqkf�
�E 	q�	k � qkf�

�
s
ArGEqf�

�E 	q � qf� n JRE��

'
s
A E,GEqkf�� ,GEqf�� ,�� n

s
Ar���g

3�
: r:Ekf�

n
s
Ar��

�g3�
7G

�

M

M[
�'�

r�GEqkf(kf� n JRE��c

zkhuh lw zdv xvhg wkdw rGEqf�
@�t�$ f1 Ilqdoo|/ iru 	,2/

s
A E	,2 � ,2� '

s
A

M

M[
�'�

E,�GEqf(kf�� ,�GEqkf(kf�� ,2� n

s
A

M

M[
�'�

r�GEqf(kf�
�E 	q � qf�

�
s
A

M

M[
�'�

r�GEqkf(kf�
�E 	q�	k � qkf� n

s
A E�/:G � �/: 7G�

�E	k� kf� n JRE��

'

s
A

M

M[
�'�

E,�GEqf(kf�� ,�GEqkf(kf�� ,2� n
s
Ar�2g

3�
G rGEqf�

n
s
A E�/:G � �/: 7G�

�g3�
: r:Ekf� n JRE��c

xvlqj r�GEqkf(kf�
@�t�$ f/ zlwk

�/:G ' .f.kf

%
Y

Yk
*L} s:Et mf(k� *L} sGEt mf( qf�

&
k'kf

c

�/: 7G ' .f.kf

%
Y

Yk
*L} s:Et mf(k� *L} sGEt mf( qkf�

&
k'kf

�

Wr vxppdul}h wkh h{sdqvlrqv/ ohw

	_ '

3
EEEEC

	r�
	r2
	,�
	,2

4
FFFFD c _ '

3
EEEC
r�
r2
,�
,2

4
FFFD c

43



�| '

3
EEEEEEEEEEEEEEEEC

r:E+|m%|(kf�
rGE+|m%|( qf�

rGE+|m%|( qkf�� r�
�

M

SM
�'� rGE+

�
| Ekf�m%|( qf�� r2

�

M

SM
�'� rGE+

�
| Ekf�m%|(qkf�

*L} sGE+|m%|( qkf�� *L} sGE+|m%|( qf�� ,�
�

M

SM
�'� *L} sGE+

�
| Ekf�m%|( qf�� �

M

SM
�'� *L} sGE+

�
| Ekf�m%|(qkf�� ,2

4
FFFFFFFFFFFFFFFFD

c

dqg

� '

3
EEEEEEEC

�g 7G�g
3�
: f U f �g 7G

�g3�
7G

f f

�aG:g
3�
: � �gGg

3�
G f U f f f

r���g
3�
: f f f r��

�g3�
7G

� f

E�/:G � �/: 7G�
�g3�

: r�2g
3�
G f f f f �

4
FFFFFFFD
�

Wkhq/
s
A E 	_� _� '

�s
A

A[
|'�

��| n JRE���

Revhuyh wkdw .f.f�| ' f1 Dvvxplqj wkh h{lvwhqfh ri T ' .f.fE�|�
�
|�/

s
A E 	_� _�

_$ �Efc �T ���c

e| wkh fhqwudo olplw wkhruhp1 Qrwh wkdw doo wkh vxepdwulfhv lq � fdq eh
frqvlvwhqwo| hvwlpdwhg/ dqg khqfh � lwvhoi/ e| uhsodflqj .f.f e| �

A

SA
|'�/

.f e| �

A

SA
|'�/ .kf e| .	k ru e| �

M

SM
�'� dqg xvlqj +

�
| E	k� lq sodfh ri +|/ kf e|

	k/ qf e| 	q/ qkf e|
�

M

SM
�'�

	q�	k/ dqg E	r�c 	r2c 	,�c 	,2� e| Er�c r2c ,�c ,2�/ vxffhvvlyho|1
Vlplodu uhsodfhphqwv lq �| |lhog 	�| dqg 	T ' �

