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This technical report contains the proofs of the technical Lemmas B.1-B.8, C.1-C.4,
and D.1-D.3 in the paper entitled “A Specification Test for Nonparametric Instrumental
Variable Regression” and written by P. Gagliardini and O. Scaillet. Equations labelled as
(n) refer to the paper, and Equations labelled as (TR.n) refer to the technical report. To
simplify the proofs, we adopt a product kernel in the estimation of the density of (Y, X, 7).
We use the generic notation K for both the 3-dimensional product kernel and each of its
components.

1 Proof of Lemma B.1

The result follows from (see decomposition (12)):
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2 Proof of Lemma B.2

We get from decomposition (12):
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We consider in details the first three terms (the bounds for the remaining terms are similar).

The term 31 p corresponds to statistic Tél) of TK, p. 2082 (multiplied by T~! and
for a given weighting function). Along the lines of Lemma A.4 in TK, we have {3, p =
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density estimator (Assumptions A.1, A.3, A.4) and hy = ¢I'~" with 5 < 2/3 (Assumption
), we get €y = 0p((Thy)™").

Let us now consider the second term, 35 1. Define 1, := Br (X;) — E [Br (Xs) | Z,] and
bs := E [Br (Xs) |Zs] = (ABr) (Zs). Then:
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By the uniform convergence of the kernel density estimator, the dominant term in §39; p is
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t # s, from the independence of the observations, we have:
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where a5 = KisIs. Using that E [n,|Z] = 0 and E [n,n,|Z] = 0 for

where I'(Z;) := E [n?|Z:] = V [Br(X:)|Z:], and the cross-terms vanish because of the
conditional independence property of the 7, variables. Then, we get E [J§221,T] =0 (TQhT)
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and thus 3901 = O, ( E [n?]) = 0p <(Th1/2) > The argument is similar for



Let us finally consider the third term, {33 7. We have
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Applying the Cauchy-Schwarz inequality twice, we deduce:
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3 Proof of Lemma B.3
Define 1, := Br (X5) — E [Br (Xs) |Zs] and bs := E [Br (Xs) |Zs] = (ABr) (Zs). Split
Kr (Br(X),Br(X)) = K7 (b,b) + 2K7 (b,n) + K7 (n,1) =: Ju,r + Jizr + Ji3 -

Then, term Ji; 7 can be written as
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2
1 Q.1 1
Jinr = TZWTT}L% (Z Kstbs)
t

sF#t

2
ThT 1
— 01, Kabs |
T? (5, k0) T2 T @ t )

O 1y 1
. {f( TN (; e )

Q Thr)’ 1
inf o(z) > 0, sup (Thr)” _ = 0p(1) , we deduce Ji11,7 = Qxr, (14 0p(1)).

=€ f (2)° teT* (Zj Kjt>2 f(Ze)?

= B[ [(ABr) (Z)] (1 + 0(1)).




Terms Ji2 7 and Ji3 7 can be analyzed similarly, and we consider only Ji3 7 in details.
Write

Q
fz tIt2T21h2 Z Z Ko Kyimgn,

T st uF#t,s
ThT 1
+—= Z - f(Z )2 QtItT2 2 Z Z KstK’utnsnu
t (Z Kﬁ) t s;ﬁt u#t,s

=: Jisir + Jiza 7.

Note that E[n,|Z] = 0 and E [n4n,|Z] = 0 for s # u, from the independence of the ob-
servations. Along the lines of Lemma A.7 in TK, using Assumptions A.1-A.4 and 3 we
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where I'(Z,) := E [n?|Zs] = V [Br(Xs)|Zs), and the cross-terms vanish because of the
conditional independence property of the n, variables. To compute F chuF(Zs)F(Zu)],
we can use an argument similar to that in Lemma A.8 of TK, to get E [c;,I'(Z,)T'(Z,)] =
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duce that Ji317 = o, ((T h%r/ 2)_1). The conclusion follows.

4 Proof of Lemma B.4
With the notation in the proof of Lemma B.3 we have
Kr (U, BT(X)) =Kr (U, b) + Kr (U, 77) = JQLT + J227T.

Let us first consider Jo; 7. By assumptions A.1-A.4, 3, and an argument similar to Lemma
A.7 of TK, we have
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where the second term is the dominant one. Moreover, for ¢ # s #£ i # u # m,
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The second term Jos 7 can be analyzed along the same lines as term Ji3 7 in the proof

of Lemma B.3, using F[n,|Z, W] = 0, for u # s, and E(ni) = o(1). Hence Joo 1 =
op((T h;/ 2)_1), and the conclusion follows.

