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This paper develops a novel decomposition of optimal dynamic portfolio choice under flexible incomplete market models
and the wealth-dependent HARA utility. The decomposition reveals the fundamental impacts of market incompleteness
and wealth effect in portfolio allocation. With hedgeable interest rate risk, we show that the optimal portfolio under HARA
utility can be decomposed into a pure CRRA optimal portfolio and a financing bond portfolio that matches the investor
future subsistence requirements. In this case, the wealth growth rate is always higher for HARA investors with more initial
wealth, leading to increased wealth inequality regardless of the market scenario. As an application of our decomposition,
we solve the HARA optimal policy in closed-form under an incomplete market model with both stochastic interest rate
and volatility. Using parameters calibrated from U.S. market data, we find that the wealth effect generates a procyclical
pattern in investor stock positions and time-varying risk aversion levels. Moreover, the wealth effect in investor utility
and the increased risk premium in stressed market combined lead to a novel “buy-high-sell-low” channel that may hurt

HARA investors with low initial wealth.
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1. Introduction

Optimal portfolio choice has been a central topic in modern financial economics, drawing long-standing
interest in both finance industry and academic research. The static mean-variance framework of Markowitz
(1952) laid a foundation for modern portfolio theory. Following the seminal work by Samuelson (1969) and
Merton (1969, 1971), various studies have been developed for the optimal dynamic portfolio choice; see
the surveys in, e.g., Brandt (2010), Wachter (2010), and Detemple (2014). As an optimal stochastic control
problem in a continuous-time setting, the solution of optimal policies usually relies on two approaches.
The first one is the well-known dynamic programming method, which characterizes the optimal policy via
partial differential equations (PDEs). However, the resulting PDEs are usually very difficult to solve in

high-dimensional problems. It hinders implementations of optimal portfolios for models with multiple state



variables, non-linear dynamics, and wealth-dependent utilities (Detemple 2014). The second approach is the
martingale method pioneered and developed by, e.g., Cox and Huang (1989), Ocone and Karatzas (1991),
and Detemple et al. (2003). It first solves the optimal consumption and bequest. Then, the optimal portfolios
are represented as conditional expectations of random variables with explicit dynamics. Accordingly, Monte
Carlo simulation can be used to solve the optimal portfolios numerically (Detemple et al. 2003).

To reveal the economic nature of the optimal portfolio, the decomposition of optimal policies into mean
variance (myopic) and hedge components is developed by Merton (1971) and has become a state-of-the-art
approach (e.g., Liu 2007, Detemple and Rindisbacher 2010, and Moreira and Muir 2019). See also Basak
and Chabakauri (2010) for decomposing the optimal portfolio under the mean-variance framework. In recent
works, Capponi and Rubtsov (2022) study the portfolio allocation problem that accounts for losses under
systemic tail events, and decompose the optimal portfolio into a mean-variance term and an adjustment term
for systemic risk. He and Jiang (2020) show that the mean-variance efficiency of a fractional Kelly portfolio
can be improved by adding a hedge component and a corresponding adjustment term.

For the purpose of implementing and analyzing the behavior of optimal portfolios, existing works largely
focus on specific affine models (e.g., Duffie et al. 2000) and wealth-independent utilities, such as the basic
constant relative risk aversion (CRRA) utility and the recursive utility that generalizes it.! While these spec-
ifications bring analytical convenience, e.g., closed-form optimal portfolio policies in specific cases,? they
limit the model capacity to capture empirically flexible market dynamics and realistic investor preferences.
For general diffusion models without closed-form policies, Detemple et al. (2003) develop an effective
Monte Carlo simulation approach based on the decomposition of the optimal policy. However, this method
is by far largely limited to the complete market setting.? Thus, the dynamic optimal portfolio choice problem
under incomplete market models with wealth-dependent utilities is still an open challenge. This is exactly
the focus of our work.

In this paper, we use the martingale approach to develop a decomposition for the optimal portfolio policy
under a general class of incomplete market diffusion models. In an incomplete market, investors cannot
fully hedge the risk by investing in the risky assets, making the optimal policy hard to solve. In addition,
we focus on the wealth-dependent hyperbolic absolute risk aversion (HARA) utility with lower bounds for
both intermediate consumption and terminal wealth. Compared with the CRRA utility commonly used in
the literature, the HARA utility offers more flexibility in modelling the investor preference, and captures
realistic features in the investment decisions such as portfolio insurance, investment goals, and subsistence
level requirements. However, it is much less studied due to its mathematical inconvenience (see Kim and
Omberg 1996 for a rare case with closed-form policy and Duffie et al. 1997 for solving the optimal policy
in a model with constant coefficients for stock and income dynamics). To establish the decomposition, we
apply the “least favorable completion” method in Karatzas et al. (1991) for general diffusion models. It

completes the market by introducing suitable fictitious assets. Then, it establishes the equivalence between



the optimal policy in the completed market and that in the original market by setting appropriate price of
risk for these fictitious assets. Such price of risk is endogenously determined by the investor utility function,
and is thus referred to as the investor-specific price of risk in incomplete market models. It is also known as
the “shadow price” of market incompleteness (e.g., Detemple and Rindisbacher 2010).

We first develop the optimal portfolio decomposition under general incomplete market models with the
CRRA and HARA utilities. The optimal policy is decomposed into a mean-variance component and a hedge
component for the uncertainty in interest rate and price of risk. In our decomposition, each component is
expressed as conditional expectation of random variables with explicit dynamics, and the suitable investor-
specific price of risk is characterized by an integral-type equation system. Our decomposition reveals that
the optimal policy is indeed wealth-independent under the CRRA utility, but not so under the HARA utility.
We find that the mean-variance component of the HARA investor satisfies a ratio relationship with its CRRA
counterpart. The HARA investor first sets aside the amount of wealth that equals the present value of her
future subsistence requirements under the martingale measure determined by the investor-specific price of
risk; then she constructs the mean-variance component based on the remaining wealth just like a CRRA
investor. Moreover, we show that the hedge component under the HARA utility contains an additional term
for hedging the uncertainty in the present value of investor future subsistence requirements. In general
incomplete market models, the investor-specific price of risk may not coincide for the CRRA and HARA
investors. It imposes a major challenge for establishing connections between their optimal policies.

We then proceed to a specific, but highly flexible class of incomplete market models. We consider the
models in which the interest rate risk can be fully hedged by the bond assets in the market, although the
full market is still incomplete. As we do not impose restriction on the dynamics of asset prices and state
variables, the above set-up is general enough to cover a wide range of classical models considered in the
dynamic portfolio allocation literature.* We show that, in this case, the investor-specific price of risk coin-
cides under the HARA and CRRA utilities, and the optimal policies under the two utilities have a closed-
form relationship with intuitive economic interpretations. First, when interest rate risk is hedgeable, we can
explicitly calculate the present value of the HARA investor future subsistence requirements as the market
value of a hypothetical bond holding scheme. Then, the optimal portfolio of the HARA investor can be
constructed as follows. First, the HARA investor sets aside the amount of wealth equal to the market value
of the hypothetical bond holding scheme, whose payments exactly finance her future subsistence require-
ments. Then, she invests as a CRRA investor for both the mean-variance and hedge components. Finally,
she holds an additional portfolio of bond assets that replicates the dynamics of the hypothetical bond hold-
ing scheme. As such, we can decompose the HARA optimal portfolio into a CRRA optimal portfolio and
a financing portfolio for future subsistence requirements. Such structure is only valid when the interest

rate risk is hedgeable, thus future cash flows can be perfectly synthesized by investing in the bond assets.



When the interest rate is nonrandom, the additional financing portfolio vanishes, as it suffices for the HARA
investor to hold the riskless asset to finance her subsistence requirements.

We apply our theoretical decomposition to analyze the optimal portfolio allocation of investors in dif-
ferent wealth groups. We consider two HARA investors with different initial wealth levels, but coincide in
other aspects of their utility functions. We show that with hedgeable interest rate risk, the ratio of the two
investor remaining wealth, after subtracting the hypothetical bond scheme for future subsistence require-
ments, stays constant over time. Essentially, it is because the two investors hold the same CRRA portfolio in
addition to their financing portfolios. As an important consequence, the overall wealth growth rate, after all
subsistence requirements are met, is always higher for the high-wealth investor than for the low-wealth one.
This finding contributes to the studies on wealth inequality, which has drawn growing attention in recent
decades (see a review in De Nardi and Fella 2017). Specifically, it provides support to the wealth return
channel for explaining the growth of wealth inequality, and is consistent with the empirical evidence that
wealth returns are increasing in investor wealth level (Fagereng et al. 2020 and Bach et al. 2020). Our study
complements the literature in two novel aspects. First, we solve the dynamic portfolio optimization problem
for the HARA investors, thus providing a theoretical foundation for their decisions. Second, we show that
the wealth gap increases regardless of the underlying model dynamics and realized market scenarios (e.g,
bull or bear markets).

Our decomposition greatly facilitates the implementation of HARA optimal policy, which is rare in
the literature due to its analytical inconvenience. With hedgeable interest rate risk, we show that we can
conveniently obtain the HARA optimal policy from its CRRA counterpart, which is usually much easier
to compute via either closed-form solution or numerical approaches. After the CRRA policy is solved, a
straightforward Monte Carlo simulation can be used to calculate the value of the hypothetical bond holding
scheme and the additional hedging portfolio of the HARA investor, as the dynamics of the random variables
involved are explicitly given. As a benchmark, we consider a high-dimensional incomplete market model
with both stochastic interest rate and stochastic volatility. The model includes a bond asset and a stock asset.
The interest rate follows a Cox-Ingersoll-Ross process as in Cox et al. (1985), and its uncertainty can be
fully hedged by the bond asset. On the other hand, the stock price and its variance process follow the the
classical stochastic volatility model of Heston (1993). The Cox-Ingersoll-Ross-Heston stochastic volatility
and stochastic interest rate (CIRH-SVSIR) model includes two risky assets driven by three independent
Brownian motions. We solve the optimal policy in closed-form for a HARA investor under this incomplete
market model. It demonstrates the application potential of our theoretical decomposition results.

We conduct a comprehensive comparative study to reveal the wealth effect in optimal portfolio allocation.
To get fresh empirical support, we calibrate the CIRH-SVSIR model by the maximum likelihood estimation
approach in Ait-Sahalia and Kimmel (2007) and Ait-Sahalia and Kimmel (2010), which is widely used

for estimating continuous-time models. We use the SPDR S&P 500 ETF as the stock asset, and extract



the values of underlying interest rate and volatility from the US treasury yields and VIX index. With the
estimated parameters, we show that the optimal stock (resp. bond) weight increases (resp. decreases) with
the HARA investor wealth level. It is consistent with the empirical findings that the investment in risky assets
increases concavely in investor financial wealth; see, e.g., Roussanov (2010), Wachter and Yogo (2010),
and Calvet and Sodini (2014). Moreover, under the HARA utility, the optimal stock weight increases with
the investment horizon via two channels. First, longer investment horizon increases the hedging demand of
the investor. Second, with a longer investment horizon, the bond scheme for financing the HARA investor
future subsistence requirements becomes cheaper, increasing the remaining wealth allocated on the stock.
The second channel is absent under the CRRA utility.

In addition to the above static analysis, we reveal the wealth effect from a dynamic aspect by checking
how the complex market dynamics affect the optimal allocation strategy and overall investment performance
of HARA investors.” We show that under the CIRH-SVSIR model, the optimal stock weight of HARA
investors depends on the entire paths of market dynamics and exhibits a procyclical behavior unseen under
the CRRA utility. That is, the HARA investor increases (resp. decreases) her stock holding during bull
(resp. bear) markets, a pattern consistent with the empirical observations (Amromin and Sharpe 2014). Such
cycle-dependence is more significant for HARA investors with lower initial wealth levels, as their optimal
policies are more sensitive to market scenarios. Moreover, the wealth-dependent HARA utility endoge-
nously generates the time-varying risk aversion of investors: the HARA investors become more (resp. less)
risk averse during bear (resp. bull) market regimes. It contributes to the fast growing literature on investor
time-varying risk aversion and its implications in portfolio allocation. Using portfolio survey data, Guiso
et al. (2018) find that investor risk aversion substantially increases after the Global Financial Crisis. Berrada
et al. (2018) develop a model with regime-dependent risk preference and show that it can explain the excess
equity premium and volatility observed in data. Li et al. (2022) study the dynamic portfolio allocation prob-
lem with both regime-dependent return and risk aversion. They find that investors with regime-dependent
risk aversion achieve better investment performance than those with constant ones.

The wealth level of HARA investors introduces a risk-return trade-off that substantially impacts the
overall investment performance: the HARA investor with higher initial wealth invests more in the risky
asset, leading to a higher return but also more risk. We quantify such trade-off by simulating a large number
of paths under our estimated model to account for possible market scenarios. With the simulated paths
and the closed-form optimal policy, we compute ex-ante expectations of performance statistics including
excess return mean, volatility, 99% Value-at-Risk, and maximum drawdown. We find that as HARA investor
initial wealth increases by ten times from the subsistence level, the average annual excess return increases
from 12.5% to 28.4%, while the volatility increases from 14.3% to 31.6%, and the maximum drawdown

jumps from 23.3% to 42.9%. These monotonic increasing patterns are statistically significant. The huge



differences in the investment performance highlight the practical relevance of understanding the wealth
effects in delegated portfolio management.

Finally, we identify a novel market timing effect in the stock trading of HARA investors. We show that
the high-wealth HARA investors can better “time” the market than low-wealth ones as they tend to have
larger weight on the stock during the periods with higher risk premium, even after the average level of stock
weight is controlled. This market timing effect contributes to a higher Sharpe ratio of high-wealth HARA
investors. It can be explained by the interplay of the leverage effect in the CIRH-SVSIR model and the
wealth effect of HARA utility. By the leverage effect, expected stock returns are higher during bear market
regimes. However, by the wealth effect, HARA investors tend to reduce their stock position in bear markets.
Such impact is more significant for low-wealth HARA investors, making them less capable to benefit from
the higher expected returns in stressed markets. This generates a “buy-high-sell-low” channel for explaining
the variation in wealth growth rates of different investors. Such channel is empirically observed in the recent
work of Sakong (2022). It finds that poorer households consistently buy houses in booms and sell after a
boost, leading to a 60 basis points difference in expected annual returns between the first and third quartiles
of US households. We show that this channel can be potentially explained by the wealth effect in optimal
portfolio allocation.

The rest of this paper is organized as follows. Section 2 gives the model set-up and describes the fictitious
completion method in incomplete market models. In Section 3, we develop the decomposition for general
incomplete market models under CRRA and HARA utilities. In Section 4, we apply the decomposition to
incomplete market models with hedgeable interest rate risk, and establish a closed-form relation between
optimal policies under the HARA and CRRA utilities. Section 5 conducts a comprehensive comparative
study on the wealth effect using the CIRH-SVSIR model. Section 6 concludes and provides discussions.

We collect auxiliary results and proofs in the Electronic Companion.

2. Model Set-up and Fictitious Completion Method

We begin by setting up the model, the utility function, and the optimal dynamic portfolio choice problem
under a general incomplete market framework. We then briefly introduce the fictitious completion method

used to develop our portfolio decomposition results.

2.1. Model Set-up
Assume that the market consists of m risky assets and one savings account (risk-free asset). The price S;;
of risky asset 7 =1, 2, ..., m, follows the generic stochastic differential equation (SDE):



where Y, is an n-dimensional state variable driven by the following generic SDE:

In (1), W, is a standard d—dimensional Brownian motion; p,(t,y) and §;(¢,y) are scalar functions for
modeling the mean rate of return and the dividend rate respectively; o;(¢,y) is a d—dimensional vector-
valued function for modeling the volatility. In (2), «(¢,y) is an n—dimensional vector-valued function
for modeling the drift of the state variable Y;; 8(t,y) is an n x d dimensional matrix-valued function for
modeling the diffusion of Y;. We assume the existence and uniqueness of solutions to SDEs (1) and (2). The
savings account appreciates at an instantaneous interest rate r, = r(¢,Y;) for some scalar-valued function
r(t,y). The state variable Y; governs all the investment opportunities in the market through the rate of
return, the dividend rate, the volatility, and the instantaneous interest rate.

We focus on the incomplete market case where the number of independent Brownian motions is strictly
larger than the number of tradable risky assets, i.e., d > m. In this case, we cannot fully hedge the uncer-
tainty stemming from the Brownian motion by investing in the risky assets. As we will show, due to market
incompleteness, the decomposition and implementation for the optimal portfolio policy become a challeng-

ing issue. Denote the investor wealth process by X;. Then, it satisfies the following wealth equation:
dX,; = (r(t,Y) X, — c,)dt + Xy [(u(t, V) —r(t,Y,)1,,)dt + o (t, V) dW,]. 3)

In (3), the functions u(t,y) == (uy(t, ), ta(t,y), -, pn(t,y)) " and o(t,y) = (01(t,y),02(t,y),
om(t,y))" represent the mean rate of return and volatility of the risky assets. We assume the volatility
function o (t,y) has rank m, i.e., its rows are linearly independent. Besides, the scalar ¢, is the instanta-
neous consumption rate; 7; is an m—dimensional vector representing the weights of the risky assets in the
portfolio; 1,, denotes an m—dimensional column vector with all elements equal to one.

The investor maximizes her expected utility over both intermediate consumption and terminal wealth
by dynamically allocating her wealth among the risky assets and the risk-free asset, subject to the non-
bankruptcy condition. We focus on a general class of wealth-dependent utility functions: the hyperbolic
absolute risk aversion (HARA) utility. Following the convention (see, e.g., Carroll and Kimball 1996), we
formulate the optimization problem as
)

T —\1—v _
_ X —
/ we"’ti(ct . &) dt+(1 —w)e"’T—< )
0

, with X, >0forallt €[0,7], (4)
- I—v

sup F

(7t,ct)

where v > 0 is the risk aversion coefficient; w € [0, 1] is the weight for the intermediate consumption part
in the utility, and p is the discount rate. The parameters ¢, for ¢ € [0,7] and Zr represent the minimum
allowable amounts, i.e., subsistence levels, of intermediate consumption ¢; and terminal wealth X, all of

which are scalars. They are assumed to be positive and exogenously given in the optimization problem.



We allow the subsistence level for consumption ¢, to be time-varying, reflecting potential variation in the
consumption requirements over the investment horizon.

The HARA utility function (4) is defined for ¢, > ¢; and X > Zr. If it is not satisfied, we assume the
utility takes value of —oo (see Detemple and Rindisbacher 2010).The HARA utility allows for imposing
lower bound constraints on investor consumption and/or terminal wealth, which is suitable for incorporating
realistic features such as portfolio insurance, investment goal constraints, and subsistence requirements.
That said, closed-form optimal policies under the HARA utility are rare due to technical difficulties. In
addition, potential numerical methods (e.g., the Monte Carlo simulation approach in Detemple et al. 2003)
are largely deployed under complete market settings.

As a simpler and special case, the HARA utility reduces to the widely used CRRA utility when ¢; and
Z are set to zero in (4). With a CRRA utility, the investor optimization problem is formulated as:

T 7 P et
sup E [/ we ' —dt + (1 —w)e T =L —| | with X, >0 forall £ € [0, T]. ®)
(m¢,ct) 0 1- Y 1- Y

The wealth independence nature of CRRA utility brings mathematical convenience that leads to closed-
form solution of the optimal policy or significant simplifications of the optimization problem under specific
models. However, it is unable to capture the wealth effect in optimal portfolio allocation, which can be
important in realistic settings. In the following, we assume « > 1 in both the HARA and CRRA utility
functions (4) and (5), i.e., the investor is more risk averse than that with the log-utility (see Wachter 2002).

Although the subsistence levels ¢; and X are exogenously given, the HARA optimal policy cannot
be directly derived from the CRRA optimal policy via simple transformations. In particular, the optimal
policy has very different structures under the two utilities: wealth-independent under the CRRA utility and
wealth-dependent under the HARA utility. Technically, as we discuss in Section 3, the present values of ¢,
and T are still stochastic. Thus, HARA investors need to consider how to finance her future subsistence

requirements when making portfolio decisions. This makes solving the HARA optimal policy challenging.

2.2. Fictitious Completion Method

As a foundation for solving the optimal policy in incomplete market models, we briefly introduce the fic-

titious completion method in Karatzas et al. (1991). Specifically, the investor “completes” the market by

bringing in d — m fictitious assets without dividend payment. Their prices Fj;, fort =1,2,...,d —m, satisfy
the following SDE:

dF;

I =t + ol (8, Y)W, (©)

where the mean rates of returns pzft are stochastic processes adaptive to the filtration generated by the

Brownian motion ;. We can choose the volatility function o/ (¢,v) := (o] (t,y),--- ,o}_ (t,y))T of the



fictitious assets arbitrarily, as long as it has rank d —m and satisfies the following orthogonal condition with

the volatility function o (¢, y) of the real risky assets .S;:

U(t; y)Uf (t, y)T = 0m><(d—m)~ (7)

It guarantees that the fictitious and real assets are driven by different Brownian shocks, and thus completes
the market.

Combining the m real risky assets with prices S; in (1) and the d — m fictitious risky assets with prices
F; in (6), we construct a completed market consisting of d risky assets and driven by d independent Brow-
nian motions. In this completed market, we represent the prices of the risky assets, including both the real
and fictitious ones, by a d—dimensional column vector C; = (S,7, F,")T. Denote their mean return rate and
volatility by u§ = ((u(t,Y;) — (6, Y,) 7, (1)) ™) and 0°(t,Y;) = (o(t,Y;) T, 0/ (t,Y;)T) . By linear alge-
bra, the orthogonal condition (7) implies that o°(¢,y) must be nonsingular. Thus, we are now in a complete
market, where we can fully hedge the uncertainty stemming from all Brownian motions. Similar to (4) or
(5), we consider the utility maximization problem in this completed market, which allows for investing in
both the real assets S; and the fictitious assets Fj.

In the completed market, we define the total price of risk as 6} := o°(¢,Y;) ™' (u§ — r(t,Y;)14). By the

orthogonal condition (7), we can decompose the total price of risk as:
0; =0"(t,Y:) +96). (8)

Here, Hh(t, Y;) and 6} are the prices of risk associated with the real and fictitious assets, respectively. They

are both d—dimensional column vectors, defined as:
0"(t,Y:) == o (t,Y2) T (u(t, Y:) —r(t, Y:) L), (%a)

and

0y :=o! (t,Y)) " (1 —r(t,Y)La-m), (Ob)

where AT := AT(AAT)~! denotes the Moore-Penrose inverse (Penrose 1955) of a general matrix A with
linearly independent rows. The term 0" (t,Y;) in (9a) is referred to as the market price of risk, as it is fully
determined by the real assets shared by all investors in the market. The term €, in (9b), however, is purely
associated with the fictitious assets, which are specifically introduced for solving the optimal portfolio
choice problem (4) or (5) in the incomplete market. As we will show momentarily, 6" is endogenously
determined by the investor utility function and the investment horizon. Thus, in line with the literature
(Detemple 2014), we refer to 6, as the investor-specific price of risk. It plays a central role in solving the

optimal portfolio allocation problem in incomplete market models.
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With the total price of risk in (8), we introduce the state price density as

t t 1 t
£ = exp (- / (v, Y,)dv — / (05T, | / (95)T9;dv> o (10)
0 0 0
For any s >t > 0, we define the relative state price density as {, , = ¢,/¢,. By Ito’s formula, it satisfies
dé, = —&,[r(s,Yo)ds + (67) T dW,] (11

with initial value &, , = 1. The dynamics of ¢,  hinges on the unknown investor-specific price of risk 6.