A

SA
|'� 	�| 	�

�
| dv d frqvlvwhqw

hvwlpdwru ri T 1 D frqvlvwhqw hvwlpdwru ri �T �� iroorzv1
Lqvshfwlrq ri ��| uhyhdov wkdw qr jhqhudo dv|pswrwlf htxlydohqfhv krog

ehwzhhq vxeyhfwruv ri 	_1 Pruh suhflvho|/ wkhuh grhv qrw h{lvw lq jhqhudo
d �{hg qrq0}hur pdwul{ � vxfk wkdw

s
A�E 	_ � _� ' JRE��/ ehfdxvh T lv

qrw ri uhgxfhg udqn lq jhqhudo dqg � kdv qrw uhgxfhg urz udqn lq jhqhudo1
Wklv lpsolhv/ lq sduwlfxodu/ wkdw qr jhqhudo dv|pswrwlf htxlydohqfhv h{lvw
ehwzhhq 	r�/ 	r2/ 	,� dqg 	,21 Wklv �qglqj/ dqg wkh ixoo fkdudfwhul}dwlrq ri wkh
mrlqw �uvw rughu olplw glvwulexwlrq ri 	r�/ 	r2/ 	,� dqg 	,2 rshqv shuvshfwlyhv iru
mrlqwo| h{sorlwlqj wkh hylghqfh frqwdlqhg lq wkhvh vwdwlvwlfv djdlqvw dq| ri wkh

44



k|srwkhvhv J H K dqg �t �f 5 J/ wkhuhe| jdlqlqj lq srzhu frpsduhg wr wkh
vwdqgdug vfruh ru OU whvw1 Wkh xquhvroyhg sureohp iru grlqj wklv lv wr frqwuro
wkh +dv|pswrwlf, vl}h ri wkh mrlqw whvw1 D ixoo| mrlqw whvw zrxog w|slfdoo| wdnh
d txdgudwlf irup lq

s
A 	_/ zhljkwhg e| d frqvlvwhqw hvwlpdwh ri E�T ���n/

dqg uhihu wr wkh �2 glvwulexwlrq zlwk dssursuldwh ghjuhhv ri iuhhgrp1 Dv
zh vkrz ehorz/ dv|pswrwlf htxlydohqfhv gr dsshdu zkhq J H K +d iruwlrul
zkhq �t �f 5 J,/ pdnlqj �T �� d vlqjxodu pdwul{1 Lq pdq| fdvhv ri lqwhuhvw/
frqvlvwhqw hvwlpdwhv ri �T �� kdyh dq dv|pswrwlf udqn wkdw h{fhhgv wkh udqn
ri �T ��/ zklfk pdnhv frqvlvwhqw hvwlpdwlrq ri E�T ���n d gl!fxow wdvn +vhh
dovr Dqguhzv ^4<;<`,1 Lq rwkhu zrugv/ wkh pdlq gl!fxow| iru exloglqj d whvw
rq wkh ixoo yhfwru 	_ lv wkdw wkh udqn ri klv fryduldqfh pdwul{ ghshqgv rq
zkhwkhu ru qrw J H K/ zklfk lv suhflvho| wkh k|srwkhvlv ehlqj whvwhg1

815 Olplw glvwulexwlrqv xqghu wkh frqglwlrq J H K
Wkh �uvw rughu olplw glvwulexwlrq ri 	_ zkhq J H K lv hdvlo| rewdlqhg xvlqj wkh
uhvxowv ri wkh suhylrxv vxevhfwlrq1 Zh wkhq kdyh _ ' f dqg

�| '

3
EEEEEEEEEEEEEEEEC

r:E+|m%|(kf�
rGE+|m%|(qf�
rGE+|m%|(qf�

�

M

SM
�'� rGE+

�
| Ekf�m%|( qf�

�

M

SM
�'� rGE+

�
| Ekf�m%|( qf�
f

f

4
FFFFFFFFFFFFFFFFD

�

Ixuwkhu/ gG ' g 7G/ �gG ' �g 7G/ �/:G ' �/: 7G/ � ' �g3�
G

�aG: dqg

� '

3
EEEEEEC

�gG
�g3�
G

�aG:g
3�
: f U f �gG

�g3�
7G

f f

�aG:g
3�
: � �gGg

3�
G f U f f f

f f f f f � f

f f f f f f �

4
FFFFFFD
c

iurp zklfk zh rewdlq
s
A	,� ' JRE�� '

s
A	,2 dqg wkh dv|pswrwlf htxlydohqfh

s
A 	r� ' �gG

�g3�
G

s
A 	r2 n JRE���

45



Zh fdq eh pruh suhflvh derxw wkh olplwlqj ehkdylrxu ri 	,� dqg 	,2 e| frqvlg0
hulqj wkh h{sdqvlrqv