In the completed market, we can solve the optimal policy (7,7} ) by the martingale approach pioneered
by Karatzas et al. (1987) and Cox and Huang (1989). We briefly discuss the general steps below and include
more details in Section EC.4.1. The martingale approach first formulates the dynamic problem (4) as a static
optimization problem. Then, we can obtain the optimal intermediate consumption and terminal wealth by
the standard method of Lagrangian multiplier. On the other hand, we express the optimal policy (7, w!")
for the completed market via the martingale representation theorem (see, e.g., Section 3.4 in Karatzas and
Shreve 1991). With the Clark-Ocone formula (Ocone and Karatzas 1991), we can further represent the
optimal policy in the form of conditional expectations of suitable random variables. See Detemple et al.
2003 for decomposition under general complete-market diffusion models and a Monte Carlo simulation
method.

We denote by 7, and 7! the optimal weights of real and fictitious assets respectively, which are m
and (d — m)-dimensional vectors. By the least favorable completion principle proposed in Karatzas et al.
(1991), the optimal policy 7, for the real assets in the completed market coincides with its counterpart in
the original incomplete market, as long as we properly choose the investor-specific price of risk #;, such that

the optimal weights for the fictitious assets are always identically zero, i.e.,
=04, forany 0 <v <T. (12)

The least favorable’ constraint (12) determines the proper investor-specific price of risk 6" and thus the state
price density &, in (10) for 0 < v <T'. Then, the corresponding optimal policy 7, of the real assets for the
completed market is also optimal for the original incomplete market. In particular, the desired ¢, satisfying
(12) and the resulting optimal policy 7, are independent of the specific choice of o/ (v,y), as long as it

satisfies the orthogonal condition (7).

3. Optimal Policy for General Incomplete Market Models

In this section, we decompose the optimal policy under general incomplete market models (1) — (2) with
CRRA and HARA utilities. We express components in the decomposition as conditional expectations of
suitable random variables. The decomposition not only reveals the structure of the optimal policy, but also

serves as an indispensable foundation for our further analysis under more concrete cases.
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We first introduce some building blocks for our decomposition. Define the scalar function Qt,T(G“) as

1 1 T PSS _1
Gor(0):=(1—w)7e™ 5 (6,0) 7 +w? / e 5 (£,,) 7 ds, (13)
t

and the d—dimensional vector-valued function #, 1 (6") as:

1

. 1 T 1
Hor(0") = (1 —w)e 5 (6.0) 7 Hor+w? / e 5 (¢,,) 7 Hyuds. (14)
t

In above, w,~, p, and T are the utility parameters given in (4) or (5); &,  is defined by (11); the term H,

is a d—dimensional column vector given by
H,, = / [Li,+L{ 05 dv+ / L}, dw,, (15)
t t

where 6 is the total price of risk in (8).

In (15), we have L}, = Dyr(v,Y,) and L} , = D,0;, which are a d-dimensional vector and a d x d-
dimensional matrix, respectively. Here D, denotes the time—¢ Malliavin derivative with respect to the Brow-
nian motion W;, which is introduced in Section EC.1.1 of the Electronic Companion. As a natural analogue
to a classical derivative, we can intuitively understand the Malliavin derivative as the sensitivity to the
underlying Brownian motion. See Appendix D of Detemple et al. 2003 for an accessible survey of Malli-
avin calculus in finance). Thus, L}, and Lfﬂ, measure the impact of a time—¢ perturbation in the Brownian
motion W, on the time—v value of the interest rate and total price of risk, respectively. By (15), the term
H, ; captures the cumulative impact over the horizon ¢ to s.

For our decomposition of the optimal policy, it suffices to view Ly , and Lf’v as standard diffusion pro-
cesses with dynamics given in Section EC.1.1. As shown in Section 4.4, they facilitate the implementation
of optimal policy. By (13) and (14), G, (") and H, +(6*) depend on the unknown process of investor-
specific price of risk 0; for v € [t, T] via the dynamics of £, , in (11). We highlight such dependence by the
form G, 1 (0") and #, (") In Section EC.4, we characterize the investor-specific price of risk ", which
also appears in the SDEs of the Malliavin derivatives, by the least favorable completion in Karatzas et al.
(1991) and the dual optimization problem in He and Pearson (1991).

The following proposition establishes the decomposition of the optimal policy for general incomplete

market models under the CRRA utility.

Proposition 1 Under the incomplete market model (1) — (2) and the CRRA utility function given in (5), the

optimal policy is wealth-independent. It can be decomposed as
7TC(t7 th) = ngw (ta Y7t) + W}é(ta Y;S)v
where the mean-variance component ©™(t,Y}) is explicitly given by

7r7cr’w(t7Yt) = ,l)/(a(t?yt)o'(t’ Y;)T)_l (:U'(tvl/;) - T(tayz-f)lm) ) (16)
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the hedge component 7" (t,Y;) follows by

r Bl (6")
Et [gt,T(gu)]

where, throughout the paper, E; denotes the expectation condition on the information up to time t; g},T(e’“)

() == (1) (o(e. 1)) , an

and 7:[t7T are defined in (13) and (14), respectively. With w > 0, the optimal consumption and wealth-

consumption ratio are given by

1 _pt
wye v

" EGr(6")]

The investor-specific price of risk 0, under the least favorable completion is also wealth-independent. It is

X, and ¢o(t,Y;) =w e E,[G,.r(6")]. (18)

Cy

characterized by the following equation:

0" (O'(U,Yv)+0'(v,Y;)) — Id) (1-7)

v —

) (19)
where 1, is the d—dimensional identity matrix.

Proof. See Section EC.4.2. O

Proposition 1 provides a decomposition of the optimal policy under CRRA utility (5) for general incom-
plete market models. It follows by applying the least favorable completion approach and then simplifying
the results using the special structure of the CRRA utility. The optimal policy 7 (¢,Y;) is decomposed into
two components. The first component 73¥ (¢, Y;) is the mean-variance component. As reflected by the right-
hand side of (16), it equals the product of the inverse covariance matrix (o (¢,Y;)o(¢,Y;) ") ™! and the excess
return u(t,Y;) — r(¢,Y;)1,,, and further divided by the investor risk aversion level . The mean-variance
component is “myopic” under the CRRA utility, as it is independent of the investor horizon and future
market state. The second component 7/, (¢, Y;) is the hedge component for future investment opportunities.
It can be further decomposed into two parts, which hedge the uncertainty in interest rate and price of risk
respectively (see, e.g., Detemple et al. 2003). As our study focuses on the wealth effect in optimal portfolio
allocation, here we do not separate the two hedge components in (17) to ease exposition.

The decomposition in Proposition 1 clearly reveals the wealth-independent property under the CRRA
utility, which is widely noticed in the literature under both general set-up and specific models (e.g., Wachter
2002, Detemple et al. 2003, Liu 2007). The wealth-independent property of the CRRA utility is reflected
by two aspects. First, the wealth level X; does not appear in the components (16) — (17) as well as the
wealth-consumption ratio (18). Second, as we show in Section EC.4.2, the functions Gt,T(H“) and ﬁt,T(Q“)
in (17) and (18) are also wealth-independent under the CRRA utility, ensuring the wealth level X; does not
affect the optimal policy implicitly via them. It is essentially because the investor-specific price of risk 0,
does not depend on investor wealth under the CRRA utility, which can be verified by (19).

Next, the following theorem establishes the decomposition of optimal policy under the HARA utility (4)

for general incomplete market models (1) — (2).



13

Theorem 1 Under the incomplete market model (1) — (2) and the HARA utility (4) with both terminal
wealth and intermediate consumption (i.e., w € (0,1)), the optimal policy is given by 7y (t,X;,Y;) =

7n(t, Xy, Yy) + 7l (¢, Xy, Yi). The mean-variance component w° (t, X,,Y;) satisfies

X
T (8 X0, Ye) = ol (4 Y)), (20)
t

where " (t,Y;) is the CRRA mean-variance component in (16); X, is given by
Xt = Xt - Zt,T (21)

with -
Zyr=TrE [ 1] + / ¢, E; [¢,,] ds. (22)
t
The hedge component " (t, X, Y;) follows by:

T (4 X0, Ye) = = (a(t, Y1) T) —(o(t,Y)")" (23)

Xt Et[gt,T(eu)] Xt ’
where ¥ (t,X,,Y;) is a d—dimensional column vector, defined as:
T
U(t, X, Y)) :=arE, [ft,THt,T] +/ c. b, [ft,sHt,s] ds. (24)
t
The optimal consumption is given by
1 _pt

w e o _

Cy = Et Xt. (25)

TG (0")

The functions QNLT(HU), 7:[75,T(0“), and H, ; are still defined by (13), (14), and (15) respectively, except
that we now plug in the investor-specific price of risk 0,, for the HARA investor. It is characterized by the

following equation:

Eior O % g, x, 1)) 26)

0 = (oY) oo Y) = L) | (A=) oz i — X,

which also depends on investor wealth X,. In the case with only terminal wealth (resp. intermediate con-
sumption) in (4), the above results still follow except for dropping the terms related to ¢, (resp. Tr) in (22)
and (24).

Proof. See Section EC.4.3. O

Theorem 1 develops a decomposition of optimal policy under HARA utility for general incomplete mar-
ket models, which is novel in the literature. Importantly, it reveals how the investor wealth affects the
optimal policy when we move from the wealth-independent CRRA utility to the wealth-dependent HARA

utility. In general incomplete market models, the investor wealth level X; impacts the optimal policy under
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HARA utility via two channels. First, by (20) and (23), the wealth level explicitly appears in both the mean-
variance and hedge components via the multiplier X,/X,. Second, under the HARA utility, the investor-
specific price of risk 0 becomes wealth-dependent. It can be seen by Equation (26), as a wealth-related
term YV (v, X,,Y,)/X, is now involved in the right-hand side. Economically, it means that the fictitious
assets used by the HARA investor to complete the market is impacted by her wealth level. Then by (10),
(13), and (14), the state price density £, , and the functions Gi.r(0") and H, (") also depend on investor
wealth under the HARA utility. Thus, the fictitious completion introduces an implicit channel for the wealth
level to affect the HARA optimal policy. It strongly contrasts with the optimal policy under the CRRA
utility, in which the investor-specific price of risk and the building blocks are all wealth-independent.

To interpret the structure of optimal policy under the HARA utility, we first focus on the term Z;
in (22). By He and Pearson (1991), the conditional expectation F; [fm] is the time—¢ present value of a
unit payment at time s under the equivalent martingale measure characterized by the process 6. As such,
the term Z, r in (22) represents the present value at time ¢ of all future subsistence requirements of the
HARA investor, including the parts for both the terminal wealth, Zr F, [gt,T], and intermediate consump-
tion ftT ¢, E, [, ,] ds. Then, X, = X, — Z, 1 is the HARA investor remaining wealth after she first sets
aside Z, r amount of her wealth to satisfy future subsistence requirements. When there is no subsistence
requirement, i.e., with Zr = 0 and ¢, = 0, the term Z, 1 vanishes under the CRRA utility.

We have the following observations on how the HARA optimal policy in Theorem 1 differs with its
CRRA counterpart in Proposition 1. First, by (20) , the mean-variance components 75" (¢, X;,Y;) and
7hv(t,Y;) satisfy a simple ratio relationship with a wealth-related multiplier X;/X; =1— Z, 7/ X;. It can
be interpreted as follows. The HARA investor first sets aside Z;  amount of her wealth to satisfy her future
subsistence requirements. Then, she constructs the mean-variance component for her portfolio using the
remaining wealth X, just like a CRRA investor. Such a structure reflects the complete intolerance for vio-
lation of subsistence requirements under the HARA utility. In light of the relationship for mean-variance

components in (20), we define an equivalent relative risk aversion level for HARA investors as

-1
v Xy Zyr
X)) i=—— = 1—— . 27
vt = Tt = (1-%2) @
Then by (16) and (20), we have
Ty (6, X, Yy) = &Wm”(t V) = ;(U(t Y)o(t,Y:) )7 (u(t,Ye) =7 (t, Vo) L) -
’ ’ Xt C ’ '7H(Xt) ’ ’ ) 9

That is, the mean-variance component of a HARA investor with wealth X, and relative risk aversion -~y
coincides with that of a CRRA investor who has a relative risk aversion of 7y, (X;). Thus, v (X};) captures
how the wealth level affects the risk aversion of the HARA investor. A similar measure is also used in

Detemple and Rindisbacher (2010) for analyzing the HARA optimal policy under complete market models.
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Next, we compare the hedge components 7% (¢, X;,Y;) and % (¢,Y;) under the two utilities. Unlike the
mean-variance component, the hedge component is more complicated under the HARA utility. By (17) and
(23), we see the HARA hedge component differs from its CRRA counterpart in three aspects. First, the
first term in 7% (¢, X,,Y;) includes the wealth-related multiplier X,/X,, which can be interpreted in the
same way as that for the mean-variance component. Second, the hedge component 7% (¢, X;,Y;) includes
an additional term (o (t,Y;)")"W(t, X;,Y;)/X; under the HARA utility. As discussed in Section EC.4.3,
this additional term essentially hedges the uncertainty in the present value of investor future subsistence
requirements Z; 1. Accordingly, it vanishes under the CRRA utility when Zr = 0 and ¢, = 0. Finally, the
functions G, 1-(8") and H, r(6"*) in HARA hedge component (23) can be wealth-dependent and thus may
differ from their CRRA counterparts in (17). It is essentially because the investor-specific price of risk 6,
may differ for CRRA and HARA investors in general incomplete market models.

By (25), the optimal consumption under the HARA utility contains two parts. The first part is the sub-
sistence requirement for intermediate consumption ¢;, which must be satisfied under the HARA utility. The
second part is the “surplus” consumption based on the remaining wealth X, after subtracting the present
value of all future subsistence requirements. By (25), we can write the wealth-consumption ratio under
HARA utility as ¢ (¢, X;,Y;) = X, /¢, It is also wealth-dependent, which contrasts with the CRRA utility.

By (19) and (26), the investor-specific price of risk satisfies an integral-type equation system, in which
the whole process of 6, is involved. As shown in He and Pearson (1991), it can also be characterized by a
complex second-order quasilinear PDE, which includes multiple products and quotients of first order partial
derivatives of the unknown wealth process (Theorem 7 therein). Note that if we can solve 6, explicitly, then
the existence of solution to (19) or (26) is proved by construction. This is the case for the CIRH-SVSIR
model used in our comparative analysis (see Section 4.4). For general models, we discuss the existence
results for (19) or (26) at the end of Section EC.4.3 of the Electronic Companion. We refer to Section 4 of

He and Pearson (1991) for sufficient conditions on the existence of solution.

4. Incomplete Market Models with Hedgeable Interest Rate Risk

In the previous section, we have established the decompositions of the optimal policy under HARA and
CRRA utilities for general incomplete market models. The decompositions clearly demonstrate the struc-
tural impact of the wealth-dependent HARA utility on the optimal portfolio choice. However, the complex
structure of the optimal policy makes it difficult to conduct further analysis. In the following, we proceed
to a specific, but highly flexible class of incomplete market models, in which the interest rate risk is fully
hedgeable by the risky assets. We show that in this case, the optimal policies under the HARA and CRRA
utilities have a closed-form relationship with intuitive economic interpretations.

We begin by setting up the models considered in this section. Suppose that the state variable Y; can be

separated to two parts Y; = ((Y;)",(Y,°)") ", where Y, (resp. Y;°) is an n, (resp. n— n,) dimensional



16

column vector. We assume the interest rate only depends on the state variable Y,” but not Y,°, i.e., r; =
r(t,Y;"). Thus, Y, is the state variable governing the interest rate, while Y, controls the other aspects of
investment opportunities. Accordingly, suppose we can decompose the d—dimensional Brownian motion
W, into two parts W, = (W/)",(Wp)")T, with W/ (resp. W{) being a d, (resp. d — d,) dimensional

standard Brownian motion. We assume the interest rate-related state variable Y," satisfies the generic SDE:
ay; =ao"(t,Y,)dt+ 5" (¢, Y, )dW/, (28)

for an n,—dimensional vector-valued function o’ (¢,y") and an n,. x d,—dimensional matrix-valued function
B"(t,y"). By (28), Y;" is Markovian in itself and driven only by the d,—dimensional Brownian motion W;".
Thus, the innovation in the interest rate r(¢,Y,”) only depends on the Brownian motion W, but not Wy.

On the other hand, the second state variable Y, follows the generic SDE:
dY? =a°(t,Y,)dt + 5°(t, Y;)dW,, (29)

for an (n — n,)-dimensional vector-valued function a°(¢,y) and an (n — n,) X d-dimensional matrix-
valued function 5°(¢,y). The dynamics of Y,° can depend on the full state variable Y; and the d—dimensional
Brownian motion W,.

In addition, suppose the m risky assets in the market can be decomposed into two sets S, =
(ST, (ST, with SV and S including d, and m — d, risky assets. For the assets in S\, we

assume their prices follow the SDE:

= (&Yt + o) (Y ) AW, fori=1,2,..,d,; (30)

where ;") (¢,y") is a scalar function for modeling the mean rate of return; o\" (¢,y") is a d,-dimensional
vector-valued function for modeling the return volatility. Thus, the dynamics of the asset prices in St(l) only
hinge on the interest rate-related state variable Y,” and the Brownian motion W;". For the remaining m — d.,

risky assets in St(z), their prices satisfy the dynamics:

=2, Y,)dt + 0P (&, Y,)dW,, fori=1,2,...,m—d,, 31)

with scalar mean return function u§2)(t, y) and d-dimensional vector-valued volatility function 0,52) (t,y).

As such, their price dynamics can depend on the full state variable Y; and Brownian motion W;. To ease
exposition, we call assets in Sél) as the bond assets since they only involve the uncertainty in the interest
rate process, and assets in St(z) as the stock assets in the market.

Since the market has d,. bond assets with returns driven by d,. independent Brownian motions in W/,

the uncertainty in the interest rate r(¢,Y;") can be fully hedged by investing in these bond assets. Thus, the
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market for interest rate risk is complete, although the full market is not. With the bond assets, the market

price of interest rate risk can be uniquely determined as:
er(t’ YY) =o (t’ 1/tr)_l (M(l) (tv YT) - T(t’ 1/tr)ldr)v (32)

which is a d,—dimensional column vector. On the other hand, the stock market is still incomplete, as the
uncertainty in W, cannot be fully hedged. Thus, the investor still has to “complete” the market with fictitious
assets when solving the portfolio allocation problem. We describe the least favorable completion under this
set-up in Section EC.5.1. The above setting directly includes the models with nonrandom interest rate, under
which we do not need the bonds to hedge the interest rate risk, i.e., n, =d, = 0.

Although we assume a complete market for interest rate risk, the class of model we consider is general
and flexible since we do not impose any assumptions on the dynamics of state variables and asset prices.
Besides, the stock market is allowed to be incomplete with unhedgeable risk. The set-up in (28) — (31)
covers a wide range of classical models in the literature, such as the CIR model and the Heston stochastic
volatility model in Liu (2007), the mean-reverting return models in Kim and Omberg (1996) and Wachter
(2002), and the stochastic volatility model in Moreira and Muir (2019).

We now proceed to establish the decomposition of HARA optimal policy under the set-up in (28) — (31).
With a complete market for interest rate risk, the value of a zero-coupon bond (ZCB hereafter) with a given
maturity can be fully determined by the absence of arbitrage principle. It is because the payoff of a ZCB
can be perfectly replicated by investing in the savings account and the bond assets in the market. Denote by
B, the time—¢ price of a ZCB with unit face value that matures at time s. We first establish the following

proposition, which plays an indispensable role for decomposing the HARA optimal portfolio.

Proposition 2 Under the set-up in (28) — (31) where the market for interest rate risk is complete, we have

i€, ] = Bis = Ei[n; ], (33)

where n; , is defined as:

S S 1 S
;.. = exp (—/ 7, dv —/ (HZ)TdWJ - 2/ (HZ)TGZdv> , (34)
t t t

with 0, =0"(v,Y.") in (32). The ZCB price B, s satisfies the following dynamics:

r v

dBy s
Bt,s

= pp (8, Y, 8)dt + o (8, Y] )dW] . 35)

The expressions of the drift g (t,Y,";s) and volatility op(t,Y,";s) are explicitly given in (EC.5.4) and
(EC.5.5) of Section EC.5.2. They do not depend on the investor-specific price of risk.
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Proof. See Section EC.5.2. O

Proposition 2 reveals the role of hedgeable interest rate risk in solving the HARA optimal policy. As
discussed in Section 3, the dynamics of state price density &, . in (11) hinges on the investor-specific price
of risk 6, in general incomplete market models. Thus, its conditional expectation F,[¢, .] may vary for
different investors. However, with a complete market model for interest rate risk, we show that F,[¢, .| can
be uniquely pinned down by the ZCB price B, ,, regardless of the investor utility function. Its economic
interpretation is as follows. Recall that [;[{, .| represents the time—¢ present value of one unit payment
at time s under the equivalent martingale measure determined by the investor-specific price of risk. When
there is a complete market for interest rate risk, we can perfectly replicate this payment by investing in the
bond assets with an initial cost of B, ; at time ¢. Thus, the present value F; [§tys] equals the ZCB price B; .
Moreover, the dynamics of B, , is explicitly given by (35), which is independent of the investor-specific

price of risk.

4.1. Economic Structure of HARA Optimal Policy

With the above preparation, the following theorem presents our main results on the decomposition of the

HARA optimal policy under a complete market for interest rate risk.

Theorem 2 Under the set-ups in (28) — (31) where the market for interest rate risk is complete, the investor
specific price of risk 0, coincides for HARA and CRRA investors with the same utility parameters w, p,~,
and T in (4) and (5). The HARA optimal policy is given by wy(t, X,,Y,) = 730 (t, X,, Y,) + 74 (t, X, Yy),
where

ﬂJan(uXh}/;ﬁ) =5 <t7}/t) (36)

muv

Here 3" (t,Y}) is the optimal mean-variance component for the corresponding CRRA investor with T =

¢s =0 in (4). The remaining wealth X, is given by X, = X, — Zy 7 with
T
Zyr=TrBir +/ ¢sBy sds, forwe (0,1). (37)
t
The hedge component follows by:

X 1 (Mgt Y,
i (6 X0 Y) = o (6 Yo + 5 ( Sidf)» (38)

where 7w (t,Y) is the optimal hedge component for the CRRA investor; 1 (t,Y,") is a portfolio consisting

solely of the d,. bonds, given by

T
Hp(t,Y)) = (a<1>(t,Y[)T)’1 <xTBt,ToB(t,§7;T)T+ / cth,SaB(t,W;s)Tds), (39)
t
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where o(t,Y:; s) is the instantaneous volatility of the bond return in (35). The optimal consumption for

the HARA investor is given by

Ct:Et+Xt/¢C(t)}/t)7 (40)

where ¢ (t,Y}) is the wealth-consumption ratio of the CRRA investor. In the case with only terminal wealth
(resp. intermediate consumption) in (4), the above results still follow except for dropping the terms related

to ¢, (resp. Tr)in (37) and (39).