A ,GE 	q
�
	k� ' A ,GE 	q�� A

2
E 	q�	k � 	q��gGE 	q

�
	k � 	q� n JRE��c

A ,�GE
	q( 	k� ' A ,�GE

	q�	k( 	k��
A

2
E 	q�	k � 	q�� �gGE 	q

�
	k � 	q� n JRE��c

zkhuhiurp

�2A	,� '
A

M

M[
�'�

E 	q�	k � 	q��gGE 	q
�
	k � 	q� n JRE��c

�2A	,2 '
A

M

M[
�'�

E 	q�	k � 	q�� �gGE 	q
�
	k � 	q� n JRE���

Xsrq jdwkhulqj suhylrxv uhvxowv/
s
A E 	q�	k � 	q� '

s
A �g3�

G r�GEqf(kf� n
s
A �g3�

G
�aG:g

3�
: r:Ekf��

s
Ag3�

G rGEqf�

' �
s
Ag3�

G 	r� n JRE��

' �
s
A �g3�

G 	r2 n JRE��c

|lhoglqj wkh dv|pswrwlf htxlydohqfhv

�2A	,� ' A 	r��g
3�
G 	r� n JRE��

' A 	r�2 �g
3�
G gG

�g3�
G 	r2 n JRE��c

�2A	,2 ' A 	r�2 �g
3�
G 	r2 n JRE��

' A 	r��g
3�
G

�gGg
3�
G 	r� n JRE���

Qrwh wkdw �2A	,� dqg �2A	,2 duh qrw lq jhqhudo dv|pswrwlfdoo| htxlydohqw1
Wkh olplw glvwulexwlrqv fdq eh vxppdul}hg dv iroorzv1 Ohw

�| '

3
EEEC

r:E+|m%|(kf�
rGE+|m%|( qf�

�

M

SM
�'� rGE+

�
| Ekf�m%|(qf�

4
FFFD

dqg
( '

�
�aG:g

3�
: � �gGg

3�
G U

�
�

Qrz .�| ' f/ dqg ohwwlqj P ' .E�|�
�
|� zh kdyhs

A 	r�
_$ �Efc gG

�g3�
G (P(� �g3�

G gG�cs
A 	r2

_$ �Efc (P(��c

�2A	,� _$ �EbE �g3�
G gG

�g3�
G (P(���c

�2A	,2 _$ �EbE �g3�
G (P(���c

46



zkhuh �EbE` �� lv wkh glvwulexwlrq ri d zhljkwhg vxp ri lqghshqghqw �2

yduldwhv zlwk zhljkwv htxdo wr wkh hljhqydoxhv ri ` 1 Wkh pdwulfhv ( dqg
P dqg wkh qhfhvvdu| hljhqydoxhv fdq eh frqvlvwhqwo| hvwlpdwhg e| wkh surfh0
gxuh rxwolqhg lq wkh suhylrxv vxevhfwlrq1 Li zh fdq ghwhuplqh wkh udqn ri wkh
dv|pswrwlf fryduldqfh pdwulfhv ri

s
A 	r� dqg

s
A 	r2/ dv|pswrwlf vfruh dqg uh0

yhuvhg vfruh hqfrpsdvvlqj whvwv iroorz uhdglo|1 Dv|pswrwlf OU dqg uhyhuvhg
OU hqfrpsdvvlqj whvwv iroorz dovr iurp wkh olplw glvwulexwlrq jlyhq deryh1
Wkh| uhtxluh wkh fdofxodwlrq ri fulwlfdo ydoxhv ri zhljkwhg vxp ri fkl0vtxduhv
glvwulexwlrqv/ zklfk fdq hdvlo| eh rewdlqhg e| vlpxodwlrq1 Qrwh wkdw OU dqg
uhyhuvhg OU whvwv gr qrw uhtxluh wkh ghwhuplqdwlrq ri wkh udqn ri d pdwul{1