Proof. See Section EC.5.3. O

Theorem 2 establishes a novel decomposition of the HARA optimal policy for the models where the
interest rate risk is fully hedgeable. We can make the following observations on its structure, which show
how the general decomposition in Theorem 1 simplifies under hedgeable interest rate risk.

First, the amount of wealth Z, 1 to satisfy the investor future subsistence requirement, as given by (22) for
general models, can be explicitly determined by (37) as the value of a hypothetical bond holding scheme.
The bond holding scheme consists of X1 shares ZCBs maturing at 7" and a continuum of ¢, ds shares ZCB
maturing at s for all s € [t,T]. Notice that the payments from this bond holding scheme exactly finance the
subsistence requirements of the HARA investor by (4). It is not surprising as with a complete market for
interest rate risk, a ZCB that delivers a unit payment at any time s > ¢ can be perfectly synthesized by the
savings account and the d,. bond assets in the market. Thus, the present value of a fixed amount of future
payment can be uniquely determined by the no-arbitrage principle. It leads to the expression of Z; 1 in (37).

Second, as a key component for solving the HARA optimal policy, we show that with a complete market
for interest rate risk, the investor-specific price of risk 6, under HARA utility coincides with its CRRA
counterpart, thus is also independent of the investor wealth level. To prove this, we apply the dual problem
method in He and Pearson (1991), which characterizes the investor-specific price of risk by an optimization
problem (see Haugh et al. 2006 for using the duality approach to evaluate the performance of different
policies). With the same investor-specific price of risk, the HARA investor completes the market using the
same fictitious assets as the corresponding CRRA investor. It guarantees that the state price density , .
as well as the functions G, (") and H, r(6") in (13) and (14) are the same under the two utilities. This
simplification is indispensable for developing the relationship between the optimal policies in (36) — (38).

Third, the mean-variance components of the CRRA and HARA satisfy a ratio relationship by (36).

X _

With Z, ;- given by (37), we can explicitly calculate the wealth-related multiplier X, /X, as x=1-

1

_ T _ . . .
X (xTBt,T + ft cSBt,Sds), which increases concavely in investor current wealth X; and approaches one

as X; goes to infinity. For the mean-variance component, the HARA investor first holds the hypothetical

bond holding scheme to finance her future subsistence requirements, then allocates the remaining wealth
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X, exactly as a CRRA investor. It corroborates the interpretation discussed after Theorem 1. In addition,

the equivalent risk aversion v, (X;) in (27) specifies to

-1

1 T
Yu(Xi) =7 [1 X <i‘TBt,T —I—/ Ethysds)] ) 1)
t

t
Clearly, v, (X;) is high (resp. low) when the HARA investor wealth level is low (resp. high). It is consistent
with the empirical observations that investor risk aversion tends to be low (resp. high) in the bull (resp. bear)
market (see, e.g., Berrada et al. 2018 and Li et al. 2022). Moreover, (41) suggests that under the wealth-
dependent HARA utility, the fluctuation in investor wealth can generate time-varying risk aversion, which
is fully absent under the CRRA utility.

We then look into the HARA hedge component 7% (¢, X;,Y;). By (38), we can further decompose
7l (t, X;,Y;) into two parts. The first part (X, /X, )72 (¢,Y;) scales the CRRA counterpart 7l (¢,Y;) by the
multiplier X,/X,. Thus, it can be interpreted in the same way as for the mean-variance component. The
second part, given by — (o (¢,Y;)") "¥(¢, X;,Y;) in (23) for general incomplete market models, can now be
explicitly calculated as II(¢,Y;") in (39) under the assumption of hedgeable interest rate risk. This term
only depends on the market state variable Y;" but not investor current wealth X;. It is a portfolio purely of
the d,. bond assets. As discussed momentarily, its role is to replicate the dynamics of the hypothetical bond
holding scheme that exactly finances the future subsistence requirements.

From an economic aspect, we can view relationship (36) and (38) as a decomposition of the HARA
policy that separates the roles of the state variable Y, and the investor wealth level X;. The state variable
Y; impacts the optimal policy via the CRRA policies 772" (¢, Y;) and 7l (t,Y;), as well as the bond portfolio
II5(t,Y;"). On the other hand, the investor wealth level X, impacts the optimal policy only via the ratio
X, /X, and the denominator 1/X; in (38). In the limit as wealth X, goes to infinity, the HARA policies
7 (t, X,,Y;) and 7% (t, X,,Y;) converge to their CRRA counterparts, with X, /X, increasing to one and
1/ X dropping to zero.

In light of the bond-stock set-up in (30) and (31), we can also decompose the optimal portfolio as
T (t, Xy, Yy) = (2?70 T “where 70" and 75" denote the optimal policy on the bond and

stock assets, respectively. Then, it is easy to verify

(stock) Xt (stock

X p(t,Y))

bond t _(bond B\l,

i =X, ) and 7T(H ) = —tw(c )+7tt, (42)
where ﬂ(cStOCk) and W(C?O"d) denote the optimal policies of a CRRA investor. That is, the HARA investor

invests in the stocks exactly as a CRRA investor based on the remaining wealth X,. However, her bond
portfolio has an additional term I15(¢,Y;")/X;, which is used to synthesize the hypothetical bond holding
scheme for the subsistence requirement.

Finally, (40) decomposes the optimal consumption ¢; under the HARA utility into two components. The

first part is the subsistence requirement ¢;, which must be satisfied under the HARA utility. The second
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part X;/¢~(t,Y;) coincides with the optimal consumption level of a CRRA investor with wealth level X,.
Thus, the HARA investor first consumes the subsistence requirement ¢, then makes additional consumption
based on her remaining wealth X, just as a CRRA investor. We can verify that the wealth-consumption
ratio ¢, (¢, X;,Y;) = X;/c, under HARA utility is higher than its CRRA counterpart ¢ (t,Y;) if and only
if Z,r > ¢po(t,Yy), i.e., the present value of future subsistence requirements Z;  is high relative to the
current consumption threshold ¢;.

Next, the following proposition shows that we can decompose the optimal portfolio of HARA investors

into a financing sub-portfolio and a CRRA sub-portfolio.

Proposition 3 Under the set-ups in (28) — (31) where the market for interest rate risk is complete, the
HARA investor optimal portfolio can be decomposed into two parts. The first one is a financing portfolio

that exactly delivers the future subsistence requirements. It starts with initial wealth
X(gfinan) _ Z()yT, (43)

with Zy 1 given by (37). For the financing portfolio, the investor consumes at rate ¢, for t € [0,T] and

invests in the d, bonds according to the policy
ﬂ_gfinan) _ HB(t,l/;T)/Xt(ﬁnan), (44)

where ILg(t,Y,") follows by (39). The terminal wealth from the financing portfolio satisfies X\/'""*™ = Z.

The second portfolio is a CRRA optimal portfolio that starts with initial wealth
X(gcrra) _ Xo _ X(gfznan) _ XO _ ZO7T-

For the CRRA porifolio, the investor consumes at rate X\ /¢ (t,Y,) for t € [0,T] and invests in both

the bonds and stocks following the CRRA optimal policy ¢ (t,Y;).

Proof. See Section EC.5.4. |

Proposition 3 reveals that the HARA optimal portfolio can be decomposed into two separate sub-
portfolios. The first one is a financing portfolio. It invests in the bond assets only and delivers the pay-
ments that exactly match the subsistence requirements on intermediate consumption and terminal wealth
over the future investment horizon. The investment policy for the financing sub-portfolio is given by
z(t,Y))/ Xt(f mam) - As shown in the proof, the value of the financing sub-portfolio always coincides with
the hypothetical bond holding scheme, i.e., Xt(f inan) Z, r forallt € [0, T]. Thus, the role of the additional
term I15(¢,Y;") in (38) is to replicate the dynamics of the hypothetical bond holding scheme, which is only

possible when the market for interest rate risk is complete. The second sub-portfolio is a pure CRRA optimal
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portfolio based on the investor remaining wealth X,. The HARA investor consumes the minimum require-
ment ¢;dt from the financing portfolio, and consumes like a CRRA investor from the CRRA portfolio. It
further reveals the economic structure of the HARA optimal portfolio.

Finally, we show that the decomposition of HARA optimal policy can be further simplified under non-
random, but possibly time-varying, interest rate. To save space, we discuss the results in Section EC.1.2
of the Electronic Companion. In this case, the additional term I1z(¢,Y;") in the HARA hedge component
7h (t, X,,Y;) disappears in (38), as the HARA investor no longer needs to hedge the uncertainty in the
interest rate. As shown in Proposition EC.1, the optimal HARA policy is parallel to its CRRA counterpart
with: ~

ot X, V) = %m(t, Y)). (45)

t

It implies that we can decompose the portfolio allocation problem for a HARA investor into two stages
under nonrandom interest rate: the composition of the risky asset portfolio (i.e., m¢(¢,Y;)) and the wealth
proportion allocated to this portfolio (i.e., X;/X;). The HARA investor current wealth level and future
subsistence requirements only affect the second stage, but not the first one. We can interpret such a decom-
position as a “two-fund separation theorem” for HARA investors, which is originally proposed under the
Markowitz mean-variance framework in Tobin (1958). In our case, it is driven by the wealth effect under

the HARA utility.

4.2. HARA Investors with Heterogeneous Initial Wealth

In this section, we apply our theoretical decomposition to analyze the portfolio allocation of heterogeneous
investors. We consider a novel aspect of investor heterogeneity: HARA investors with different initial wealth
levels. Our findings complement and contribute to the empirical studies on how wealth impacts investor
investment behaviors (see, e.g., Wachter and Yogo 2010, Calvet and Sodini 2014). Importantly, we provide
a rigorous micro-foundation for these empirical researches using the optimal decision from the investor
utility maximization problem.

In the following, we assume the market for interest rate risk is complete, as in the set-ups (28) — (31).
Consider two HARA investors with different initial wealth levels. The high-wealth HARA investor has
an initial wealth of Xéh), and the low-wealth HARA investor has an initial wealth of Xél) with Xél) <
X(gh). The two investors have the same utility parameters in (4), including investment horizon 7', weight
on consumption w, utility discount level p, and risk aversion coefficient . Besides, we assume they have
the same subsistence requirements on their consumption and terminal wealth, i.e., with same Zr and ¢; for
all ¢.® This set-up isolates the impact of initial wealth level on the optimal portfolio allocation of the two
HARA investors. By Theorem 2, the two investors will have the same (CRRA) optimal policy when their

wealth levels increase to infinity.
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We investigate how the wealth processes Xt(l) and Xt(h) differ for the high- and low-wealth investors. As
a benchmark, we first consider two CRRA investors with initial wealth X, éh) and X, él). Under CRRA utility,
the optimal policy 7 (¢,Y;) and wealth-consumption ratio ¢ (t,Y;) are the same for the two investors. By

(3), we can verify they have the same instantaneous return of wealth d X,/ X,. It leads to
XM x = x ) xg (46)

for all ¢, i.e., the wealth ratio of the two CRRA investors stays constant over time.

For HARA investors, the relationship in (46) does not hold since their optimal policy 7 g (¢, X;,Y;) and
wealth-consumption ratio ¢, (¢, X;,Y;) are wealth-dependent. Thus, the instantaneous wealth return rate
may vary for the two HARA investors. However, we can show that a similar relationship holds for the
remaining wealth of the two HARA investors, i.e., the amount of wealth after subtracting all future subsis-

tence requirements. It is summarized in the following proposition.

Proposition 4 Under the set-ups in (28) — (31) where the market for interest rate risk is complete, the ratio
of the remaining wealth Xt(h) e Xt(h) — Zyr and Xt(l) = Xt(l) — Z, 1 of the high- and low-wealth HARA

investors stays constant over time:

X(h) X(h) _7 X(h)
L= LSS s vt [0,T], (47)
x0T xP-zor X!

where Z, r is defined by (37). Moreover, the difference in their wealth growth rates, after all subsistence
requirements are subtracted, is explicitly given by

o (h) v (D)
XO XO XOL XO

The difference is always positive and only depends on the initial wealth levels, investment horizon, and

1
T

1
T

subsistence requirements.

Proof. See Section EC.5.5. O

Proposition 4 states that when the interest rate risk is fully hedgeable, the ratio between the remaining
wealth of the two HARA investors, X t(h) /X t(l) , stays constant over time. We emphasize that this result holds
regardless of the specific model dynamics (28) — (31) and the random realization of market scenarios (e.g.,
bull and bear regimes). Thus, it establishes a model-free relationship between the wealth processes of the
two HARA investors. This relationship can be interpreted as follows based on our decomposition results.
By Proposition 3, with hedgeable interest rate risk, the HARA optimal portfolio can be decomposed into
a financing portfolio and a CRRA portfolio. For the two investors, their wealth allocated on the CRRA
portfolio at time ¢ is exactly given by Xt(h) and Xt(l). On the other hand, by the discussion for (46), the

growth rates of their CRRA portfolios are always the same. Thus, the ratio )_(t(h) / Xt(l) stays constant over
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time. When there is no subsistence requirement, i.e., Zr = ¢; = 0 in (4), we have Z, 7 =0 by (37) and the
relation (47) reduces to (46) under the CRRA case.

The relationship in (47) has direct implication on the wealth gap of the low- and high-wealth HARA
investors. To see this, we measure the HARA investor wealth growth rate using the terminal remaining
wealth after all subsistence requirements are satisfied. Equation (48) then shows that the wealth growth
rate is always higher for the high-wealth investor, i.e., In(X{" /X{") > In(X{" /X {"). Moreover, we can
explicitly calculate the difference by the right hand side of (48), which again does not depend on the under-
lying model dynamics and market scenarios. Consequently, the gap in the two investor terminal remaining
wealth becomes larger than that of their initial wealth, i.e., X;h) / X¥ ' x (M / X_". The magnitude of such
effect can be substantial. For example, consider two HARA investors with initial wealth Xéh’) =10° USD
and X, él) =5 x 10° USD. Suppose the total subsistence requirement is Z, 7 = 10° USD and the investment
horizon is five years for both. By (48), the difference in their annualized wealth growth rates would be 2.4%,
which is economically meaningful.

The above results suggest that the existence of subsistence requirements, which distinguishes HARA
from CRRA utility, puts the low-wealth investor in a disadvantageous position and leads to a larger wealth
gap at the end of investment horizon. That is, the high-wealth HARA investor always enjoys a higher wealth
growth rate from optimal portfolio allocation. Such pattern is consistent with the empirical findings (e.g.,
Fagereng et al. 2020 and Bach et al. 2020). The wealth effect in optimal portfolio allocation contributes to
the wealth return channel for explaining the wealth inequality. As a highlight of our study, the increase in
wealth gap shown in Proposition 4 holds regardless of the underlying model dynamics or market scenarios.

In Section EC.1.2, we further investigate how the optimal portfolio differs for the two HARA investors
under the special case of nonrandom interest rate. Denote the optimal policies of the high- and low-wealth
investors by 7r§h) and ﬂgl), respectively. We find that the ratio of their optimal portfolios, i.e., the amount of

wealth allocated on the risky assets, stays constant over time, i.e.,

17 (h)X(h) X(h) -z
mlt Dt = 20 20T e 0,7). (49)
L,m X Xo' = Zor

Again it holds regardless of the underlying model dynamics and market scenarios, as long as the interest

T

m

rate is nonrandom. Furthermore, we show that the optimal policy ratio 1,T,L7r§h) /(1 TFEZ)) is larger when the

interest rate is low or the investment horizon is short, i.e.,

0 1T7T§h)> 0 <1T7T§h)>
— | = <0 and —|[-=Z <0.
or ( Ly or \ 15

Intuitively, a lower interest rate or shorter investment horizon makes the bond holding scheme more expen-

sive, thus decreasing the weights on risky assets of both HARA investors. However, such effect is larger
for the low-wealth investor, as her subsistence requirement is more binding. It enlarges the gap between
the optimal policies from the two investors. To save space, we discuss the results in more details in Section

EC.1.2 of the Electronic Companion.
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4.3. Discussion on Complete Market Models

In this section, we briefly discuss the decomposition of HARA optimal policy under complete market mod-
els, i.e., the number of risky assets equals the number of Brownian motions. In this case, the innovations in
both the interest rate and market price of risk can be fully hedged by the risky assets in the market. Thus,
the investor do not need to complete the market with fictitious assets. The state price density &,  in (11)
simplifies to

dé, o= —E,[r(s,Y.)ds +6"(s,Y,) TdW], (50)

which is explicitly determined by the risk-free rate (s, Y;) and market price of risk 6" (s,Y,). Then, the
building blocks G; 7, H; 7, and H; , in (13) - (15) can be defined accordingly by plugging in §, . with above
dynamics and replacing the total price of risk 6; by the market price of risk 0’ "(t,Y;) in (9a) for real assets.
In complete market models, the investor-specific price of risk 8" is not involved. Thus, the building blocks
are the same for all investors regardless of their wealth and utility.

Technically, we can view the decomposition under complete market models as a special case of our
incomplete market results with the above simplifications. Thus, our main decompositions in Proposition 1
and Theorems 1 and 2, the economic implications in Propositions 3 and 4, as well as the insights from the
comparative analysis in Section 5, all hold under complete market models. However, there is a fundamental
difference that highlights the challenges brought by the market incompleteness. In general incomplete mar-
ket models, the decompositions hinge on the unknown investor-specific price of risk 6. It is characterized
by a very complex forward-backward integral-type equation like the ones in (19) and (26), and may depend
on investor’s wealth and utility function. It makes solving the optimal policy under incomplete market
models much more challenging than for complete market models (see, e.g., Detemple 2014).

The structure of HARA optimal policy is briefly analyzed in Detemple and Rindisbacher (2010) for com-
plete market models. They develop a decomposition of optimal portfolio under the numeraire that uses
discount bonds as account units. We emphasize that our decompositions and subsequent analysis are not
simple extensions of the complete-market results. When the market is incomplete, the investors need to
complete the market using fictitious assets. As we discussed following Theorem 1, the CRRA and HARA
optimal policies cannot be directly related in general incomplete market models, as the unknown investor-
specific price of risk ¢, for the fictitious assets may differ for the CRRA and HARA investors. Under the
assumption that interest rate risk is fully hedgeable, we circumvent this obstacle by combining the dual
problem method in He and Pearson (1991) and the least favorable completion method in Karatzas et al.
(1991) (see the proof in Section EC.5.3). This technical contribution is essential in handling the market
incompleteness and allows us to obtain the closed-form relationship between the CRRA and HARA opti-
mal policy. Moreover, we apply our closed-form decomposition to reveal the wealth effects in the optimal
portfolio allocation of HARA investors. These are fully absent in the work of Detemple and Rindisbacher

(2010).
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4.4. Implementation of HARA Optimal Policy

The decomposition developed so far not only reveals the economic structure of the HARA optimal portfolio,
but also facilitates the implementation of the HARA optimal policy under specific models. In the literature,
the study of optimal portfolio allocation under the wealth-dependent HARA utility and stochastic market
environment is relatively rare, as the corresponding optimal policy is usually hard to solve. Our decompo-
sition results provide a powerful remedy for this challenge under the models with a complete market for
interest rate risk. By Theorem 2, we can conveniently obtain the HARA optimal policy from its CRRA
counterpart, which is usually much easier to obtain. We discuss the general steps hereafter.

Suppose we can solve the optimal CRRA policy 7% (,Y;) and 7 (¢, Y;) in closed-form or by numerical
methods (e.g., Monte Carlo simulation). Then, we can solve the HARA optimal policy as follows. First, we
can compute the value of the financing portfolio Z; r by (37) using the bond price B, ;. By Proposition 2,
the bond price B, ; does not depend on the unknown investor-specific price of risk ¢, and is thus easy to
compute. For example, standard Monte Carlo simulation can be used to evaluate the conditional expectation
By [n;,] using the SDE dn},, = —n}, (r,dv+ (6,) "dW), which is explicitly given. With the value of
Z, r, the mean-variance component 77" (¢, X;,Y;) under HARA utility directly follows by (36). Finally, we
can solve the hedge component 7% (¢, X;,Y;) by (38). To obtain the additional term I15(¢,Y;") in (39), the
volatility o5 (¢,Y,"; s) can be evaluated by a Monte Carlo simulation method based on (EC.5.5) in Section
EC.5.2. The Malliavin derivatives therein can be viewed as random variables with explicit dynamics (see
Detemple et al. 2003). In the above procedures, the unknown investor-specific price of risk is not involved.
Thus, we do not need to solve the extremely complex forward-backward integral-type equation in (26). This
greatly facilitates the implementation of the optimal policy under HARA utility.

In the following, we use our decomposition to solve the HARA optimal policy under a three-dimensional
incomplete market model with both stochastic interest rate and volatility. It demonstrates the application
potential of our theoretical results and serves as a foundation for our subsequent comparative analysis. We

set up the model in the below.

Example 1 The interest rate r; follows a one-factor CIR process, given by
dry = k.0, —7)dt + /T dWhy. ()]

There is a zero-coupon bond asset in the market with maturity T). Under the CIR interest rate process, its

price is given by P, v, = exp (a(71) + b(71)r:), which follows the dynamics:
APy, /P, = (re +b(T1)A\eoiry) db 4 b(T1) 0 /TedWry, (52)

with 71 =T} — t. The explicit forms of a(T) and b(T) are given in (EC.1.12a) and (EC.1.12b) of Section

EC.1.3. In addition, the market has a stock asset with price S; satisfying:

dS; /S, = (re + A V) dt + /V,dWay; (53)
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its variance V; follows

AV, = k. (0, = Vi) dt + 0,/ Vi(p,dWay + /1 — p2dWy,). (54)

In above, Wy, Wy, and W3, are three independent standard one-dimensional Brownian motions. The
positive parameters k,, 0., and o, (resp. k., 0, and o,) determine the rate of mean-reversion, the long-
run mean, and the proportional volatility of the interest rate process r; (resp. variance process V). The
parameters A\, and )\, control the price of interest rate risk and volatility risk, respectively. The leverage
effect parameter p, € [—1,1] measures the instantaneous correlation between the asset return and the

change in its variance. We assume the Feller’s condition holds: 2k.,.0, > o2 and 2k,0, > o2.

In the above Cox-Ingersoll-Ross-Heston stochastic volatility and stochastic interest rate (CIRH-SVSIR)
model, there are two risky assets (a bond and a stock) driven by three independent Brownian motions. Thus
the market is incomplete.” The interest rate r, follows a CIR process. The shocks to interest rate can be fully
hedged by the ZCB, which is driven by the same Brownian motion W,;. The market price of risk of W7,
is uniquely determined by the bond as A,o,,/7;. The stock price S; is driven by an independent Brownian
motion Wo,. That is, the returns of stock and bond are instantaneously uncorrelated. The variance process V;
is modeled by (54) as in a classical Heston-SV model (Heston 1993). The instantaneous correlation between
the stock return and the variance innovation is p,. When p, < 0, the model captures the “leverage effect”
in stock volatility. Besides, the market price of risk (Sharpe ratio) of the risky asset, \,/V; increases in the
volatility, consistent with the empirical evidence (Campbell and Cochrane 1999). In the model, the shocks
to the interest rate r, and the variance V; are assumed to be uncorrelated.

The CIRH-SVSIR model is also studied in Liu (2007), which derives the closed-form optimal policy
under the wealth-independent CRRA utility over terminal wealth. We now consider the optimal portfolio
choice problem for an investor with the wealth-dependent HARA utility. Without loss of generality, we
assume the investor investment horizon is shorter than the maturity of the bond in the market, i.e., T' < T7.
The CIRH-SVSIR mode fits into our general set-up in (28) — (31) as follows. The full state variable includes
the interest rate and variance, i.e., Y; = (r;, V;); and the interest rate-related state variable Y;” is simply r;
itself. Since the interest rate risk is fully hedgeable, we can apply our decomposition in Theorem 2 to solve

the optimal HARA policy in closed-form, which is given in the following proposition.

Proposition 5 Under the CIRH-SVSIR model in (51) — (54) and the HARA utility (4) over terminal wealth
(w = 0), the optimal policy 7y (t, X, 7., V:) can be solved in closed-form as follows. The optimal weight

on bond P, 1, is given by

Ao (4 X, 1, Vi) = thitﬁ) </}y’" +d, (T)) + Zrb(T) exp (a(T) +b(T)r), (55a)
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where T =T —t and 7, = T — t; the remaining wealth X, = X, — Zpexp (a(7) + b(7)r,). The optimal
weight on stock S; follows by
X, [\
ﬂ_(]jtock) (ta Xt7 Tt ‘/;f) = 7t < + pvavdv (T)> . (55b)
X: \ vy

The functions d, () and d,, (7), as well as the CRRA optimal policies 727" (t,r,, V,) and 75" (t,1,, V),

are explicitly given in (EC.1.13a) — (EC.1.14b) of Section EC.1.3.

Proof. See Section EC.5.6. U

We have the following observations on the HARA optimal policy under the CIRH-SVSIR model. First,
the wealth level X, impacts the optimal stock weight only via the multiplier X, /X, in (55b). Second, the
optimal bond weight is decomposed to two parts in (55a), which are affected by the wealth level X, via
the multipliers X, /X, and 1/X;. These observations corroborate the results in Theorem 2. In addition, we
see that the HARA optimal policy does not involve the current market state variables (r;, V;). As shown in
Section EC.1.3, it is because the CRRA optimal policy is independent of the market state variables under
the CIRH-SVSIR model, as also noted in Liu (2007). However, the path of r; and V; can affect the HARA
optimal policy implicitly via the investor wealth X,;. The above comparisons reveal the wealth effect in
the optimal portfolio allocation of HARA investors. We investigate such impacts using a comprehensive

comparative study in the following section.

5. Comparative Analysis of Wealth-dependent Effects
5.1. Parameter Estimation

To get empirical validity in the subsequent analysis, we estimate the parameters of CIRH-SVSIR model
based on the observed market data in recent years. The model has in total nine parameters to be estimated,
including (%, 6,., 0,.) for the interest rate process, (k. 0,0, ) for the variance process, p,, for the correlation
between the innovations to the stock and variance processes, as well as the two market price of risk A, and
.. The high-dimensional parameter space as well as the multi-asset nature of the model pose significant
challenge in the estimation. We briefly discuss our estimation procedure in the following. The details of the
estimation are documented in Section EC.2.1.

We employ the maximum likelihood estimation approach in Ait-Sahalia and Kimmel (2007) and Ait-
Sahalia and Kimmel (2010), which is widely used for estimating continuous-time models with state vari-
ables. We use the SPDR S&P 500 ETF as the stock asset S; in our model, as it is the most widely tracked
index for US equity market. The instantaneous interest rate r; and stock variance V; are not directly observed
in the market. Thus, we need to extract them from observable assets. As in Ait-Sahalia and Kimmel (2007)
and Ait-Sahalia and Kimmel (2010), we use the VIX index and US treasury bonds to extract the underlying

V; and ry, respectively. We detail the estimation procedure in Section EC.2.1. We estimate the model using
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Table 1 Estimated parameters for the CIRH-SVSIR model.

Ky 0, o Ar Koy g, Oy P, Ay

0.3158 0.0144 0.0641 0.8312 6.5607 0.0317 0.6942 —0.7543 5.8785
(0.2238) (0.0107) (0.0011) (56.891) (1.4942) (0.0079) (0.0196) (0.0104) (2.5376)

the data from 2013/4/29 to 2019/12/31. The annualized parameter estimates and their standard errors are
reported in Table 1.

We have the following observations. First, the large value of x, indicates that the variance process is
highly mean-reverting, while the interest rate process is less so with a small x,.. Second, the large negative
value of p, suggests a strong leverage effect, i.e., the changes in stock price and its variance are highly
negatively correlated. In addition, the market is characterized by a mild long-run volatility /8, ~ 17.8%
and a relatively high risk premium for stock A\, = 5.8785. These features are largely consistent with the bull

U.S. financial market in the estimation horizon. Our main findings are robust to the parameter values.

5.2. Impact of Current Wealth on Optimal Policy

In this section, we apply the closed-form solution in Proposition 5 to investigate how the optimal policy is
impacted by investor wealth under the CIRH-SVSIR model. We consider a HARA investor that maximizes
her expected utility over terminal wealth. We set the investor risk aversion and investment horizonas 7'—¢ =
10 years and v = 4. For comparison, we also consider a CRRA investor with the same utility parameters
but no subsistence requirement. The model parameters are provided in Table 1. Figure 1 shows the optimal
stock (left) and bond (right) weights at different investor wealth levels. In each panel, the red dashed and

blue circled curves show the optimal policies under the CRRA and HARA utilities.

0.9

081

Optima stock weight
Optimal bond weight

0.7

0.6

Figure 1 Optimal policy in the CIRH-SVSIR model by different investor wealth level: optimal stock weight (left panel) and
optimal bond weight (right panel).
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We first look into the optimal weight on the stock, which is explicitly given by (55b). It is impacted
by the wealth level X, only via the multiplier X,/X; = (1 — ZyB;.r/X,), which increases concavely in
X, with limx, o X, /X = 1. This pattern is indeed observed in the left panel of Figure 1. The wealth
effect is large: as X increases from 2z to 102, the optimal stock weight of the HARA investor increases
from 103.9% to 167.6%. However, such effect diminishes as the wealth level becomes higher, i.e., as the
subsistence constraint becomes less binding for the HARA investor. The concave increase in the allocation
for risky asset with respect to investor wealth is empirically observed in the househould finance literature;
see, e.g., Roussanov (2010), Wachter and Yogo (2010), and Calvet and Sodini (2014). We show that this
pattern can be explained by the optimal portfolio allocation under the wealth-dependent HARA utility.

Next, we check the optimal weight on the bond in the right panel, which is explicitly given by (55a).
As discussed in Section 4.4, the optimal bond weight includes two parts, corresponding to the CRRA and
financing sub-portfolios. We see that the optimal bond weight decreases in investor wealth level under
the HARA utility. This decreasing pattern is driven by the second term in (55a), II5(¢,7;)/X;, which is
inversely proportional to the wealth level X;. Intuitively, as the HARA investor becomes wealthier, the
financing sub-portfolio for the subsistence requirement plays a less important role in her portfolio allocation.
The magnitude of this wealth effect is also visible: the optimal bond weight decreases from 79.1% to 68.6%
as the wealth level increases from 2z to 10z 1.

The above analysis shows that the wealth effects in optimal portfolio allocation can be substantial. In
Section EC.2.2, we further reveal how the optimal policy is affected by the investment horizon 7" — ¢ under
the CRRA and HARA utilities. We find that under the HARA utility, the optimal stock weight increases
in investment horizon due to two channels. First, a longer horizon increases the hedging demand of the
investor. Second, a longer horizon decreases the ZCB price in the financing portfolio, leading to more
remaining wealth allocated on the stock. The second channel is fully absent under the CRRA utility. We

discuss the results in Section EC.2.2 of the Electronic Companion.

5.3. Cycle-dependence in Investment Decisions

In this section, we further reveal the wealth impact of HARA utility from a dynamic perspective. In partic-
ular, we investigate how the wealth effect interacts with the complex market dynamics over the investment
horizon and affects the investor optimal portfolio allocation. Such dynamic analysis is rare in the literature
on optimal portfolio choice (see the recent exception of Moreira and Muir 2019).

Consider a market under the CIRH-SVSIR model with parameters in Table 1. Without loss of generality,
the initial levels are set as ro = 0, = 0.0144, S, = 100, V;, = 6, = 0.0317. Assume there are two investors
with HARA and CRRA utilities on the terminal wealth. Both investors have an investment horizon of 7' = 10
years. The HARA investor has an initial wealth of X, = 4Z+. The risk aversion coefficient is set as v = 4 for

the HARA investor and v = 5.11 for the CRRA investor. These choices lead to the same equivalent relative
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risk aversion 7, (Xo) = 5.11 in (27) at the beginning of the horizon. Thus, the levels of optimal weights
are comparable for the two investors. We simulate the market scenarios using a standard Euler’s scheme on
the dynamics (51) — (54), with a daily increment of A =1/250. Along the simulated path, we evaluate the
optimal policies for the CRRA and HARA investors using the closed-form solutions in Proposition 5. The
investor wealth levels then evolve according to Equation (3).

Figure 2 shows a representative market scenario. The upper panel plots the simulated path of the stock
price S, (black dotted with the left y-axis) and the corresponding optimal stock weights 743°*) and 7 (5"
of the HARA and CRRA investors (blue solid and red dashed with the right y-axis). The lower panel plots
the path of the simulated stock price (black dotted with the left y-axis) and the equivalent risk aversion
vy (X;) in (27) for the HARA investor (blue solid with the right y-axis). We classify the market regimes
using the method in Lunde and Timmermann (2004): a transition from a bear to bull (resp. bull to bear)
market is triggered when the stock price increases by 25% (resp. drops by 20%) from its lowest (resp.
highest) level in the current regime. The bear markets are shown by the shaded areas of the figure. Not

surprisingly, the price S; plunges during bear markets.
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Figure 2 The upper panel plots a simulated path of stock price S;, as well as the optimal stock weights WStOCk) and W(CS tock) of

HARA and CRRA investors. The lower panel plots the same simulated path of stock price S; and the equivalent risk
aversion 7y (X¢) in (27) for the HARA investor.

As discussed in Section EC.1.3, the CRRA optimal policy under the CIRH-SVSIR model is fully deter-

ministic and independent of the market dynamics. It is seen in the upper panel: the optimal stock weight
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wgtOCk) stays flat for most of the time, and only drops near the end of the investment horizon due to a

smaller hedging demand. In contrast, the HARA investor stock weight ngt“k) fluctuates significantly dur-
ing the investment horizon. Moreover, it is positively correlated with the stock price S;, implying the HARA
investor tends to invest more (resp. less) on the stock during the bull (resp. bear) markets. Thus, the HARA
investor is affected by the market cycles and invests in a procyclical way.'” Such cycle-dependence essen-
tially stems from the wealth-dependent property of the HARA utility, and is fully absent under the CRRA
utility. As discussed in previous section, the HARA investor stock weight increases in her wealth level X,
which hinges on the entire path of the market dynamics. During the bull markets, the investor wealth gen-
erally increases, leading to a larger position on the stock. Thus, the wealth effect of HARA utility provides
a potential explanation for the procyclical investment behaviors of investors.

The cycle-dependence is also reflected by the HARA investor equivalent risk aversion level v, (X;),
which is shown in the lower panel for the same simulated path. We see that the equivalent risk aversion is
higher (resp. lower) during the bear (bull) market regimes. We interpret this as follows. In bear markets,
the investor suffers a loss in her wealth, making her subsistence requirements more binding. This leads
to a higher equivalent risk aversion by (27). Thus, the wealth-dependent property of HARA utility can
endogenously generate the time-varying risk aversion of investors, which is fully absent under the CRRA
utility. In particular, HARA investors become more (resp. less) risk averse in stressed (resp. bull) markets.
It complements and contributes to the growing literature on time-varying risk preference (see, e.g., Guiso
et al. 2018, Berrada et al. 2018, Li et al. 2022).

We use statistical tests to show that the patterns discussed above are not incidental results of a specific
path. We run a large sample of Np = 10* simulated path. Each path spans a horizon of ten years for the same
HARA investor (X, /Zr = 4) as in Figure 2. First, we compute the correlation between daily stock price and
the HARA optimal stock weight (resp. equivalent risk aversion level) for each path. From the 10* simulated
paths, the average correlation between .S; and WEStOCk) (resp. vy (X)) is 0.71 (resp. —0.68); both statistically
significant at the 0.1% level. We further do a regression analysis as follows. For the end of quarter ¢ in path

l(:tock)’ respectively. We run the following

k, denote the stock price and HARA stock weight by Sy , and 7,/
regression using the observations from all quarters (g = 1,2, ...,40) and paths (k =1, 2, ..., 10%):

(stock) 40

Ty, Sk,
~(s§£10ck) :’BW x — +Z)\ll{q:l}+€kyq7 (56)
T, S, I

where 7 (") 1= e W,i‘fzocm /Npand S, := """, Si.,/Np denote the average levels for quarter ¢ across

all paths. Thus, both wéfffdc) /7% and Sy, , /S, are normalized to have a mean of one for all g. The term
?21 Ai1{q =1} in (56) controls for the time fixed effects by assigning a coefficient \; for each quarter.
Then, the coefficient 3, measures the (normalized) impact of stock price on optimal stock weight after

their overall time trends are controlled. This addresses the concern that the positive correlation may appear
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because both stock price and weight are increasing over time. We also run regression (56) for the equivalent
risk aversion v, in (27). We normalize vy, for each quarter ¢ in the same way as the optimal stock weight.
That is, we plug in vy ;. . /Y, With ¥, = Eivfl Virx.4/ Np as the dependent variable.

For the HARA investor considered above, the estimated coefficient in (56) is 5., = 0.094 for optimal stock
weight and 3, = —0.098 for equivalent risk aversion level. Both coefficients are statistically significant at
the 0.1% level. Thus, higher stock price is indeed associated with larger position on stock and lower risk
aversion level of the HARA investor, even after the average time trend is controlled. This again validates the
cycle-dependence in the portfolio allocation problem under the HARA utility. In contrast, both coefficients
B, and 3. are zero in (56) for a CRRA investor. It is because the CRRA optimal policy is deterministic
under the CIRH-SVSIR model, which can be fully explained by the time fixed effects.

We further investigate the cycle-dependence for HARA investors with different initial wealth levels. We
find that the cycle-dependence is more pronounced for the low-wealth HARA investor than for the high-
wealth one. That is, the fluctuations in the optimal stock weight and equivalent risk aversion are more
dramatic for the low-wealth HARA investor (see a numerical example in Section EC.2.3). It is verified by
the regression (56). In Figure 3, we plot the regression coefficients 3, and 3, for HARA investors with
different initial wealth level X,/Zr. All the coefficients are statistically significant. However, we see that
their absolute values monotonically decrease in investor’s initial wealth level. We interpret this as follows:
the low-wealth HARA investor faces a more binding subsistence constraint, thus her optimal stock weight
and equivalent risk aversion are more sensitive to the wealth level. Analytically, this is reflected by the
concavity of the multiplier X,/ X, in (55b). When the initial wealth level is very high, the HARA investor

behaves like a CRRA investor, and the cycle-dependence vanishes in the portfolio allocation.

Coefficient for optimal stock weight: 3. Coefficient for risk aversion: (3,

0.8

0.6

0.4

0.2

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Xo/zr Xo/Zr

Figure 3 Regression coefficients 3, and 3., in (56) for HARA investors with different initial wealth levels.
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5.4. Wealth Effects on Investment Performance

In this section, we quantify the wealth effect on investor investment performance using the estimated CIRH-
SVSIR model. Understanding such impact is practically important for setting return and risk targets in
delegated portfolio management. For this question, analysis using one simulated path is insufficient, as it
captures only one specific market scenario among possible others. This limitation is common in backtesting
investment strategies. To overcome this challenge, we simulate a large number of paths for the investment
problem of HARA investors with different initial wealth levels and evaluate their investment performance
by averaging across the paths. Such large scale study takes possible market scenarios into account, and is
facilitated by the closed-form solution in Proposition 5.

We compute the following performance metrics for each simulated path. Let R; = In(X;a /X ;1)) JA—
r(i—1)a denote the annualized excess wealth return for day 7. The excess return mean and return volatility are

given by R="" R;/N and SD = \/Zil(Rl — R)2/(N — 1) respectively, where N = 2500 denoting

the total days in the horizon. Then, we check two risk measures of extreme losses in the investment horizon:
the 99% level Value-at-Risk (VaR) of daily returns and the (percentage) maximum drawdown of investor
wealth. The maximum drawdown is calculated as M D = maxo<,<y(1 — X, an/M ), where MM =
maXo<k<n XA denotes the running maximum of investor wealth until day n (e.g., Zhang and Li 2023).
The 99% VaR is obtained as the negative of the 25th lowest daily return in the path, given we have in total
2500 days. We also obtain the Sharpe ratio as SR = R/S D, which represents the risk-adjusted return. After
getting the performance metrics for each path, we then compute the average of these metrics across a large
sample of 10* simulated paths. It allows us to estimate the ex-ante unconditional expectations over different
realizations of market scenarios for each initial wealth level considered.

The results are displayed in Figure 4. The upper-left panel plots the average excess return mean F [R]
(red squared) and volatility F [SD] (blue circled). The upper-right panel presents the estimated maximum
drawdown E [M D] (blue circled with the right y-axis) and 99% level Value-at-Risk E [V aR] (red squared
with the left y-axis). The Sharpe ratio ' [SR] is shown in the lower-left panel. The lower-right panel plots
the weighted stock return mean, which is discussed momentarily. Each point in the panel represents a given
initial wealth level of the HARA investor, varying from Zr to 10Zr.

By the upper panels, we see that the investor initial wealth level substantially affects the investment
performance in the expected direction. The HARA investor with higher initial wealth enjoys higher excess
return, but also bears greater risk in terms of the volatility, maximum drawdown, and daily VaR. From
this aspect, we can interpret the impact on investment performance as a risk-return trade-off triggered by
the initial wealth of HARA investors. The magnitude of the trade-off is sizable: as the initial wealth X,
increases from Zr to 10Zr, the average excess return mean increases from 12.5% to 28.4%, while the

average return volatility increases from 14.3% to 31.6%. Similarly, the average maximum drawdown jumps
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Excess return mean and volatility 99% VaR and max drawdown
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Figure 4  Performance statistics of HARA optimal dynamic portfolio with different initial wealth levels: Excess return mean
and volatility (upper-left), 99% VaR and maximum drawdown (upper-right), Sharpe ratio (lower-left), and weighted

stock return mean (lower-right).

from 23.3% to 42.9%, and the daily 99% VaR increases from 2.56% to 5.38%. We also find the 97.5% daily
conditional VaR increases from 2.63% to 5.50%. The trade-off is due to the fact that high-wealth HARA
investors allocate more wealth on the stock, which has much higher expected return and volatility than the
bond.!! The analysis highlights that it is crucial to understand the wealth-dependent feature of the investor
utility in portfolio allocation.

Using 10* simulated paths, we find that the increasing patterns of excess return mean, volatility, maximum
drawdown, and daily VaR are statistically significant. We run t-tests on the performance metrics of investors
with different initial wealth levels, and show that the differences in means are all significant. The statistical
test and results are described in Section EC.2.4 of the Electronic Companion. In addition, we see that the
impact of initial wealth is more significant at low wealth levels but quickly decays as the initial wealth
increases. It is because the optimal policy is more sensitive to wealth level for low-wealth HARA investors,
as shown in Figure 1.

Finally, the lower-left panel plots the expected Sharpe ratio at different initial wealth levels, which mea-
sures the risk-adjusted return of the HARA investor. We see that the annualized Sharpe ratio jumps from

0.855 to 0.913 when the HARA investor’s initial wealth increases from X,/z7 = 1 to X/Z = 3, and then
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experiences a very small drop afterwards (0.913 to 0.910). The dashed line in the panel denotes the Sharpe
ratio of a CRRA investor, corresponding to the limiting case with X/Z7 — oo. Unlike the expected return
and volatility, the Sharpe ratio is a normalized measure that adjusts for the investor’s risk exposure. Thus,
its change cannot be directly explained by the difference in the average stock positions of different HARA
investors. In Section EC.2.5, we show that the increase in the Sharpe ratio can be attributed to two channels.
First, high-wealth HARA investors benefit from a novel market timing effect that allows them to enjoy the
higher stock risk premium during bear market periods. We explore this effect explicitly in the next section.
Second, the optimal weights of high-wealth HARA investors are more stable over the investment horizon,
as they are less sensitive to investor wealth level and market cycles. It reduces the time variation in the daily
returns of high-wealth HARA investors. Both channels contribute to a higher Sharpe ratio. They are valid
even after we adjust for the difference in the average stock weights of investors. We provide more numerical

evidence and discussion on the two channels affecting the Sharpe ratio in Section EC.2.5.

5.5. Wealth-driven Market Timing Effect

In this section, we revel that the wealth-dependent HARA utility introduces a novel market timing effect
in optimal portfolio allocation, which partly explains the increase in the Sharpe ratio. We compute the

weighted stock (excess) return mean for each simulated path as

( 9 _ N-1 (stock) S('+1)A
stoc 1
R NA Z —(stock) X [ln < g > —T‘Z-AA] ,

iA

which represents the average excess stock return weighted by the investor’s stock position W(StOCk) [ (stock)

on each day. Here we normalize the stock return by investor average stock weight (for a given path)
lstock) — vazl W(St“k /N in the denominator to account for the heterogeneity in the stock position of dif-
ferent investors. Thus, the weighted stock return mean primarily reveals the time variation effect in investor
stock position, i.e., how well the investor “times” the market. In particular, we would have a larger R(**¢*)
if the investor tends to have larger stock weights during the periods with higher stock returns. We obtain the
ex-ante unconditional expectation E[R(*"°*)] by averaging R(*'°°*) across the 10* simulated paths.