816 Olplw glvwulexwlrqv xqghu wkh frqglwlrq �\ m[ 5 J
Ixuwkhu vlpsol�fdwlrqv rffxu zkhq �t �f 5 J1 Zh kdyh 8:Ekf� ' �t �f/
zkhuhiurp �gG ' gG/ |lhoglqj

s
A 	r� ' �

s
A �aG:g

3�
: r:Ekf� n

s
A

#
rGEqf�� �

M

M[
�'�

r�GEqf(kf�

$
n JRE��

s
A 	r2 '

s
A �aG:g

3�
: r:Ekf��

s
A

#
rGEqf�� �

M

M[
�'�

r�GEqf(kf�

$
n JRE��
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Qrwh dovr wkdw rGEqf� dqg r�GEqf(kf�/ � ' �c � � � c M/ duh frqglwlrqdoo| lq0
ghshqghqw dqg lghqwlfdoo| glvwulexwhg/ jlyhq %|/ | ' �c � � � c A 1 Dv|pswrwlf
vfruh dqg uhyhuvhg vfruh whvwv dqg dv|pswrwlf OU dqg uhyhuvhg OU whvwv ri
�t �f 5 J fdq eh frqvwuxfwhg dorqj wkh vdph olqhv dv jlyhq lq wkh suhylrxv
vxevhfwlrq/ wdnlqj dgydqwdjh ri wkh vlpsol�fdwlrqv mxvw phqwlrqhg1

9 Frqfoxvlrq
Zh kdyh rxwolqhg dowhuqdwlyh surfhgxuhv wr wkh vwdqgdug vfruh dqg OU hq0
frpsdvvlqj whvwv1 Wkh| iroorz iurp uhvwdwlqj wkh hqfrpsdvvlqj frqglwlrq lq
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whupv ri h{srqhqwldoo| wlowhg prghov1 Lqwxlwlyho|/ wkh dowhuqdwlyh surfhgxuhv
duh rewdlqhg iurp uhyhuvlqj wkh urohv ri wkh wuxh glvwulexwlrq jhqhudwlqj wkh
gdwd dqg wkh svhxgr0wuxh glvwulexwlrq ri wkh prgho xqghu whvw1 Dssolfdwlrq
uhtxluhv wkh prghov wr eh hvwlpdeoh e| wkh phwkrg ri pd{lpxp olnholkrrg1
Qr dqdo|wlf fdofxodwlrqv duh qhhghg eh|rqg wkh dqdo|wlf �uvw dqg vhfrqg
ghulydwlyhv ri wkh orj olnholkrrg ixqfwlrqv1 Wkh qhhg wr fdofxodwh pdwkhpdw0
lfdo h{shfwdwlrqv dqdo|wlfdoo| lv dyrlghg e| wkh xvh ri dq| �qlwh qxpehu ri
vlpxodwlrqv iurp wkh prgho xqghu whvw1

Uhihuhqfhv
^4` Dqguhzv/ G1Z1N1 +4<;:,/ �Dv|pswrwlf Uhvxowv iru Jhqhudol}hg Zdog

Whvwv�/ Hfrqrphwulf Wkhru|/ 6/ 67;�68;1

^5` Eduqgru�0Qlhovhq/ R1H1 dqg G1U1 Fr{ +4<;<,/ Dv|pswrwlf Whfkqltxhv
iru Xvh lq Vwdwlvwlfv/ Orqgrq/ Fkdspdq dqg Kdoo1

^6` Elhuhqv/ K1 +4<<7,/ Hvwlpdwlrq/ Whvwlqj/ dqg Vshfl�fdwlrq ri Furvv0
Vhfwlrq dqg Wlph Vhulhv Prghov/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdp0
eulgjh1

^7` Elhuhqv/ K1 +4<<4,/ �D Frqvlvwhqw Frqglwlrqdo Prphqw Whvw ri Ixqf0
wlrqdo Irup�/ Hfrqrphwulfd/ 8;/ 4776�478;1

^8` Fkhq/ \10W1 dqg F10P1 Nxdq +5333,/ �Wkh Svhxgr0Wuxh Vfruh Hqfrp0
sdvvlqj Whvw iru Qrq0Qhvwhg K|srwkhvhv�/ suhvhqwhg dw wkh ;wk Zruog
Frqjuhvv ri wkh Hfrqrphwulf Vrflhw|/ Vhdwwoh1