The lower-right panel of Figure 4 plots E[R(**°°*)] for investors with different initial wealth levels. Since
the investors in our model do not intentionally time the market (e.g., buy low sell high), we may expect
the weighted stock return E[R(**°°*)] to be similar for different investors. However, we see that E[R(st°%)]
increases monotonically in investor initial wealth, and the pattern is statistically significant (see Section
EC.2.4). It suggests that HARA investors with higher initial wealth can better time the market: they are able
to have larger stock position (relative to the path average) during the periods with high expected returns. As
the initial wealth X, increases from Z1 to 1027, the annualized weighted stock return mean changes from
15.9% to 17.2%, which is a 1.3% absolute annual increase. Such effect is economically significant, given

we already adjust for the average stock position of investor.
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The market timing effect essentially stems from the wealth-dependent property of the HARA utility. In
the CIRH-SVSIR model, the stock risk premium is given by A, V; in (53), which is higher during volatile
markets (when V; is large). On the other hand, due to the leverage effect (p, < 0), the stock price S; tends
to drop during high variance periods. It leads to potential loss in investor wealth, thus decreases their stock
allocation according to the analysis in Section 5.2. Combining the two factors, we see that the procyclical
behaviors make HARA investors less capable of benefiting from the high expected return under stressed
markets. Such undesired effect is more prominent for investors with lower initial wealth, as their optimal
policy is more sensitive to the wealth level. That is, the low-wealth HARA investors need to further decrease
their stock positions during bear markets, which is the time with high risk premium of stocks. It explains
the lower weighted stock return mean for them.

The market timing effect provides a novel channel for explaining the variation in wealth growth rates of
investors with different wealth levels. In particular, high-wealth investors benefit from their ability to hold
risky assets during stressed periods with high expected returns. It enlarges the wealth inequality among
investors. Such timing effect and its implication on wealth inequality are empirically revealed in the recent
work of Sakong (2022) using U.S. housing transaction and census data. It shows that poorer households
consistently buy housing in booms and sell after a bust. This “buy-high-sell-low” channel leads to higher
expected returns for wealthier households and enlarges the wealth inequality. We show that this channel can

be generated by investor optimal portfolio allocation under the wealth-dependent HARA utility.

6. Conclusion

This paper establishes and implements a novel decomposition of the optimal policy under general
incomplete-market diffusion models with the wealth-dependent HARA utility. The decomposition clearly
reveals how the wealth level affects the HARA optimal portfolio under incomplete market models. We show
that when the interest rate risk is hedgeable, we can connect the HARA optimal policy to its CRRA coun-
terpart in closed-form. In particular, the HARA investors holds a CRRA optimal portfolio and a financing
portfolio that exactly delivers the future subsistence requirements. We apply our decomposition to study
the behaviors of HARA investors with heterogeneous wealth levels. We find that the high-wealth HARA
investor always enjoys a higher wealth growth rate than the low-wealth one, regardless of the underlying
model dynamics and realized market scenarios. It provides a potential channel for the increase in wealth
inequality. Our decomposition facilitates the implementation of optimal policy via closed-form solution or
numerical methods.

As an application, we explicitly solve the optimal policy for a HARA investor under an incomplete mar-
ket model with both stochastic interest rate and volatility. We then conduct a comprehensive comparative
study using parameters calibrated from the U.S. market data. Our study reveals the wealth effect in opti-

mal portfolio allocation from various aspects. In particular, the wealth-dependent HARA utility introduces
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sophisticated cycle-dependence in the investor optimal strategies. It leads to a procyclical pattern in investor
stock positions and lower (resp. higher) risk aversion in the bull (resp. bear) markets. We show that the
initial wealth level of HARA investors can substantially impact their investment performance, leading to a
risk-return tradeoff that stems from the wealth-dependent utility. We further identify a novel market timing
effect: HARA investors with higher wealth can better time the market and benefit more from the high risk
premiums during the volatile market periods. These findings are consistent with the empirical evidence on
wealth inequality and investment behaviors of different investors.

We can adapt or generalize our optimal portfolio decomposition to other settings, e.g., the forward
measure based representation considered in Detemple and Rindisbacher (2010). Moreover, it is interest-
ing, among other possible extensions, to consider other (exotic) types of market incompleteness, e.g., the
short-selling constraint or the “rectangular” constraint in Cvitanic and Karatzas (1992) and Detemple and
Rindisbacher (2005), as well as the presence of jumps in, e.g., Jin and Zhang (2012). In addition, mar-
ket incompleteness can arise due to uncertainty in labor income and wage (Mostovyi and Sirbu 2020),
which may have important implications on portfolio allocation. For the implementation of optimal policies,
our theoretical decomposition might facilitate new numerical methods for incomplete market models and
wealth-dependent utilities. From the economic perspective, a potential direction is to use empirical data to
examine the implications on wealth-inequality and investor behaviors revealed in this paper. We defer these

investigations, among others, to future research.

Endnotes

'The recursive utility generalizes the CRRA utility by separating risk aversion from elasticity of intertemporal substitution
(Duffie and Epstein 1992). However, most applications with the recursive utility inherit the wealth-independent property of the
CRRA utility (see, e.g., Chacko and Viceira 2005 and Moreira and Muir 2019).

2See, e.g., Kim and Omberg (1996) and Wachter (2002) for modeling stochastic market price of risk of the asset by using an
Ornstein-Uhlenbeck model, Lioui and Poncet (2001) for considering stochastic interest rates by employing a constant-parameter
instantaneous forward rate model, Liu et al. (2003) for studying impacts of event risk via affine stochastic volatility models with
jumps, Liu (2007) for taking various stochastic environments (e.g., stochastic volatility) into account by modeling the asset return
via quadratic affine processes, and Burraschi et al. (2010) for characterizing hedging components against both stochastic volatility
and correlation risks under Wishart processes.

3 We refer to the recent book of Dumas and Luciano (2017) for a survey of different numerical methods available for optimal
portfolio choice.

4See, e.g., Kim and Omberg (1996), Wachter (2002), Liu (2007), and Moreira and Muir (2019) among others.

3This type of dynamic analysis is rare in the literature. A recent example is Moreira and Muir (2019), which show that, under
a stochastic volatility model, ignoring the hedge component in the optimal policy leads to a substantial utility loss. However, the
optimal policy in Moreira and Muir (2019) is independent of investor wealth level, contrasting with our focus on the wealth effect
in portfolio allocation.

To guarantee the martingale property of &, exp( fot rydv), we assume that the total price of risk 65 satisfies the Novikov

T
condition: E {exp (%/ (Qf,)T@fjdv)} < o0.
0
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"The fictitious completion satisfying (12), i.e., zero weight for fictitious assets, must be the “least favorable” one among all
possible completions as it is admissible in any other fictitious completions. See the discussion in Karatzas et al. (1991).

80ur results can be extended to the case where the two investors also differ in their subsistence requirements.

°In some cases, the volatility risk can be completed by financial derivatives. However, this may be unpractical for many assets,
such as small cap stocks, stocks in emerging markets, crypto-currencies, or mutual funds.

1%In contrast, we show in Section EC.2.3 that the HARA optimal bond weight is less sensitive to market cycles.

"In our investment horizon, the average annualized return of the stock and bond is 18.7% and 1.39%, respectively. The annual-

ized volatility is 17.9% for the stock and 2.31% for the bond.
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Dynamic Portfolio Allocation under Market
Incompleteness and Wealth Effects — Electronic
Companion

This Electronic Companion for “Dynamic Portfolio Allocation under Market Incompleteness and Wealth Effects” is
organized as follows. Section EC.1 documents the auxiliary analytical results to our main text, including dynamics of
the Malliavin-related terms in our portfolio decomposition (Section EC.1.1), HARA optimal policies under nonrandom
interest rate (Section EC.1.2), and formulas under the CIRH-SVSIR model (Section EC.1.3). Section EC.2 provides the
auxiliary numerical results, including estimation of the CIRH-SVSIR model (Section EC.2.1), impact of investment hori-
zon on HARA policy (Section EC.2.2), analysis on cycle-dependence of HARA policy (Section EC.2.3), statistical tests
for performance metrics (Section EC.2.4), and wealth effects on Sharpe ratio (Section EC.2.5). Section EC.3 documents
the decomposition of the optimal policy under general incomplete market models and its proof. Sections EC.4 and EC.5

include the proof for the results in the main text.

Key words: optimal portfolio choice, incomplete market, wealth-dependent utility, closed-form analysis, wealth

inequality, heterogeneous investors.

EC.1. Auxiliary Analytical Results
EC.1.1. Dynamics of the Malliavin Derivatives

In this section, we provide the dynamics of the Malliavin derivatives used in our optimal portfolio decom-
positions. As a natural analogue to a classical derivative, the Malliavin derivative measures the sensitivity
with respect to the underlying Brownian motion. See the book Nualart (2009) and Appendix D of Detemple
et al. (2003) for accessible surveys of Malliavin calculus in finance.

For an n—dimensional vector-valued function Fj, its Malliavin derivative D, F, with respect to the d—
dimensional Brownian motion W, is a d x n matrix with D, F, = ((D1.F,)", (Do Fs) ", ,(DgFy) ") 7T,
where each D, F is an n—dimensional column vector representing the Malliavin derivative with respect to
the ith Brownian motion W,. Let D;Y, = ((D,Y,) ", (DY) ", -+, (Da:Ys) ") " denote the time—t Malli-
avin derivative of the time—s state variable Y,. By Nunno et al. (2008), the dynamics of D,; Y, can be derived

from the SDE of Y} in (2), which is given by:

d
dD.,Y, = (Va(s,Y,)) DiYids+ Y (VB;(5,Y,) | DuYedWi., im DY, = f,(,Y,).  (EC.LI)

j=1
In above, (3;(s,y) represents the jth column of matrix 3(s,y); Wj, is the jth dimension of Brownian

motion Wy; V denotes the gradient of functions with respect to the arguments in the place of Y. For an



m—dimensional vector-valued function f(¢,y) = (fi(¢,v), fa(t,y), -, fm(t,y)), its gradient is an n x m
matrix with each element given by [Vf(t,y)]ij =0f;/0yi(t,y), fori=1,2,....,nand j=1,2,...,m.
For the H, ; term in (15), it satisfies the SDE:

dH, = [L; ,+ L} 0;] ds+ L] .dW,

t,s”s

with initial value H; ; = 0. As shown momentarily in Theorem EC.1, here the terms L , and Lf7s are given
by

L;,=Dyr(s,Y,) and L], = D,6’. (EC.1.2)
Thus, Ly , (resp. Lfys) denotes the time—¢ Malliavin derivative of the interest rate (resp. total market price of

risk). Using chain rule of Malliavin derivative, we further have
Dyir(s,Y;) = (D:Ys) Vr(s,Y5), (EC.1.3a)
and
D0 =D,0" +D,0" = (D,Y,) V0" (5,Y,) + D,b". (EC.1.3b)

In (EC.1.3b), Hh(s, Y,) is the market price of risk defined in (9a); D, denotes the Malliavin derivative of
the investor-specific price of risk ;. It depends on the explicit form of @, as characterized by the equation
system (19) or (26).

Finally, in the models with hedgeable interest rate risk developed in Section 4, the volatility of the ZCB
price B,  is given by (EC.5.5) in Section EC.5.2 as

S S T
Mt </ Mt’:vvar/ sz (dW,f+9;dv)> ] .
t t

Mtr,v - D:T’(’U, YUT) and Mgv = Dzer (Q}, K)T) ’ (EC14)

1
O'B(taYtT§5) :_B E,

t,s

Here we have

where D] denotes the time—t Malliavin derivative with respect to the d,—dimensional Brownian motion W,".

Using the chain rule, they can be explicitly expressed as
Dir(v,Y,)) = (DY) Vr(v,Y)) and Di6" (v,Y,) = (DyY,) VO (v,Y)),

where D;Y, denotes the time—t Malliavin derivative of the state variable Y, that governs the interest rate.
As shown in (28), the dynamics of Y, only depends on the d,—dimensional Brownian motion ;. We have
DY, = ((DL,Y,))",(Dy YY), ,(Dy,Y,)") . Bach D},Y, is an n,—dimensional column vector and

satisfies the following SDE:

Ju?

dr
ALY = (Vo' (u0,Y)) DYoo+ (VA (0, Y))) DRYrdWy,, mDLY; = §(t,Y,). (EC.1.5)

j=1



EC.1.2. HARA Optimal Policies Under Nonrandom Interest Rate

In this section, we decompose the HARA optimal policy under the models with nonrandom, but possibly

time-varying, interest rate. In this case, we can explicitly calculate the ZCB price B; , as

B, s =exp <— / mdv>, (EC.1.6)
t

which is just the discount factor from time ¢ to s. The following proposition develops the connection

between HARA and CRRA optimal policies.

Proposition EC.1 With nonrandom, but possibly time-varying, interest rate r,, the optimal policies under

HARA and CRRA utilities satisfy the following simple ratio relationship:

X X
™ (t, X, Y,) = thg”(t,m and 7 (t, X,,Y,) = th’g(t, Y,). (EC.1.7)

t t

Thus, the optimal HARA policy is parallel to its CRRA counterpart:

X
mu(t, X, ;) = ftwc(t,Yt). (EC.1.8)
t

Proof. See Section EC.5.7. O

By Proposition EC.1, we see how the optimal HARA policy further simplifies under nonrandom interest
rate. In particular, the additional term I3 (¢,Y,") in the hedge component 7% (¢, X;,Y;) in (38) vanishes in
the optimal policy. It is because with nonrandom interest rate, the HARA investor does not need to hedge
the uncertainty in the interest rate, and her future subsistence requirement can be perfectly matched by
investing in the riskless asset. Consequently, the HARA optimal policy satisfies a simple ratio relationship
with its CRRA counterpart, as shown in (EC.1.8).

In the following, we reveal how the optimal portfolio differs for heterogeneous HARA investors under
the case of nonrandom interest rate. As in Section 4.2, we consider two HARA investors with initial wealth
X éh) > X, él). The utility parameters in (4) are the same for the two investors. Denote their optimal policies
by 7r£h) and ng). Define the optimal policy ratio of the two investors as 1,Tn7r§h) / (1IL7TEZ)). Besides, define
their optimal portfolio ratio as 1;7T,Eh)Xt(h) / (lgwgl)X t(l)) using the amount of wealth allocated on the risky

asset. We have the following proposition.

Proposition EC.2 Under nonrandom interest rate, the optimal policy ratio of the high-wealth and low-
wealth HARA investors satisfies

T (h)

mt 1, Ve [0,T). (EC.1.9)

1

The optimal portfolio ratio of the two HARA investors stays constant over time:

1T x® ) _
mmm T =20 &L, vte [0, T). (EC.1.10)
L m X, Xo' — Zor

m




Further assuming the interest rate is constant vy = r and the investor utility only includes terminal wealth

0 1;;77§h) 0 l,T,LTrEh)

i.e., the optimal policy ratio decreases in the interest rate r and investment horizon T. The above results

(w=01ineq. 4), we have

also hold for the optimal policy and portfolio ratio of each individual risky asset.

Proof. See Section EC.5.8. O

By (EC.1.9), the optimal policy ratio between the high- and low-wealth HARA investors is always larger
than one, suggesting the high-wealth HARA investor invests more of her wealth on the risky assets. This
introduces a risk-return trade-off investigated in Section 5. On the other hand, the optimal portfolio ratio of
the two investors stays unchanged over time by (EC.1.10). It shows that the changes in the optimal policy
ratio 17 7" /(1T 7{") and investor wealth ratio X" / X" exactly offset each other under the HARA utility
with nonrandom interest rate.

Finally, Equation (EC.1.11) shows that the optimal policy ratio 1,TrL7r§h)/ (1IL7T§1)) of the two HARA
investors is larger when the interest rate is lower and/or investment horizon is shorter. With a lower inter-
est rate and shorter horizon, the bond holding scheme for supporting the investor subsistence require-
ment, Trexp (—r(T —t)), becomes more expensive. It decreases the remaining wealth of both HARA
investors and reduces their weights on stocks. However, such effect is larger for the low-wealth investor
due to the concavity of the wealth multiplier X,/ X, in (EC.1.7). It leads to a larger optimal policy ratio

1™ /(1T 7YY of the two investors.

EC.1.3. Formulas for the CIRH-SVSIR Model

We first provide the function expressions used in the CIRH-SVSIR model. The functions a(7) and b(7) in
the bond price P; 1, =exp (a(71) + b(71)r;) and its dynamics (52) are given by

2,‘{/7.97. 2sz)7‘ exp (/(‘LT‘T/2)
= In

i | - (EC.1.12a)
O QIZ),,, [exp (¢TT) - ]‘] + qubr

a(T)

and
_ 2fexp (1) 1
¥, lexp (1, 7) — 1]+ 20,

where ¢, = \/(/{,« +A\02)? + 202 and ¢, =, + K, + A\,02. The function d, () in (55a) is given by

b(t)=—

(EC.1.12b)

d (7_) _ 2 [eXp(SOTT) - 1] 57"
' B (IN{T + SDT‘) [exp(SOrT) - 1] + 2907" ’
where §, = — (1 —v) [A202/(27%) + 1/7], & = K, — (1 =) A\,02/~, and ¢, = \/&. + 25,02. The func-
tion d,, (7) in (55b) follows by

(EC.1.13a)

2 [exp(yp,T) — 1],
(Fo +@,) [exp(p,T) — 1]+ 20,

d, (1) =— (EC.1.13b)



where 6, = — (1—7) X} /277, &y = £y — (1 =7) Aoup, /7, and @, = /R, + 26, [p2 + (1 — p2)] 2.
As a comparison, the CRRA optimal policy under the CIRH-SVSIR model is given as follows. For a
CRRA investor, her optimal bond weight is:
(bond) 1 Ar
ot V) = b <’Y +d, (7‘)) , (EC.1.14a)

where d,.(7) is defined in (EC.1.13a). The optimal stock weight of the CRRA investor follows by
toc A
rSM (e, Vi) = 22 4 poud, (1) (EC.1.14b)
v

with d,(7) defined in (EC.1.13b). The CRRA optimal policies (EC.1.14a) and (EC.1.14b) are indeed inde-
pendent of the investor wealth X;. In addition, we find the CRRA optimal policy is fully independent of the
market state variables, and only depends on the remaining investment horizon 7 = 1" — ¢. This property is

also noted in Liu (2007).

EC.2. Auxiliary Numerical Results
EC.2.1. Estimation of the CIRH-SVSIR Model

We describe how we estimate the CIRH-SVSIR model used in our comparative study. As mentioned in
Section 5.1, we employ the maximum likelihood estimation method in Ait-Sahalia and Kimmel (2007) and
Ait-Sahalia and Kimmel (2010). We use the SPDR S&P 500 ETF as the stock asset .S;, and extract the
underlying variance V; and interest rate r; from VIX and US treasury bonds, respectively. We obtain the
daily time series of S&P 500 index and the VIX index from the Center for Research in Security Prices
(CRSP), and the U.S. treasury yields with maturities of one, two, and five years from the Federal Reserve
Economic Data. We assume the one-year yield is observed without error, and the yields for two-year and
five-year bonds contain normally distributed observation errors (see, e.g., Ait-Sahalia and Kimmel 2010).
First, following Section 5.1 of Ait-Sahalia and Kimmel (2007), we construct the integrated volatility

proxy for the underlying variance V; as

bo Viep(T0) + @07, @
V ~ v ¥Vimp v viv v EC21
t exp(bUTv) -1 b, ) ( )

where V;,,,,,(7,) denotes the Black-Scholes implied variance calculated from the option price with maturity
T,. The constants a, and b, are chosen such that the drift of the variance process has the linear form

a, + b, V, under the risk-neutral measure. Under the CIRH-SVSIR model, they can be derived as
a, = kK0, and b, = —(K, + Ayp,0), (EC.2.2)

which are functions of the model parameters. The idea of the integrated proxy is to adjust the Black-

Scholes implied volatility for the mean reversion effect in the volatility process. As in Ait-Sahalia and



Kimmel (2007) (see Section 7 therein), we use the VIX index to measure the implied volatility V(7).
ie, VIX}? = Vimp(7T»). The maturity 7, is set as 22 trading days, in line with the calculation of VIX. As
shown in Ait-Sahalia and Kimmel (2007), the integrated volatility proxy in (EC.2.1) is more accurate than
the unadjusted Black-Scholes proxy with V; ~ VIX?.

Next, we calculate the instantaneous interest rate r, from the treasury bond yields. We use the bond yields
with maturities of 1, 2, and 5 years, denoted by yfl), yt(z), and yis). Following Ait-Sahalia and Kimmel
(2010), we assume the one-year yield yt(l) is accurately observed while the other two yields yt(2) and yt(5)
contain observation errors. By the bond price expression P, r = exp (a(7) + b(7)r;),, we can calculate the

interest rate as

re= 11 (y" —a(r1)), (EC.2.3)

with maturity 7; = 1 year. The functions a(7) and b(7) are given by (EC.1.12a) and (EC.1.12b), which
depend on the model parameters «,., 0., af,, and \,.. With r; solved from above, we can calculate the model

implied two-year and five-year yields as
72 d i® = rb
¥ =1rb(r2) +a(rs) and ¢, =rb(7s5) +a(7s),

with maturities 7o = 2 years and 75 = 5 years. Then, the observation errors are given by

£ g @

5 ~(5 5
37—y and &) =g —

yta

which are the difference between the implied and observed yields. As in Ait-Sahalia and Kimmel (2010), we
assume the observation errors are normally distributed with constant mean and variance. In addition, they
are independent across time and maturity, as well as the state variable processes. Thus, the joint likelihood
of the observation errors {ef“)} and {5&5)} can be calculated using normal probability density function.

We obtain the likelihood of the observed data as follows for each parameter vector considered. We start
from the daily times series of S&P 500 index, square of VIX, and one-year treasury yield (S;, VIX?Z, yt(l)).
We first extract the value of the state variable (S;, V;, ;) from the observed data by (EC.2.1) and (EC.2.3).
Second, we evaluate the joint likelihood of the state variable process (S;, V;,7;), using the Euler’s approxi-
mation to their SDEs in (53), (54), and (51). Third, we multiply this joint likelihood by the Jacobian deter-
minant of the mapping from (S;, V;,r;) to (S, VIX?, yt(l)). It yields the joint likelihood of the observed
panel (S;, VIXZ, yt(l)). By (EC.2.1) and (EC.2.3), the Jacobian determinant is given by

1 0 0 b
oV,
J=det|| Qv 0 ||= d :
0 0 o lexp(b,T,) — 1] b(T1)
Ay,

where b, and b(7,) are given in (EC.2.2) and (EC.1.12b), respectively. Finally, we calculate the likelihood
of the observation errors for the two-year and five-year yields, and multiply this likelihood by the joint like-
lihood of (S;, VIX;, yfl)) obtained in previous step. We repeat this procedure for each candidate parameter

vector to find the one that leads to the maximum likelihood.



EC.2.2. Impact of Investment Horizon on HARA Policy

In this section, we show how the HARA optimal policy under the CIRH-SVSIR model is affected by the
investment horizon 7" — ¢. The optimal policy is solved in closed-form in Proposition 5. As in Section 5.2,
we consider a HARA investor that maximizes her expected utility over terminal wealth with X,/zr =4
and v = 4. For comparison, we also consider a CRRA investor with the same utility parameters but no
subsistence requirement. We use the parameters in Table 1. Figure EC.1 plots the optimal stock (left panel)
and bond (right panel) of the investor with different investment horizon 7' — ¢. In each panel, the red dashed

and blue circled curves represent the optimal CRRA and HARA policies, respectively.

18 !

16F,

Optimal stock weight
Optimal bond weight

(stock)

—o—HARA: 1} (bond)

—6—HARA: 7y
- - - -CRRA: ﬂ.gt’)‘i"‘) - - - .CRRA: Wg”mi)

0 s 8 12 16 20 0 s 8 12 16 20
Tt Tt
Figure EC.1 Optimal policy in the CIRH-SVSIR model by different investor horizon: optimal stock weight (left panel) and

optimal bond weight (right panel).

By the left panel, we see that both the optimal stock weights wgtOCk) and 705" increase with the remain-

ing investment horizon 7' — ¢. For the CRRA case, a sharp increase occurs when the investment horizon is
short. It is due to the hedge component p,o.,d, (T —t) in (EC.1.14b). When p, < 0, it increases monoton-
ically in investment horizon 7" — ¢ due to more uncertainty. As the investment horizon becomes long, the
CRRA optimal policy becomes almost insensitive to 7" — t. For the HARA case, however, in addition to

the similar sharp increase for short horizons, WS ock) keeps increasing in 7' — ¢ even for longer investment

horizons. As mentioned in Section 5.2, the increase in ﬂgt“k) under the HARA utility is generated by a
combination of two effects. The first is the increase of the hedging demand as discussed above. The second
lies in the multiplier X, /X, which is given by

Xt i'TBt T rr
-t — i I — I — . EC.24
t t t exp (a( )+ b( t)re) ( )

The multiplier X, /X, also increases in 1" — ¢, as the ZCB price B, 7 becomes cheaper when the investment
horizon is longer. It increases the optimal weight on stock. Such wealth effect is significant even for long

investment horizons, generating a more lasting impact of investment horizon under the HARA utility.



The right panel shows that the optimal bond weight increases concavely with remaining investment hori-
zon under both HARA and CRRA utilities. Interestingly, the optimal bond weight changes its sign from
negative to positive as the investment horizon increases. In the CIRH-SVSIR model, the bond asset has a
negative risk premium as we always have b(7;) < 0 in (52). Thus, the mean-variance component of the
optimal bond weight is negative. On the other hand, the hedge component of the optimal bond weight is
positive. It is because the stock return increases in risk-free rate r; by (53), while the bond price decreases in
r.. Thus, investors will be long the bond to hedge potential decrease in the risk-free rate. When the invest-
ment horizon is short, the hedging demand is small. In this case, the negative mean-variance component
dominates and leads to a short position in the bond. However, with a longer investment horizon, the hedging
demand becomes larger and eventually generates a positive optimal bond weight. Moreover, the marginal
impact of investment horizon becomes smaller as 7" — ¢ increases, leading to a concave increasing pattern.
Finally, we notice that the optimal bond weight is always larger for the HARA investor than that for the
CRRA investor. It is because the HARA investors will additionally hold the bond to finance their terminal

subsistence requirements.

EC.2.3. Numerical Examples for Cycle-dependence under HARA Utility

In this section, we provide more numerical examples regarding the cycle-dependence of HARA optimal
policy, which is discussed in Section 5.3. First, Figure EC.2 shows the bond price B; (black dotted with
the left y-axis) and the optimal bond weights of the CRRA and HARA investors (blue solid and red dashed
with the right y-axis) under the same simulated path in Figure 2. Unlike the optimal stock weight, the
optimal bond weight wgmd) of the HARA investor is relatively insensitive to market scenarios and tracks
its CRRA counterpart closely. That is, we do not observe the cycle-dependence in the HARA investor bond
position as in her stock position. It can be potentially explained as follows. By (55a), the bond position of
the HARA investors can be decomposed into two parts, corresponding to the CRRA and financing portfolios
respectively. The first part in the CRRA portfolio, (X,/ Xt)ﬂgm"d) (t,r¢, Vi), increases in wealth level X,
via the multiplier X, /X, which is same as the stock weight wgt‘wk). However, the second part from the
financing portfolio, IIg(¢,7;)/ X, clearly decreases in investor wealth X;. The two effects counteract each
other and mitigate the cycle-dependence in the HARA bond weight. Thus, the bond position of the HARA
investor does not fluctuate much with the market scenarios.

We then provide an example for how the cycle-dependence under HARA utility varies for investors with
different wealth levels. We consider two HARA investors who have the same risk aversion level v =4 and
an investment horizon 7' = 10 years. The two HARA investors only differ in their initial wealth levels,

with the high-wealth and low-wealth investors having an initial wealth of Xéh) = bZr and Xél) = 2%,

respectively. The optimal policies for the two HARA investors are solved by Proposition 5.
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Figure EC.2  The figure plots the simulated bond price B;, optimal bond weights W(Hbond) and W(C’fo"d) of HARA and CRRA

investors. Here we use the same simulated path as in Figure 2.

The upper panel of Figure EC.3 plots the path of stock price S; (black dotted with the left y-axis) and the
corresponding optimal stock weights WE’“S) and wﬁl’” of the high-wealth and low-wealth HARA investors
(blue solid and red dashed with the right y-axis). We still use the same market path as in Figure 2. Unsurpris-
ingly, the optimal stock weights of both investors are positively correlated with the stock price, reflecting
the cycle-dependence seen in Figure 2. By comparing the optimal stock weights of the two investors, we see
that the magnitude of variation is much larger for the low-wealth HARA investor. That is, the stock posi-
tion of the low-wealth investor is more sensitive to market cycles. Such greater cycle-dependence can be
explained as follows: the low-wealth HARA investor faces a more binding subsistence constraint, thus her
optimal stock weight is more sensitive to the wealth level. While not reported here, we find that the optimal
policy ratio for stock, wih’” / wﬁl’”, becomes larger (resp. smaller) in bear (resp. bull) markets, suggesting
the optimal portfolios of the two investors further diverge in stressed markets.

The lower panel of Figure EC.3 plots the equivalent risk aversion level (X ) in (27) for the two HARA
investors along the simulated path. We see that both the equivalent risk aversion levels are higher during
the bear market regimes. Moreover, the equivalent risk aversion of the low-wealth investor fluctuates more
dramatically with the market than that of the high-wealth investor. It again reflects the wealth effect of the
HARA utility. In bear markets, both the investors suffer a loss in their wealth, leading to a higher equivalent
risk aversion by (27). Moreover, such effect is more significant for the low-wealth investor with more
binding subsistence constraints. The greater cycle-dependence for low-wealth HARA investors is validated

by the regression analysis discussed in Section 5.3 (see Figure 3).

EC.2.4. Statistical Tests for Investment Performance Metrics

In this section, we examine the statistical significance of the patterns of investment performance metrics
for HARA investors with different initial wealth levels, which are discussed in Section 5.4. This is done
as follows. For a given performance metrics M (e.g., excess return mean, volatility), we evaluate its ex-

ante unconditional expectation using 10* simulated paths for HARA investor with initial wealth X, /Z =
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Figure EC.3  The upper panel plots the simulated path of stock price S;, optimal stock weights 7("*) and 7(+*) of high-wealth

and low-wealth HARA investors. The lower panel plots the equivalent risk aversion 7(}’}) and 7;? of the two

investors.

[. Denote the corresponding estimate by E[M;]. We choose a set of representative initial wealth levels
l€{1,2,4,6,8,10}, which covers the x-axis range in Figure 4. We test the statistical significance of the
difference in E[M,] for adjacent levels of [, e.g., E[M,] — E[M,]. We simulate the optimal strategies and
wealth process of different investors using the same simulated paths. Thus, we employ a paired t-test for the
mean difference, with each pair being the performance metrics of two HARA investors from a given path.

The statistical test results are reported in Table EC.1. The investment performance metrics are included
in the columns, including average excess return mean (R), return volatility (SD), maximum drawdown
(M D), 99% Value-at-Risk (99% V aR), Sharpe ratio (SR), and the weighted stock return mean (R(5*°°%)),
All quantities except the VaR are annualized. The average differences are reported, and their standard errors
are given in the parenthesis. If the average differences are all positive in a column, it implies a monotonically
increasing pattern with respect to the initial wealth level.

With a large number (10%) of sample paths, the standard errors of average differences are relatively small.
Thus, we see that all the average differences are statistically significant at the 0.1% level, except for the

difference in Sharpe ratio between X,/Zr =4 and X,/zr = 2." It validates the our discussion in Section

! This occurs around the kink point in the pattern of Sharpe ratio, as shown in the lower-left panel of Figure 4.
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Table EC.1 Statistical Tests for Differences in Investment Performance of HARA Investors with Varying Initial Wealth Level

‘ R SD MD 9% VaR SR R(stock)

E[M))—E[M;] | 116 x107"  1.21x 107" 1.41x107' 1.95x1072 579x102 9.49x 1073

(1.82x107%) (2.33x107%) (6.92x10™*) (5.07x107°) (8.01 x10™*) (1.20 x 10~%)

E[M,]—E[M,] | 292x107% 3.40x1072 3.59x107? 5.63x107* 1.60x107° 2.52x 1073

(2.68 x 107%) (1.10 x 10~%) (2.86 x 10~%) (2.47 x 10~%) (2.40 x 10~%) (2.87 x 10~5)

E[Mg)— E[M,] | 810x1078 1.00x 1072 1.07x1072 1.72x1073 —1.39x10"% 7.56 x 10~*

(6.51 x107% (3.78 x107°) (9.41x107°) (9.58 x 107%) (7.37x107°) (7.87 x 107%)

E[Ms)— E[Mg] | 3.81x1078 485x 1073 520x 1073 846x107% —889x10~* 3.69x10~*

(3.20 x 107%) (1.96 x 107°) (4.70x 107°) (5.23x107%) (3.57 x 107°) (3.67 x 10~°)

E[My) — E[Mg] | 222x1073  2.86x1073 3.07x107% 5.03x10™* —589x 104 2.19x 1074

(1.82x 107%) (1.19 x 107%) (2.81 x 1075) (3.30 x 10%) (2.12x 107%) (2.13 x 10~°)

5.4 on how the initial wealth level impacts the investment performance of HARA investors. In particular, the
HARA investor with more initial wealth has higher average excess return, volatility, maximum drawdown,
and Value-at-Risk. For Sharpe ratio, there is an upward jump when the initial wealth level is low, followed
by a very small drop under high initial wealth levels. The weighted stock return mean also increases in

investor’s initial wealth level.

EC.2.5. Wealth Effects on Expected Sharpe Ratio

In this section, we investigate the wealth effects on the Sharpe ratio of HARA investors. By the lower-left
panel of Figure 4, the Sharpe ratio increases from 0.855 to 0.913 when the HARA investor’s initial wealth
increases from X,/Z7 =1 to Xy/Zr = 3. The Sharpe ratio is a risk-adjusted measure. Thus, its increase
cannot be simply explained by the fact that high-wealth HARA investors put more wealth on the stock asset,
as it leads to both higher expected return and volatility.

We interpret the increase in Sharpe ratio as follows. Under the CIRH-SVSIR model, the pattern of the
Sharpe ratio is largely driven by the investor’s position of the stock asset (the average return from the
bond asset is very low). Thus, we focus on the stock returns of the HARA investors. Define the investor’s

weighted excess stock return for day ¢ as

(stock) WthOCk) S(i+1)A
R, = —(etoc) x |ln 5 JA—rial, (EC.2.5)

where 7(stock) = ZN 7T(-2500k) /N is the investor’s average stock weight for the entire horizon. We consider

1=1"1

the average and standard deviation of the weighted returns, i.e., R(*%c%) = "N R{#*%) /N and § D(stock) —
\/ SN (RUHR) _ Ristock))2 /(N — 1), Both R(*"°%) and SD(°*) are adjusted for the average stock posi-

tion of the investor. Thus, they are comparable for HARA investors with different initial wealth levels. In

the special case where the investor has a constant stock weight, R(**°*) and S D(**°°¥) reduce to the average
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(stock) — z(stock) Note that the ratio between the mean

and standard deviation of the stock excess returns as 7,
and standard deviation of excess stock returns is not affected by the normalization level 7 (st*).

We expect the investor’s risk-adjusted return to be higher if the average weighted stock return R(stoc%)
is higher or the standard deviation SD*¢*) is lower. Using 10* simulated paths, we estimate their ex-

ante expectations for HARA investors with different initial wealth levels. The estimated E[R(*!°°*)]

and
E[SD!®)] are plotted in the left and right panels of Figure EC.4, respectively. Note that E[R(*"*°*)] is
also shown in the lower-right panel of Figure 4 in the main text. We see that the average weighted stock
return E[R("*°®)] increases in investor initial wealth, while the standard deviation E[SD(%**)] exhibits
a substantial drop as the initial wealth first increases. Both the two channels contribute to a higher risk-

adjusted return of stock for HARA investors with higher initial wealth.

Weighted stock return mean Std of weighted stock return

0.174 0.192 T
o E[SD(stock)]
0.17
0.187
0.166 |
0.182
0.162
o—FE [ R(nock)]
0.158 : : : : : 0177 : : : : :
0 2 4 6 8 10 0 2 4 6 8 10
Xo/Zr Xo/Z7

Figure EC.4  Average and standard deviation of the weighted stock return of HARA investors: E[R(StOCk)] (left) and
E[SDt®)] (right).

As discussed in Section 5.5 of the main text, the increase in E[R(*!°°*)] can be explained by the market
timing effect due to the procyclical investment behaviors of HARA investors: high-wealth HARA investors
are more capable to hold risky assets during stressed periods with high expected returns. On the other hand,
the decrease in the standard deviation E[S D(*t°*¥)] can be interpreted by the time variation in investor stock
position, even after we normalize it with the average level 7(*!°°*). First. the investor’s wealth generally
increases over the investment horizon as the stock asset has a positive risk premium. Thus, HARA investors
will gradually increase their stock weight by the static analysis in Section 5.2. Second, due to the cycle-
dependence analyzed in Section 5.3, the optimal policy under HARA utility depends on the historical path of
market performance. Both factors introduce time variation to the optimal stock position of HARA investors.

Moreover, due to the wealth constraint, such effects are more pronounced for low-wealth investors. This
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introduces additional uncertainty in the optimal policy for HARA investors with low initial wealth, even
after we adjust for their average stock weight 7 (sto%),

We use simulations to illustrate the additional uncertainty in the optimal stock weight for low-wealth
HARA investors. Define the normalized policy 7/, as 7}, = WEXOC]“) /7(stck) for each path. Figure EC.5
exhibits the representative quantiles of 7, for HARA investors with initial wealth X,/Z = 1 (top) and
Xo/T = 4 (bottom). For ease of comparison, we use the same vertical axis in the two panels. We show
the quantiles at the beginning of each quarter in the investment horizon, which are computed based on 10*
simulation trials. The drop near the end is due to the decrease in the hedge component when investment
horizon shrinks to zero, as analyzed in Section EC.2.2. Comparisons between the two panels clearly support
our interpretations. The distributions of 7}, of the low-wealth investor exhibit a more significant increasing
pattern over the investment horizon, and spread out over much wider ranges than that of the high-wealth
investor. These effects introduce more time variation in the normalized policy 4, leading to a higher
E[SD(stock)] .
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Figure EC.5 Representative quantiles of the normalized optimal stock weight 75 5 for HARA investors: Xo/Zr = 1 (top) and

Xo/ZT = 4 (bottom).

By above discussion, high-wealth HARA investors benefit from the market timing effect in stock invest-
ment and have less time variation in their optimal stock weights. Both factors lead to higher risk-adjusted

returns, which explain the upward jump in Sharpe ratio shown in Figure 4.
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We also observe a drop in Sharpe ratio when the initial wealth further increases, although the economic
magnitude is negligible (from 0.913 to 0.910). This slight drop can be potentially explained as follows. As
the initial wealth level increases, the HARA investor will allocate more of her wealth on the stock. This can
reduce the risk-adjusted return due to the quadratic variation of the Brownian motion. Consider a simplified
example in which a single stock follows a Geometric Brownian motion with return rate x4 and volatility o.
The interest rate is a constant r. Assume an investor always allocates a proportion 7 of her wealth on the

stock. Then the investor wealth is given by

w202
Xt:Xoexp{<r+7r(u—'r)— 5 )t—l—waWt}.

This translates to a Sharpe ratio of (u — r) /o — w0 /2, which decreases in the weight 7 due to the second
term. It also explains the small upward tick in E[SD(*°*)] as shown in the right panel of Figure EC.4.
However, this effect tends to be small as the investor’s optimal stock weight becomes insensitive to wealth

level when her initial wealth is already high (see Figure 1).

EC.3. Decomposition of Optimal Policy under General Incomplete Market
Models
In this section, we establish a decomposition of optimal policy under the general incomplete market model
(1) — (2) with flexible utilities. In particular, we consider the following general optimization problem:
T

(211)5) E [/o u(t,c)dt +U(T, Xr)| , with X; >0 forall t € [0,T7], (EC.3.1)
where u(t,-) and U(T, ) are time-additive utility functions of the intermediate consumption and the termi-
nal wealth; they are allowed to be time-varying to reflect the time value in utility, e.g., the discount effect.
We assume they are strictly increasing and concave with lim, ., du(t, z)/0x =lim, o, OU (T, z)/0x = 0.
These assumptions are satisfied by the CRRA and HARA utilities in (4) and (5).

We solve the optimal portfolio allocation problem (EC.3.1) in the incomplete market by the fictitious
completion approach proposed in Karatzas et al. (1991). We introduce d — m fictitious assets to complete
the market under the orthogonal condition (7). Then, we are in a complete market with m real assets and
d — m fictitious assets. We solve the optimal policy (7;,7F") in this completed market by the martingale
approach, which is pioneered by Karatzas et al. (1987) and Cox and Huang (1989). It starts by formulating
the dynamic problem (EC.3.1) with information up to time ¢ as the following equivalent static optimization
problem:

T T
(:g})T)Et [/t u(s,cs)ds+U(T, XT)] subject to F; [/t §sCsds + & p X | <X, (EC.3.2)
where F; denotes the expectation condition on the information up to time ¢ and X, is the wealth level

assuming that the investor always follows the optimal policy. Following the standard method of Lagrangian
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multiplier, we can represent the optimal intermediate consumption and terminal wealth as ¢, = I* (¢, \})
and Xr = IY (T, \}), with T*(¢,-) and IY(t,-) being the inverse marginal utility functions of w(t,-) and
Ul(t,-), i.e., the functions satisfying du/dz(t,I*(t,y)) =y and OU/Ox(t,IV(t,y)) = y. The quantity \;

denotes the Lagrangian multiplier for the wealth constraint in (EC.3.2). It is uniquely characterized by
Xt — Et [gt,T ()\;‘)], (EC33)

where G; 7 (A\}) is defined as

T
Gir (N)) =& 17 (TN &, 1) + / T (5, M€, ) ds. (EC.3.4)
t

Here, &, , = &, /&, is the relative state price density defined by (10). By (EC.3.3), we can determine the
multiplier A; with information up to time ¢.

By the least favorable completion principle proposed in Karatzas et al. (1991), the optimal policy 7, for
the real assets in the completed market coincides with its counterpart in the original incomplete market,
as long as we properly choose the investor-specific price of risk €, such that the optimal weights for the

fictitious assets are always identically zero, i.e.,
7 =04_m, forany 0 <v <T. (EC.3.5)

Given an arbitrary choice of the volatility function o/ (v, %), the least favorable constraint (EC.3.5) and the
orthogonal condition (7) determine the proper ¢, for 0 < v < T Then, the corresponding optimal policy 7,
of the real assets for the completed market is also optimal for the original incomplete market. In particular,
the desired ), satisfying (EC.3.5) and the resulting optimal policy 7, are independent of the specific choice
of o/ (v,y).

With these preparations, we establish the decomposition of the optimal policy for general incomplete

market models with flexible utilities in the following theorem.

Theorem EC.1 Under the incomplete market model (1) — (2), the optimal policy w, for the real assets with

prices S; admits the following decomposition:
T =7t X, V) + 7t X, YY), (EC.3.6)
The terms m™° (t, X,,Y;) and 7" (t, X,,Y;) denote the mean-variance component and the hedge component.

The components can be expressed as conditional expectations on random variables with explicit dynamics:

T (t, X, Y,) = —(o(t,Y) ) 0" (t, ) E[Qur (N)]/ X, (EC.3.7a)

and

't X, Y) = —(o(t,Y) ") " E[Hir (V)] Xy, - (EC.3.7b)
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Hereof, \; is the multiplier uniquely determined by (EC.3.3), i.e., X; = E;[G; r]. It depends on X, and
satisfies the relation \; = \,&,. The expressions for Q, v (\;) and H, 1 () are explicitly given by

. . 2 OIV . (T 2 O .
Qir (A =\ (€.7) e (T, N &r) + X (&) N (s, X&) ds, (EC.3.8a)
t
and .
Her N) =YU(T N E ) v Hor + / (s, A€, )€, JHy ods, (EC.3.8b)
t

where YV (t,y) = IV (t,y) +yOoIY (t,y) /Oy and Y*(t,y) = I" (t,y) +yOI* (t,y) /Oy. The term H, , sat-
isfies following SDE
dHt,s — ['Dt’l“s + (Dtei) 02] dS + (Dtg(;) dI/I/S7 (EC39)

with initial values H,, = 0,. Here D;rs and D,0; denote the Malliavin derivatives of the interest rate
r(s,Ys) and total price of risk 05, respectively. The optimal intermediate consumption ¢, and terminal
wealth X1 are given by ¢, = I (t,\}) and X7 =1V (T, \}.).

Proof. See Section EC.3.1. O

Next, we provide the following proposition for characterizing the proper investor-specific price of risk ;,

for the least favorable completion (EC.3.5).

Proposition EC.3 Under the incomplete market model (1) — (2) and the utility (EC.3.2), the investor-
specific price of risk 0, at time v for the least favorable completion can be solved from the following
optimization problem:

T
inf E, [/ (s, \))ds+ U (T, \) |, (EC.3.10)
0

0" eKer(o)
Here we use 0" €Ker(o) to abbreviate for 0 €Ker(o(s,Ys)) forany v < s <T, with Ker(o(s,Y;)) :={w €
R%:0(s,Y,)w=0,,} denoting the kernel of o(s,Y,); N is the time—s multiplier. It satisfies the following
SDE
AN, = —X:[r(s, Yo )ds + (61 (5, 2) + 0°) TV,

S

in which 0" for v < s < T serves as a control process. Besides, u(t,y) and U(t,y) are the conju-
gates of utility functions u(t,x) and U(t,x), defined by u(t,y) := sup,s,(u(t,z) — yx) and Ult,y) :=
sup,o (U(t,z) —yx), respectively. In particular, the investor-specific price of risk 0, satisfies the follow-
ing d—dimensional equation:
g — o(v,Y)to(v,Y,) -1,
: E,[Qur (N,)]

where 1, denotes the d—dimensional identity matrix; o(v,Y,)" is given by

X Ey[Hor (AD)], (EC.3.11)

v

o(v, K))+ =o(v, K})T(U(U, K})O'(U,Y’U)T)fl.