^9` Fkhvkhu/ D1 dqg U1M1 Vplwk +4<<:,/ �Olnholkrrg Udwlr Vshfl�fdwlrq
Whvwv�/ Hfrqrphwulfd/ 98/ 95:�9791

^:` Gkdhqh/ J1 +4<<:,/ Hqfrpsdvvlqj= Irupxodwlrq/ Surshuwlhv dqg Whvwlqj/
Ohfwxuh Qrwhv lq Hfrqrplf dqg Pdwkhpdwlfdo V|vwhpv/ qJ 779/ Vsulqjhu
Yhuodj/ Ehuolq1

^;` Gkdhqh/ J1/ F1 Jrxulìurx{ dqg R1 Vfdloohw +4<<;,/ �Lqgluhfw Hqfrpsdvv0
lqj dqg Lqvwuxphqwdo Prghov�/ Hfrqrphwulfd/ 99/ 9:6�9;<1

^<` Jrxulìurx{/ F1 dqg D1 Prqiruw +4<<7,/ �Whvwlqj Qrq0Qhvwhg K|srwkh0
vhv%/ lq Kdqgerrn ri Hfrqrphwulfv/ LY/ hg1 e| U1 Hqjoh dqg G1 PfIdg0
ghq/ Hovhylhu Vflhqfh/ Qruwk0Kroodqg/ Dpvwhugdp/ 58;6�596:1
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^43` Jrxulìurx{/ F1 dqg D1 Prqiruw +4<<8,/ �Whvwlqj/ Hqfrpsdvvlqj dqg
Vlpxodwlqj G|qdplf Hfrqrphwulf Prghov�/ Hfrqrphwulf Wkhru|/ 44/
4<8�55;1

^44` Khqgu|/ G1I1 dqg M10I1 Ulfkdug +4<<3,/ �Uhfhqw Ghyhorsphqwv lq wkh
Wkhru| ri Hqfrpsdvvlqj�/ lq Frqwulexwlrqv wr Rshudwlrqv Uhvhdufk dqg
Hfrqrphwulfv/ Wkh Wzhqwlhwk Dqqlyhuvdu| ri FRUH/ hg1 e| E1 Fruqhw
dqg K1 Wxonhqv/ PLW Suhvv/ Fdpeulgjh1

^45` Pl}rq/ J1H1 dqg M10I1 Ulfkdug +4<;9,/ �Wkh Hqfrpsdvvlqj Sulqflsoh
dqg lwv Dssolfdwlrqv wr Whvwlqj Qrq0qhvwhg K|srwkhvhv�/ Hfrqrphwulfd/
87/ 98:�9:;1

^46` Qhzh|/ Z1 +4<;8,/ �Pd{lpxp Olnholkrrg Vshfl�fdwlrq Whvwlqj dqg
Frqglwlrqdo Prphqw Whvwv�/ Hfrqrphwulfd/ 86/ 437:�43:31

^47` Nxooedfn/ V1 dqg U1D1 Ohleohu +4<84,/ �Rq Lqirupdwlrq dqg Vx!flhqf|/�
Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv/ 55/ :<�;91

^48` Vdzd/ W1 +4<:;,/ �Lqirupdwlrq Fulwhuld iru Glvfulplqdwlqj dprqj Dowhu0
qdwlyh Uhjuhvvlrq Prghov�/ Hfrqrphwulfd/ 79/ 45:6�45<51

^49` Vplwk/ U1 +4<<7,/ �Frqvlvwhqw Whvwv ri wkh Hqfrpsdvvlqj K|srwkhvlv�/
FUHVW0GS <7361

^4:` Wdxfkhq/ J1 +4<;8,/ �Gldjqrvwlf Whvwlqj dqg Hydoxdwlrq ri Pd{lpxp
Olnholkrrg Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 63/ 748�7761

^4;` Yxrqj/ T1 +4<;<,/ �Olkholkrrg Udwlr Whvwv iru Prgho Vhohfwlrq dqg Qrq
Qhvwhg K|srwkhvhv�/ Hfrqrphwulfd/ 8:/ 636�6661

^4<` Zklwh/ K1 +4<;5,/ �Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Plvvshfl�hg
Prghov�/ Hfrqrphwulfd/ 83/ 4�591
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