Proof. See Section EC.3.2. a
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EC.3.1. Proof of Theorem EC.1

We first provide the following lemma that represents the optimal policy under the completed market with
both real and fictitious assets, assuming the investor-specific price of risk process ; were known. Recall

that in the completed market, the assets C;, = (S,", F,”) " follow the dynamics:
dC, = diag(C,) [udt + o°(t, Y;)dW,] (EC.3.12)
with i = ((p(t,Y) = 6(t,Y2) ", (uf) ") " and 0°(t,Y;) = (o (t,Y:) T, 0/ (1,Y3) 7).

Lemma EC.1 In the completed market with dynamics (EC.3.12) and (2), the optimal policy (m,, 7wf')" for

both the real and fictitious assets admits the following representation
(me, 7)== (0°(6,Y)) ) 7 (07 B[ Qur (MG6,)] + B[ Her (AGE.))) (EC.3.13)

where 0} is the total price of risk defined in (8); E, denotes the expectation conditional on the information
up to time t; &, is the state price density defined in (10); X, is the multiplier uniquely determined by the

wealth equation

Xo=E[Gor(N&,)], (EC.3.14)

where Xy is the initial wealth and the function G, r(-) is defined by (EC.3.4). The components Q; v(\y§,)
and H, 7(N\;&,) are given by (EC.3.8a) and (EC.3.8b).

PROOF: The statement follows from the martingale approach arguments that lead to Theorem 1 in
Detemple et al. (2003) (see also, e.g., Karatzas et al. 1987 and Cox and Huang 1989). The hedge component
here includes both the interest rate and price of risk hedge components. O

In what follows, we prove Theorem EC.1 by two parts. First, we prove the relationship A} = \;¢,. Second,
we establish the decompositions of the optimal policy (EC.3.6) with components (EC.3.7a) — (EC.3.7b).

We first briefly prove the relationship

Af=NE, (EC.3.15)

As a foundation, the existence and uniqueness of A;, as the solution to equation (EC.3.3), follow from stan-
dard calculus: the utilities u(t, -) and U (¢, -) are strictly increasing and concave with lim,_, . Qu(t,z)/0z =
0 and lim, ., OU(T,z)/0x = 0 (see similar discussions in Cox and Huang 1989). We now proceed to
show the relationship (EC.3.15). Assuming the investor follows the optimal policy in the completed mar-
ket, we follow Karatzas et al. (1987) and Cox and Huang (1989) to derive that the time—¢ optimal wealth
satisfies £, X, = E, [gTIU(T, Aoér) +ftT §SI“(5,/\S§S)ds] , Where )\ is characterized by (EC.3.14). By

dividing &, on both sides of the above equation and using the relation §, = £,&, , for any s > ¢, we obtain
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Xy =FE &IV (T 068 1) + I & " (5, M&,&, ,)ds]. By the definition of G, r(-) in (EC.3.4), the pre-
vious equation is equivalent to X; = E;[G; 7(As&,)]. By the uniqueness of solution to equation (EC.3.3), we
establish the relationship (EC.3.15), i.e., A, = A&,

We now proceed to prove the decomposition of the optimal policy given in (EC.3.7a) — (EC.3.7b). Since
we apply Lemma EC.1 to the completed market (EC.3.12) with the total price of risk 8 given by 6, =
0" (s,Ys) 4+ 0" in (8), the components Q, 7(\i€,) and H, r(\5€,) in (EC.3.13) of Lemma EC.1 exactly
coincide with the components Q, r(A;) and H; ();) in (EC.3.8a) — (EC.3.8b) of Theorem EC.1. To see
this, by the relationship \; = A\;¢, in (EC.3.15), we can substitute A\;§, in Q; 7(A\o&;) and H; 7(A\;&,) by
the time—¢ multiplier \;. Following the above discussions, we can represent the optimal policy (7, 7/) in
(EC.3.13) for the completed market as

(e, 78) T = = (0%, V) ) (B EIQur O] + Bl Har () (EC3.16)

t
where 65 = 0"(t,Y;) + 67. Here, in (EC.3.16), the components Q, 7(\;) and H,(\;) are given by
(EC.3.8a) and (EC.3.8Db), respectively. Next, we combine (EC.3.16) with the following algebraic fact:

(0°(t,Y) ) = (o°(t, ) ) = ((e(t,Y)") " (¢! (£, Y) ")) (EC3.17)

the second equality follows from o¢(¢,Y;) ™! = (o (¢,Y;)*, 07 (t,Y;)T), which can be obtained by the orthog-
onal condition (7). We explicitly represent the optimal policy for real assets as

1 c * *
m= e (0 (Y0 T (BB Qur (D) + BulMar (A))). (EC3.18)
t
We can further simplify this expression using the following algebraic fact

(o(t,Y)T) 0 = (a(t,Y) ) T0"(t,Y7), (EC.3.19)

with 6" (t,Y;) defined in (9a). To verify this, we use definition of Moore-Penrose inverse for o (t,Y;)", the

orthogonal condition in (7), as well as the definition of 8}’ in (9b) to deduce that
(0(t,Y)") "0 = (a(t,Y)o(t,Y,) ") Lo (t, V1)0} = 0,
Then by (8), we can compute the term (o (¢, Y;)*) 70 in (EC.3.18) as
(o(t,Y)") 07 = (o(t,Y2) ") T(0" (£, V) + 0;) = (o (£, Y) 1) 0" (¢,Y)).
Hence, by (EC.3.19), we can further simplify the representations (EC.3.18) as
m === (o(t,Y) )" (0"(t, V) E[Qur(A)] + Eu[Hir () - (EC.3.20)

The decomposition (EC.3.6) given by (EC.3.7a) and (EC.3.7b) of the optimal policy 7, for real assets
directly follows the representation (EC.3.20).
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EC.3.2. Proof of Proposition EC.3

First, we verify that the proper investor-specific price of risk ¢ can be characterized as the solution to
the optimization problem (EC.3.10). This verification follows by linking the least favorable completion
approach of Karatzas et al. (1991) and the minimax local martingale approach of He and Pearson (1991),
two independently developed martingale approaches for solving optimal portfolios under incomplete market
settings. By Theorem 9.3 of Karatzas et al. (1991), the investor-specific price of risk ), satisfying (12)
must lead to the smallest utility among all possible completions, i.e., the least favorable completion. More
precisely, the desired 6, satisfying (12) serves as the optimizer for the following dual problem

T
inf { sup F [/ u(t,c,)dt +U(T, XT)] } ) (EC.3.21)
0

0% eKer(o) (ct,X1)EAu

where Agu = {(ct, X7) - E[fOTftctdt + & Xr] < Xo and X, > 0 for all ¢t € [0,7]}. The constraint
0" €Ker(o) corresponds to the orthogonal condition in (7). Problem (EC.3.21) is also discussed in He and
Pearson (1991) for the same goal of characterizing the optimal portfolio in the incomplete market case,
though the language of He and Pearson (1991) hinges on the class of arbitrage-free state prices, which
indeed correspond to the state price density £, of the completed market defined by (10). According to The-
orem 2 and the discussion prior to Theorem 7 of He and Pearson (1991), the solution of problem (EC.3.21)

also solves the following optimization problem (EC.3.22):

0" cKer

T
inf( B [ / (v, ) dv +U(T, N\ | (EC.3.22)
4 0

where 1i(t,5) and U(t,y) denote the conjugates of utility functions w(t,z) and U (t, ). We can verify that
the conjugates @(t, ) and U (¢, y) take their maximum at x = I'*(¢,y) and z = I (¢, y) respectively. To sum-
marize, by linking the problems (EC.3.21) and (EC.3.22), we verify that the desired investor-specific price
of risk @}, for the least favorable completion (12) is also the solution of the optimization problem (EC.3.22).
Then, according to the principle of dynamic programming, we can solve the optimal §“ at arbitrary time v
from the time-v version of problem (EC.3.22), which leads to the characterization in (EC.3.10)

Next, to develop equation (EC.3.11) that governs the investor-specific price risk, we decompose the
optimal policy for the fictitious assets and then invoke the least favorable completion condition (EC.3.5).
Similar to Theorem EC.1, we can decompose the optimal portfolio policy for the fictitious assets as
mf(t, X, Y;) =™ F (¢, X, V) + (¢, X,,Y;), where the mean-variance component and hedge compo-
nent can be expressed as:

1 .
™ (X, Y) = —y(af(t, Y) )0V E[Qrr (N))], (EC.3.23a)
t

and

1
(8 X Vi) = = (07 (6,Y0) ) T EuHer ()] (EC.3.23b)

t
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the terms Q; 7 (\;) and H,r ()\;) are defined in (EC.3.8a) and (EC.3.8b), respectively. By the least
favorable completion (EC.3.5), the optimal policy for the fictitious assets should be equal to zero, i.e.,
7ot X, Y + i E(t, Xy, Y;) = 04— . Plugging in the components in (EC.3.23a) and (EC.3.23b), we

can characterize the investor-specific price of risk 6, by
(0! (6. Y2 ) TOL B Qi (A)] = —(o” (6, Yo 1) T Bl Mo (N))): (EC.3.24)

As it holds for any ¢ € [0, 7] , we can replace ¢ by v and derive that

T Eo[Hor(A)]
Ev [Q’U,T()‘z)] '

Since (of(v,Y,)*)T is a (d — m) x d matrix, (EC.3.25) provides (d — m) equations governing the

(o7 (v,Y,)") 0y = —(0/ (v,Y,) ) (EC.3.25)

d—dimensional column vector 6. We get the other m equations governing ¢, out of the orthogonal condi-

tion (7). By (9b) and (7), we can obtain
(o(v,Y,)") ' 64 =0,, (EC.3.26)

By combining (EC.3.25) and (EC.3.26), the function ;, solves

+\ T *
" ((g(g,@ﬁ)f) (o) Eraaer .
We now further simplify the above equation. By (EC.3.17), we have
S M TR . E
(éff((”% vaT) o, Y))T = (00, V)T o (0,Y)T). (EC.3.28)
Plugging this into equation (EC.3.27), we can further simplify it as
0= ! (0.Y) (07 (0, )7 PO (EC329

EU [Q'U,T()‘z)] .

By the definition of Moore-Penrose inverse, we can simplify the coefficient in the above equation as

O'f(’U, Y;))T(o-f(% K})+)T = Uf(va Yv)T(O-f(U7 K,)O’f(’u, Y;))T)_lo-f(va }/v) = Uf(va Y;J)Jro-f(% }/v)
(EC.3.30)
Besides, by (EC.3.28), we note that

U(v,Yv)Jra(v,Yv)+af(v,Yv)+Uf(v,Yv). (EC.3.31)

_ + f + J(Uayv)

L= (o) o7 (T )

Combining (EC.3.31) with (EC.3.30), we get
o (0,Y,) (0! (0, V)N =0/ (0,Y,) 0/ (v,Y,)=1,—o(v,Y,) o(v,Y,). (EC.3.32)

Then, (EC.3.11) follows by plugging (EC.3.32) into (EC.3.29).
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EC.4. Proof for Section 3
EC.4.1. Martingale Method under the HARA and CRRA Utility

We first describe the martingale approach for solving our dynamic portfolio allocation problem under the
HARA and CRRA utilities in the completed market. It starts by formulating the dynamic problem (4) with

information up to time ¢ as the following equivalent static optimization problem:

T — \1—y N
, — Cs X —
sup E, [/ we—ptwdt+(1_w)e—pT(T—xT)
t

T
s.t. B, [/ fscsds—i—{TXT} < Xy,
(ct,.X7) I—~ 1—7v ¢

(ECA4.1)

where X, is the wealth level assuming that the investor always follows the optimal policy. Under the HARA
utility, the intermediate consumption and terminal wealth must satisfy the subsistence constraints, i.e., ¢; >
¢; and X > Tp. We assume it is feasible for the investor by imposing the following condition on the
investor initial wealth level: fOT ¢ EE]ds+zrE (7] < Xo.

With the static formulation (EC.4.1), we can represent the optimal intermediate consumption and termi-
nal wealth following the standard method of Lagrangian multiplier (see Cox and Huang 1989): ¢; = ¢; +
wie (Af)f% and X7 =z + (1 — w)% e ()\*T)f% , where the quantity \; denotes the Lagrangian

multiplier for the wealth constraint in (EC.4.1). It is uniquely characterized by
T o ~
Xt — Et |:/ 68£t7sd8 + i‘T&'t,T = ()\:) v Et [gt’T], (EC42)
t

where the scalar function g},T is defined in (13). By (EC.4.2), we can determine the multiplier A; with
information up to time ¢. Similar formulation goes for the CRRA utility problem (5) by setting ¢; = 0 and

Zr =01n (EC.4.1) and (EC.4.2).

EC.4.2. Proof of Proposition 1

To develop the optimal policy under the CRRA utility, we follow the general decomposition established in
Theorem EC.1 for general utilities, and then substantially simplify the results based on the special struc-

tures of the CRRA utility. Under the CRRA utility in (5), we set u(t,c) = we"’t% and U(T,x) = (1 —
—pT 11 -

e in (EC.3.1). Then, the inverse marginal utility functions becomes

w)e

pT

I"(t,y):w%6_7y_% and IU(T,y):(l—w)%e_Ty_ :

2=

First, we note the following algebraic fact: with the specification of the CRRA utility in (5), the func-
tions Q; 7 (), Her (A), and G,  (\;)) defined in (EC.3.8a), (EC.3.8b), and (EC.3.4) are simplified to the

following separable forms:

1~ 1 1~ 1~
Qur (X)) = A4 Bugs Hor (V) = (1 - v) ), and Gop(N) = (X)) 4Grr,  (EC43)
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with Q}T and 7:lt,:r defined in (13) and (14), respectively; the function Qt,T is given by
- 1.
Qir= —§Qt,T. (EC.4.4)

Throughout the proof, we drop the dependence of G, (") and H, (") on the process 8" to ease notation.

With the separable forms, the wealth equation in (EC.3.3), i.e., X; = E;[G, r|, is equivalent to
X, = (X)) 7B, (EC.4.5)
Combining (EC.4.3) and (EC.4.4), we have
EQur] = (\) T E[Qur] = —(\) T E[Gix] /- (EC.4.6)

For the mean-variance component, which is given by 7°(t, X,,Y;) = — (o (¢, Y;) ") 70" (t, Y1) E,[Q:.1) / X,
for general models in (EC.3.7a), we plug in (EC.4.6) under CRRA utility to get

T (X0, Ye) = () 7T B G (0, Y) ) TOM 4, Y)) /(7X0) = (o(8, ) 1) T0" (£, Y2) [,

where the second equality follows by (EC.4.5). Note that the wealth level X; vanishes in the mean-variance

component. By the definition of 6" (t,Y;) in (9a), we obtain the representation in (16) as

T (6,Ye) = (0(t,Y) ") 0Nt V) [y = (o(t, Y)o(t, V) 1)~ (u(t, Ya) — r(t, Vo)1) /7.
Similarly, the optimal hedge component, which is given by 7" (¢, X;,Y;) = — (o (¢,Y;) ") " Ey[H,.r]/ X, for
general models in (EC.3.7b), we plug in (EC.4.3) to get

(1, X Vi) = (1 - i) ) H (o (6, Y )T B/ X,

Then (17) follows by plugging in (Xt“)*% = X,/ E,[G,.r] by (EC.4.5). For the optimal consumption, we have
cy = wie 5 (A} )7% by Theorem EC.1. By (EC.4.5), we derive the optimal consumption level ¢; in (18) and
wealth-consumption ratio ¢(t,Y;) in (18). Finally, Equation (19) for governing the investor-specific price of
risk 67 can be derived by specifying its general-model counterpart (EC.3.11) under the CRRA utility, and
invoking the separable forms in (EC.4.3), wealth constraint (EC.4.5), and the relationship (EC.4.6).

We verify the optimal policy under CRRA utility is independent of investor wealth level. It is straightfor-
ward that the mean-variance component 773" (¢, Y;) in (16) is independent of wealth level. We next prove for
the hedge component 7% (¢,Y;). With the CRRA utility in (5), we can specify the dual problem (EC.3.22)
as:

. 1 _pT 1—-1 1 r _ps 11
euelgefr(a) E,|(1—w)ve 7 (\}) 7 +w? /U e 7 (A;) Tds|. (EC4.7)
Using the relationship A\; = \o§, = A&, , as well as the fact that the multiplier A} is known with informa-

_1 .. L
tion available up to time v, we can extract the factor ()\z)l 7 from the conditional expectation in (EC.4.7)
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to get infyucker(o) ()\2)17% E,[(1- w)%ef% (§W,T)17% +wd fvT e 5 (§v,8)1*%ds]. According to He and
Pearson (1991), as the Lagrangian multiplier of the static optimization problem (EC.3.2), A; must be posi-
tive. Thus, A, = A&, is also positive. Then, we can drop the factor ()\2)1—% in this optimization problem.
Besides, the process (YS, 50’5) for v < s < T is Markovian with the initial value (Y,,1). By the feedback
control law, we find that 6, only depends on the time v and state variable Y,,, and is independent of the
multiplier A’ . It implies 6’ does not depend on investor wealth level under the CRRA utility. By (10) and
(15), we conclude the state price density &, , and the term H; , are also independent of investor wealth.
Then, by (13) and (14), the building blocks g},T and 7—~Lt’T, thus the optimal hedge component 7% (¢, Y;) in

(17), are all independent of investor wealth level.

EC.4.3. Proof of Theorem 1

Under the HARA utility in (4), we set u(t,c) = we_’”(cfft$

-
(EC.3.1). Then, the inverse marginal utility functions becomes

and U(T,z) = (1 — w)e—PTM

- in

pT

I'(t,y) = w%e’%tyf% +¢ and IY(T,y)=(1— w)%e’Ty

U=

+ 7.

We use the following algebraic fact: under the HARA utility (4), the functions Q, r (\}), H..r (\;), and
Gi.r (A\;) defined in (EC.3.8a), (EC.3.8b), and (EC.3.4) for general models can be expressed as follows:

T
Gir(N) = (\) 7 Gor + T p + / e,uds, Qur(\)=(\) "7 Our (EC.4.82)
t
and .
* 1 *\ — = 17 _ —
Hir (N) = (1 — 7) (A)) ;”Htj + 278 pHyr +/ &y oHy sds, (EC.4.8b)
t

where g},T and ’;qt,T are defined in (13) and (14); Qt’T = —g},T/y as in (EC.4.4). In the above equations,
we plug in the investor-specific price of risk §; under the HARA utility, which can be different from its

CRRA counterpart. Then, we can specify the decomposition of optimal policy in Theorem EC.1 for general

models as
1 a1 ~
T (6 Xe V) = =< (o (6, Y) ) 10" (8,Y) ()77 B[ Qur] (EC.4.92)
t
for the mean-variance component and
1 1 oL -
o (t, X, Y,) = —Y(a(t,Yt)J’)T <(1 - 7) (A))" 7 Ey[Her] + ¥ (t, Xy, Yt)> (EC.4.9b)
t

for the hedge component. Here, ¥ (¢, X;,Y;) is defined in (24). In particular, we can show U(t, X;,Y;) =
D, Z, 1, where D, denotes the Malliavin derivative with respect to the Brownian motion W;; Z, is defined
in (22). Thus, ¥(¢, X;,Y;) essentially measures the sensitivity of Z, r to the underlying Brownian motion.

In addition, the wealth constraint (EC.3.3) for solving the multiplier \; specifies to

) ~ T
(A\) 7 EGi7| + Zr E, [ft,T] + B, [/ csfmsds} =X;. (EC.4.10)
¢
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By Theorem EC.1, the optimal consumption level c; under HARA utility can be expressed as

pt

= +wie T (). (EC.4.11)
By the definition of X, in (21), we can simplify (EC.4.10) as
_1 ~ _

()7 EGir) =X, (EC.4.12)

which can be viewed as the counterpart to the wealth constraint (EC.4.5) under CRRA utility. Plugging this

into (EC.4.9a) and using the relationship Qt,T = —Q}T /7, we have

, X
TRt X, Ye) = —=(o(t,Y2) ") 10" (¢, Y5).
2.¢

Then, (20) can be obtained by plugging in the definition of Hh(t, Y;) in (92a) and comparing to the mean-
variance component under CRRA utility in (16). Similarly, the optimal hedge component 7% (¢, X;,Y;)
in (23) and consumption level ¢; in (25) follow by plugging (A; )7% = X,/E, [QNLT] from (EC.4.12) into
(EC.4.9b) and (EC.4.11), respectively.

Finally, we derive Equation (26) for characterizing the investor-specific price of risk #; under the HARA
utility. Plugging (EC.4.8a) and (EC.4.8b) into Equation (EC.3.11) for general models in Proposition EC.3,

we have

g S V) o0 V)~ a <<1 !
()‘Z)i? EU[QU,T] v

Then, Equation (26) follows by plugging in QU,T = —Qv)T/y and (/\Z)f% =X,/E, [QNU,T] from (EC.4.12).

)00 Bl + ¥ X))

We briefly discuss the existence of solution to Equations (19) and (26). First, we notice that if we can find
a solution to the equation system, then the existence is proved by construction. This is the case for the CIRH-
SVSIR model considered in our comparative analysis (see Section 4.4). For general cases, we can show
that the dual problem (EC.3.22) is differentiable to the multiplier \; under the CRRA and HARA utilities
(see its expressions in (EC.4.7) and (EC.5.14)). Thus, Assumption T in He and Pearson (1991) is satisfied.
Then, Lemma 2 and Theorem 2 in He and Pearson (1991) state that if problem (EC.3.22) has a solution,
the optimization problems (EC.3.21) and (EC.3.1) also have a solution. In this case, the corresponding
0", which determines the minimax local martingale measure, satisfies the equation (19) or (26) by least
favorable completion principle in Karatzas et al. (1991). Section 4 of He and Pearson (1991) discusses the
conditions for the existence of solution to the dual problem (EC.3.22), although they are usually abstract for
general models. In the case with only terminal wealth in investor’s utility (i.e., w = 0 in (4) and (5)), we can
apply Theorem 4 in He and Pearson (1991) to show the existence of solution under the HARA and CRRA

utilities when we assume the relative risk aversion coefficient v > 1.
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EC.5. Proof for Sections 4 and EC.1.2
EC.5.1. Fictitious Completion under Hedgeable Interest Rate

We first introduce the least favorable completion under the set-up (28) — (31), i.e., with a complete mar-
ket for interest rate risk. For the m — d,. stock assets, we decompose their volatility matrix o) (¢,y) =
(0Pt )T 0P ()0l (8 y)T) s 0@ (ty) = (0P (ty), 02 (t,y)), where 0P(t,y) (resp.
o (t,y))isa (m—d,) x d, (resp. (m —d,.) x (d — d,)) dimensional matrix, denoting the volatility on the
Brownian motion W) (resp. W,°).

Combining (30) and (31), the drift and volatility for all the m risky assets, including both bonds and

stocks, are given by

(1) r (1) r
p(t,Y)) o M(t,Y]) 04, x (a—d,)
A do(t.Y,) = Y/) Oayx(a—dp ) EC.5.1
(e, Ye) <u@x@;@) and o(t,Y2) = | S vy 0@ (1,1, (EC.5.1)

Since we have d,. bonds with returns driven by d,. Brownian motions, the market for interest rate risk is
complete as the uncertainty in W) can be fully hedged. On the other hand, the stock market is incomplete
since we have more Brownian motions than the number of stocks. By simple algrebraic calculation, the

market price of risk (9a) of the full Brownian motion W, = (W, W) can be expressed as:

h _ Hr(t’}/tr)
9 (taYVt)_ <90(t’Yt)>7 (EC52)

where the market price of interest rate risk 6" (¢,Y;") follows by (32); 6°(¢,Y;) is the market price of risk

associated with the Brownian motion W, given by
0°(1,Y,) = 0D (1, Y0 (1 (1Y) = (6, Y] s, — 0D (Y00 (1,37)).

The premium for interest rate risk, o(? (¢, Y;)0" (t,Y;"), is subtracted from the stock return ? (¢,Y;) in the
above.

To solve the investor optimization problem, we introduce d — m fictitious assets to complete the market.
As the market for interest rate risk W, is already complete with the bonds, we only need to use the fictitious
assets to hedge the Brownian motion W related with stocks. Thus, we can assume the prices of fictitious
assets follow the dynamics

dF;

—L = pldt +of(t,Y)dwy,
Fy

where o/ (¢,Y,;) isa (d—m) x (d—d,.) dimensional matrix satisfying o7/ (¢,Y;)0(® (£, Y:) " = 0(a—m) x (m—d»)-

Then, the investor-specific price of risk associated with W) is given by
9? - Uf(ta Y;)+ (/’L{ - T(ta Y;T)ld—m) )
which is a (d — d,.)—dimensional vector. By (8) and (EC.5.2), the total price of risk in the completed market

specifies to
o OLYD)
T\ oy
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That is, the investor-specific price of risk ;" only appears in the price of stock-related risk for W?. Then by

(10), the relative state price density £, , can be decomposed as

T 0
gt,s - nt,snt,sa

where 7y, is given in (34) as

S S 1 S
1, = exp <_ / rodv — / (9;)wag—5 / (eg)Tegdv) (EC.5.3a)
t t t

and
7, = exp <— [ @oyraws =5 [ (e e+ 076] dv). (EC5.3b)
t t

EC.5.2. Proof of Proposition 2

We first provide the expressions of p5(¢,Y,";s) and o 5(t,Y,"; s) in (35), which denote the drift and volatility

of the instantaneous return of ZCB B, ,. They are given by
pp(t,Y ;s)=ri+op(t,Y,;s)0" (t,Y)) (EC5.4)

and

1 S S T
O'B(t’ }/tr7 S) = —KEt [7/]:’5 (/ szdv + / Mte,v (dW,: + QZdU)) ] s (EC.SS)
S t t

where M, and Mt‘fv are two random variables with dynamics explicitly given in (EC.1.4). They are intro-
duced using the Malliavin derivative with respect to the Brownian motion W,

We prove Proposition 2 in the below. First, we show that
Ei&, )= Ein; ], (EC.5.6)

with 7}  defined in (EC.5.32). Let {7} } and {7} be the filtration generated by Brownian motions W/ and
W up to time ¢ respectively and denote the o-algebra F, = F] U F;. By tower property, we have

Ei[E, ) = Eln o | Fel = ELE; 7 | F: U F|F.

Here, the o-algebra F;, U F! includes the information of path of W/ up to time ¢ and the path of W, up to
time s > ¢. By (32) and (EC.5.3a), the value of 7; _ is fully determined by the path of the Brownian motion
W/ up to time s. Thus, we have En} n? |F, UF!]=n; Enf |F, UF.]. It leads to

B, ) =E [0, B} | F U F] | F. (EC.5.7)
We next look at the inner conditional expectation £ [77?,3 | F: U ]-';“} . By (EC.5.3b), n{ , satisfies the SDE:

dn;‘/),s = _77;/),3 (6(5) + 07:) dWsO
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with initial value 77, = 1. Then, we have
=1 [ i 0w
Taking conditional expectation, we get
E[ RUF]=1-E [/ 72 (67 +6%) dW?|F, U ]-";”] .
t

Since the Brownian motions W, and W, are independent, the o-algebra F, U F. contains no information

of W? for v € [t, s]. Then, by the martingale property of Ito integral, we have
B| [ oo awiimu| <o
t

leading to E[n; ,|F; U F;] = 1. Plugging this back to (EC.5.7), we prove (EC.5.6).
In the next step, we prove

By s = Eqn; ] (EC.5.8)

Under the set-up in (28) — (31), the uncertainty in the interest rate can be fully hedged by investing in
the d, bond assets. Thus, a unit payment at time s can be perfectly replicated by holding a portfolio of

the savings account and the bond assets. Then, by no-arbitrage principle, the ZCB price B, , allows the

B,,=E, [eXp (— / mdv> (bl",s} , (EC.5.9)
t

which is the conditional expectation of the pricing kernel for the Brownian motion W,". With a complete

following representation:

market for interest rate risk, the term ¢; . in (EC.5.9) is uniquely determined by the d,. bond assets (see

Karatzas and Shreve 1991) as

oo (= [oaws - o).
t t

Plugging this into (EC.5.9), we have

B, .=FE, [exp (—/ rvdv> qb;S]
t
=F, [exp <—/ rvdv—/ (QZ)TdWJ —;/ (HZ)TGZdv>] =F [17:75] .
t t t

The last equality invokes the definition of 7; _ in (EC.5.3a). Combining (EC.5.6) and (EC.5.8), we prove the
relationship (33).

Finally, we derive the dynamics for the bond price B, ; in (35). By the definition of 7; , in (EC.5.3a), we
can write B, ; as

B, = E.n.] /n;, (EC.5.10)
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where

t t 1 t
7, = exp (/ rydv / @) dWr — / (HZ)TGZdv) .
0 0 2 Jo

By Ito’s lemma, we have

d( ! > ! [(rt—i-(H:)TH:) dt+0’;dwg} . (EC.5.11)

W) T
t

t
On the other hand, notice that E; [%] is a martingale with respect to filtration {F;}. Using Clark-Ocone

S

formula (see Appendix D in Detemple et al. 2003), we can get
dE, [n] = E:[D}n]" dW, (EC5.12)

where Dy 7", is a d,—dimensional column vector, representing the Malliavin derivative of 7} with respect to
the Brownian motion W;".

Using Malliavin calculus, the Malliavin derivative D; 7", can be calculated as

Dy, = = <91"+ / Dir,dv + / ;o (deUrGZdv)).
t

t

Taking conditional expectation on both sides leads to:
E,[Din]=—E; [n: (0: +/ D;r,dv +/ D;o, (dW,] —H%dv)ﬂ
t t
=it ) i o ([ Do [0 a0 ).
t t

Here, we use the fact that E, [n7] =0} E, [n; ] . Using B, , = E; [} ;| and the definition of o 5(¢,Y;"; s) in
(EC.5.5), we can further express F; [Dn"] as

E [Din)) =n;B; (—0; +op(t,Y/;s)").

Recall that the terms M, and M/ in (EC.5.5) are given by M;, = Djr(v,Y;) and M, =D;0" (v,Y]).
Plugging this into (EC.5.12), we have

AE, 0] = 0 Bus (= (6))7 +on(t,Y755)) dWy. (EC5.13)

Then, the dynamics of B, ; follows by applying Ito’s formula on (EC.5.10) based on the SDEs in (EC.5.11)

and (EC.5.13). After some algebraic simplification, we obtain
dB, s =B, [(ri+op(t,Y,);s)0;)dt +op(t, Y, ;s)dW/].

It proves the dynamics of the bond price in (35).
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EC.5.3. Proof for Theorem 2

We first prove that with a complete market for interest rate risk, the investor-specific price of risk coincides
for the HARA and CRRA utility investors. We use the dual problem introduced in He and Pearson (1991).
To begin with, using the specific function forms under HARA utility (4), we can explicitly specify the dual
problem under HARA utility as

S

P

N ST LI | -1
e 7 (Ap) T 4wy e 7 (A)) ”ds+TAU,T , (EC.5.14)

U=

inf E, [(1 —w)

0% cKer(o)
where A, v =T Ay + fvT ¢sA.ds. On the other hand, the dual problem under CRRA utility specifies to

. 1 _pT 1—-41 1 r _ps 1—1
GUé{(lef;‘(a)Ev [(1—111)76 T (Ap) —|—wv/v e v (A) ds] . (EC.5.15)
Comparing (EC.5.14) and (EC.5.15), we see that the term A, 1 in (EC.5.14) distinguishes the dual prob-
lem under HARA utility from that under CRRA utility. When there is a bond market, we then verify that
E,[A, r] does not depend on the control process 6, for v € [v,T] and thus can be dropped from the dual
problem (EC.5.14) to simplify it as the CRRA counterpart (EC.5.15). To see this, we use the relationship

A = A&, = A€, to derive that

T T
E,[A, 1) =ZrE, [\}] +/ cE, [\ ds= X\ [xTEv[fv,TH/ csEv[gv’S]ds} .

By Proposition 2, we have E,[{, ;| = B, r and E,[¢, | = B, , under the set-ups (28) — (31). It leads to

T
Ev [AU,T] = A:; [i‘TBv.,T + / Est,st]a

which obviously does not depend on the control process 6. Thus, we can drop the term A, r from
(EC.5.14). By the above arguments, we show that with a complete market for interest rate risk, the investor-
specific price of risk €, under HARA utility is uniquely characterized as the control process for the dual
problem (EC.5.15), with the underlying Markov process (Y5,&,, ) for v < s <T. Thus, we verify that the
dual problems, as well as the underlying Markov process, coincide under the HARA and CRRA utilities.
They directly lead to the same optimal control process ;. It proves that with a complete market for interest
rate risk, the investor-specific price of risk 6, of HARA investor is the same as that for the CRRA investor,
and is thus independent of investor wealth level.
Next, we derive the optimal policy under the HARA utility. The mean-variance component (36) simply
follows from (20). For the hedge component 7 (¢, X;,Y;), comparing (23) and (38), we only need to prove
(o6, YU X, V) = <Hg(tdyt)> , (EC.5.16)
where

T
U(t,X,,Y,) =2rE, [§,7Hir| + / e E (&, H, s ds (EC.5.17)
t



30

following (24) and
T

HB(tv Ytr) = (U(l)(t, Y;T)T)_l (‘KZ'TB@TUB(t?thr; T)T +/

t

C By op(t,Y/; s)Tds> (EC.5.18)
by (39). By the property of Malliavin calculus, we can establish

E; [ft,sHt,S} =—-FE [Dtgt,s] =—D\E, [&,J :

The first equality can be verified by calculating the Malliavin derivative of £, , (see Appendix A in Detemple
et al. 2003). The second equality follows from Proposition 3.12 in Nunno et al. (2008). Further combining

the above equation with (EC.5.6), we get
D, E; [ft,s] =D.E, [77:,3} =E [DtU:,s] )

where 7; . is given by (34). Note that 7; ; only depends on the Brownian motion W;". So we only need to
consider the Malliavin derivative with respect to the Brownian motion W,", denoted by Dy It leads to
, —E. [ Drn"
E.[¢  H. | =—FE; [D;,] = ( toE ;77“]> 7 (EC.5.19)

where D] , is a d,—dimensional column vector. Using Malliavin calculus, we can obtain D} 7; , as

E, [Djn;,] = —E, [nZ,S ( / Drrydv + / DI6" (AW + egdu)ﬂ =B, ,05(t,Y/;s).  (EC.5.20)
t t

The last equality uses the definition of o 5(t, Y;; s) in (EC.5.5). On the other hand, given the volatility matrix
o(t,Y;) in (EC.5.1), we can show (o (t,Y;)") " allows the following form:

1

(o(t V) )T = <(O-(1)(t,)/;r)T)1 — (oM, YT O.r(t’}/;)T(O-(Z)(t,Y't)Jr)T) . EC.521)

0(d—dy)xdy (e (t,Y)")T

Combining (EC.5.19), (EC.5.20), and (EC.5.21), we get

(ot YN B, [, His) =— (M Y)T) (Btysadi: ff;;s)> '

Then, by the definition of ¥ (¢, X;,Y;) in (EC.5.17), we can obtain

7 T. T .
~(o(t,Y) ) (1, X0, ) = (006, Y7)T) (”fTBthUBW D)+ )i eBros(t,Y, vs>d8) .
m—dy

Comparing with (EC.5.18), we can see the right-hand side of the above equation is exactly IIz(¢,Y,"). It
proves the relationship (EC.5.16) and thus Theorem 2.



31

EC.5.4. Proof for Proposition 3

We first prove that the value of the financing portfolio always equals that of the hypothetical bond holding
scheme, i.e., Xt(fm‘m) = Z, 7 for all t. To show this, we first write out the dynamics of Z; 1 in (37), which
is the wealth of the HARA investor allocated to the hypothetical bond holding scheme. Using the SDE of
the bond price B, ; in (35), market price of interest risk 6" (¢,Y,") defined in (32), and the bond portfolio

IIp(t,Y,") in (39), we can derive
AZyr = (—e+riZur +Wp(t,Y) (0 = rila,) ) dt + (8 Y) ToldWVy, (EC5.22)

where 7, pi", and o{") abbreviate for r (¢, Y;"), p (¢,Y,), and 0@ (¢, Y,), respectively. Next, we get the
dynamics of the wealth process of the financing portfolio X\/""*™. With the optimal policy in (44) and

satisfies

consumption rate ¢;, Xt(f inan)

axtmem = <_at +r X LT (8, Y) T (M — mw) dt+T5(t, Y7 oMdW;.  (EC.5.23)
Taking the difference of the two equations, we can obtain
d(Xt(finan) o Zt,T) _ Tt(Xt(finan) o Zt,T)dt-

By (43), we have X(Eﬁ"“") = Zyr att =0, i.e., the initial value X(()fi"“") — Zo 1 =0. Then, we can conclude
xJmen) _ z, =0, ie., XY™™ = Z, 1 holds for all ¢.
Given X/ = Z, r always holds, we have the wealth on CRRA sub-portfolio satisfies xlerre) =

Xo—Zyr= X,. Then the optimal portfolio (amount of wealth allocated on each asset) is given by

7_{_%finan))(t(finan) +7Tc(t,Y;)Xt(CTTa) _ <HB(t7Y; )) —{—7Tc(t,Y;)Xt'

m—dy

This coincides with the HARA optimal policy in Theorem 2 and concludes our proof.

EC.5.5. Proof of Propositions 4
We first obtain the dynamics of the wealth process X; of a HARA investor. By (3), X, satisfies

dXt = Xt [WH(t,Xt, K)T(,U/t — 'f'tlm) + 'f't] dt — Ctdt + X{]TH (t, Xt, Y;)T(Ttth. (EC524)

In above, u,, 14, and o, abbreviate for u(t,Y;), r(t,Y;"), and o(t,Y;), respectively; mx (¢, X;,Y;) and ¢,
denote the optimal policy and consumption under the HARA utility. By (36) and (38), we have

Xtﬂ-H(t7Xt7}/;f)T :Xtﬂ-c(t7}/;f)—r+ (HB(t71/;T)T OT ) .

» Ym—d,
Using this as well as the expression (40) for consumption c¢;, we can further express d.X; in (EC.5.24) as

dX, = {Xﬂ“t + X [rot, ) T (1 —7i1) — 1/ 00 (8, Y0)] — & +Tp(t, V)T (1" — nldr)} dt
+ Xome(t,Y,) T dW, + g (8, Y7) ToMawy,



32

where ¢ (t,Y;) and ¢ (t,Y;) are the optimal policy and optimal wealth-consumption ratio under the CRRA
utility; p{" and o!") abbreviate for () (¢, ;") and o™ (¢, ;") of the bond assets. Subtracting the dynamics
of Z, r in (EC.5.22) from above leads to

dXt = Xt [Wc(t, Y;)T(/,Lt — 7"1;) — ]‘/¢C(t7 }/t) + 711;:| dt + Xtﬂ'c(t, Y},)Tatth.
That is,
dX,/X, = [Wc(tvyt)T(Nt —1) = 1/ba(t, Y1) + Tt] dt + 7o (t,Ys) o dWy.

Note that the right-hand side is exactly the wealth return rate for a CRRA investor, and is independent of
wealth level X;. Thus, the remaining wealth X, of a HARA investor evolves exactly as that for a CRRA
investor.

By Ito’s formula, we can write X, as

t t
X, = Xyexp (/ Mc(s,YS)dH/ WC(S,YS)USdWS>, (EC.5.25)
0 0
where
1
pe(s,Ys) =rs+mc(s,Ys)(p, — 1) —1/dc(s,Ys) — iﬂc(s,m%sajwc(s,m.

Now consider two HARA investors with different initial wealth Xél) < Xéh). By (EC.5.25), we can verify

the ratio of their remaining wealth stays constant over time, i.e.,

xm o xh)
_tl = 7_01 . (EC.5.26)
x" Xy
It proves (47).
Finally, we prove (48). Setting { =T in (EC.5.26) leads to
X X0 (X7 (1= Zor/ X0 (EC.5.27)
x0T x0T\ x0 ) \1=zx0 )

where the second equality uses (21). Note that with Xél) < Xéh), the multiplier on the right-hand side is

greater than one, i.e.,

Z, Z,
- T
Xo X

Taking logarithm on both sides of (EC.5.27), we get

1 (EC.5.28)

) ) ; ,
In(X{") = n(X{") = In(X{") ~ m(X{") + In (1 “xm ) ~In (1 - X<>) |
0 0

Rearranging the terms and dividing both sides by T’ leads to (48). It concludes our proof.
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EC.5.6. Proof of Proposition 5

We derive the optimal HARA policy under the CIRH-SVSIR model. In this model, the market for interest
rate risk is complete. Following our set-ups in (28) — (31), we can specify the state variable for interest rate
risk ;" as the interest rate r; itself, which is driven by W7, by (51). The market has only one bond maturing
at T'. By (52) the volatility of the bond is given by o™ (t,7,) = b(71)0,./r;. In addition, the market price

of interest rate risk can be uniquely determined by the bond as

. b(7 1))\7«(727",5
= r = . E . -2
9 (t,?"t) b( 1) T\/ﬁ )\T’OTN/Tt ( (15 9)

According to Cox et al. (1985), when the interest rate is driven by a single-factor CIR process and the market
price of interest rate risk is given by (EC.5.29), the time—¢ price of a ZCB with unit face value maturing at

time 7' can be determined as

B, 7 =exp (a(T) +b(T)r,). (EC.5.30)

It follows the dynamics
dBy1/Bir = (re + b(T)\00r,) dt + b(T) o /Td Wy, (EC.5.31)

with 7 =T —¢. When T'=T}, B, r coincides with the bond price P; in the market.

We now solve the optimal policy for investors with HARA utility on terminal wealth. First, the corre-
sponding optimal CRRA policy in (EC.1.14a) and (EC.1.14b) are derived in Liu (2007) using a separation
theorem (see Proposition 3 therein). We next apply Theorem 2 to derive the optimal HARA policy, as
the market for interest rate risk is complete in the CIRH-SVSIR model. Plugging (EC.5.30) into (37), the

remaining wealth X, is given by
X, =X, —Zpexp (a(r) + b(1)r,).

We then calculate the additional term I1z(¢,7;) in the HARA hedge component (38). By (EC.5.31), the
volatility of B, r is op(t,r;T) = b(7)o,/r;. Plugging this and oW (t,r,) = b(T1)o,/T¢ into (39), we
have

b(T)zr

b(71)

Combining the above with the optimal CRRA policy, we obtain the closed-form solution for the optimal

Ip(t,ry) = 0(1)(75, 7)) ‘2 Bypop(t,r;T) = exp (a(T) +b(T)r).

HARA policy as in Proposition 5.
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EC.5.7. Proof of Proposition EC.1

We apply our general decomposition results in Theorem 2 to the case with nonrandom interest rate. First,
when the interest rate is nonrandom, the time—¢ price for a ZCB maturing at time s with unit face value
is directly given by B, ; = exp (— f: rvdv) according to non-arbitrage principle, as shown in (EC.1.6).

Plugging the bond price to (37), the amount for financing portfolio follows by

T T s
Zy 1 = Tr €Xp <—/ rvdv> +/ Cs €XP <—/ rvdv> ds, forw € (0,1). (EC.5.32)
t t t

The remaining wealth is given by X, =X, — Zyr.
Next, we prove the optimal HARA policy under nonrandom interest rate in (EC.1.7). Comparing (EC.1.7)
with the general results in (36) and (38), we only need to prove the additional term I1z(¢,Y;") = 0. Under

nonrandom interest rate, the bond price B, ; follows
dBt,s - —’I“tBt’Sdt.

Thus, it has zero instantaneous volatility o (¢, Y;"; s) = 0. It implies that there is no uncertainty in the bond
price when the interest rate is nonrandom. Then by (39), we have IIg(¢,Y,”) = 0. It proves the optimal

HARA policy (EC.1.7) under the nonrandom interest rate case.

EC.5.8. Proof of Proposition EC.2

First, we prove the results for the optimal policy ratio in (EC.1.9). By the ratio relationship (EC.1.7) for the

optimal HARA policy in Proposition EC.1, we can derive

1 XM xP 17/ x"
ra? xMWxP 11—z, /x0

(EC.5.33)

where the first equality follows by canceling out the optimal CRRA policy in the nominator and denomina-
tor; the second equality follows by plugging in X't(h) = Xt(h) — Zyr and Xt(l) = Xt(l) — Z; 7. We then show
the optimal policy ratio is always greater than one. By Proposition 4, we have

XM X" -Zr _ X"~ Zog

b — = > 1.
X0 XO -z X0 —Zor

Thus, we have X" /X" > 1, for all ¢ € [0,7]. It leads to 177! /(1T 7{") > 1 by (EC.5.33). For the
optimal portfolio ratio, we multiply both sides of (EC.5.33) by Xt(h) / Xt(l) to get

A X0 X0 X 2
a0 xP X0 X - Zor

where the second equality follows from Proposition 4. It proves the relation in (EC.1.10).
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Finally, we prove relationship (EC.1.11) under constant interest rate r(¢,Y;) = r and HARA utility on
terminal wealth only (w = 0 in (4)). Under constant interest rate, the term Z, 1 in (EC.5.32) can be simplified

as Z; v = Trexp (—r(T —t)) . Plugging this into (EC.5.33) and calculating the partial derivatives, we get

0 (1;7#) ) Xz (T = t) exp(—r(T — 1))
ar Ol 2
L ) X (X0 — g exp(—r(T 1))

- X <X§l> _ X}’”) <0

and

o 1;7r(h) X(l)iTreXp(—r(T—t)) 0 (h)
( )= s (X0 x) <.
¢

or @)
OT \ 1],m; (Xt(l) —Tp exp(—r(T—t)))
The inequalities follow as X" /X" > 1 for all ¢ € [0, T). It proves (EC.1.11).

Note that by (EC.1.8), the vectors nﬁ") and WEI) are parallel to each other, as both of them are parallel to

the common CRRA optimal policy. Then, we have

177 )

(OO
10w T

for7=1,2,...,m denoting each asset. Thus, the above proof also applies to the optimal policy and portfolio

ratio of each individual asset.
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