Jorr = Op < E [Qtft [(AB7) (Zt)ﬂ 1/2> + Op((Th1/2) h.

5 Proof of Lemma B.5

We give details for the bounds of terms ICr (Erk(X), Erk (X)), k = 1,2. The term Kp (Er1(X), Er2(X))
is bounded similarly.

5.1 Bound of ICT (€T71(X)75T,1(X))
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We consider first term J311,7. By the uniform convergence of the kernel density estimator
and arguments similar to Lemmas A.6 and A.7 in TK, we have
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By using that variables U,, and U, are uncorrelated conditional on Z, we have
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To compute the expectation, we use an argument similar to Lemma A.8 in TK. To simplify
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To compute expectations involving @y, we use a development of (Ap + A*A)_1 A*wy, w.r.t.
the basis of eigenfunctions ¢; of A*A to eigenvalues v;:
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uniformly in j,1, where d;; is the Kronecker delta. Thus we get
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estimator and arguments similar to Lemmas A.6 and A.7 in TK, we have

Jsiar = T5h2 ZHO Z) LY. S SN KaKuUnUnVanVam + 0p(Thy!*) ™)
n#t m#n,t s#t u#s,t

1/2\— * 1/2y—
- ﬁ Z Z ZZXnmqunUmVanum + Op((ThT/ ) 1) = J312,T + OP((ThT/ ) 1)’

n m#n S u#s

1 _ .

T Z Ho(Z,) 'K K. Using that E [U,|Z, Wy,] = 0 for m # n,
T t#n,m,s,u

E [Ven|Z,W,] = 0 for u # s, and developing the expressions of the conditional variances, we

2
deduce that E [(J§12,T> } =0(1/ (T4hT)\%p)). From A\p = ¢T'77, v < 1 (Assumption 4),

where X,msu =

it follows J3127 = op((Tth/Z)_l). Similar arguments apply for J313 7, and from (TR.1) we
get Js1 1 = o/p((Tth/Q)*l).
Let us now consider J3p 7. Similarly as in (TR.1) and (TR.2), we have J3o 7 = %Jg}—f—
op((Tth/Z)_l), where J37p = Z Z VrmGn,7Gm . From the above arguments we have
n m#n
Vm = Op (T S()\T)> uniformly in n,m. Moreover, from Assumption A.8, G, 71 =
O,(h%) uniformly in n. Thus, Jsar = Op(ht/S(\r)) + op((Th;ﬂ)*l), Since S(Ar) =

O (log(1/A7)) (see above), Jso 7 = op((Th%Fﬂ)_l) follows from Assumptions 3 and 4. Simi-
lar arguments apply to J33 7, and the proof is concluded.



5.2 Bound of Ky (Er2(X), Era(X))
We have
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From the uniform convergence of the kernel density estimator on S*, and using the de-
composition f(z,z) = f(z,2) + b(x, 2) + f(z, ), where f(z,2) := f(z,2) — E [f(x,z)] and
b(z,z) =FE [f(a:, z)} — f(z, 2), the dominant term in I'r(x,§) is:
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contribution of &7.91 to Kr (E72(X), Er2(X)) (the other terms can be bounded similarly).
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the dominant term in Ep o1 (Xy) is
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for n # t. The contribution to Kr (E72(X), Er2(X)) is
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To bound term I, let us compute
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Consider first the terms such that ni, mi, ny, mg # s1,u1, S2, ug. From (TR.8),
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Let us bound this term. Then,
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To bound the term in the RHS, we use that:
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from Assumption A.7 (iii) and Appendix A.2.3. Thus we get:
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using an argument as in Section B.5.1. We deduce
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The conclusion follows.

6 Proof of Lemma B.6

We provide a detailed proof for the bound of K7 (U — Br(X),Er1(X)) . Using the notation
in the proof of Lemma B.3, we have
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Let us first consider J41 7. Similar arguments as in the proof of Lemma B.5, Section B.5.1,
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ically equivalent to Z Z E [I1;bib; E [QniQnil Zt, Zi]]. Using (TR.4), (TR.5) and Cauchy-

t#n i#£t,n
Schwarz inequality, for ¢ # ¢ we get

[e'e) 2 [ee) [ee) 2
< {ZW+O(hT ZAT+VJZAT+W O(h) (ZAT+VJ) }E[Itb?]

7j=1

<.
Il
—

=: Si(Ar)E [Ib7] .

. 1
Thus, E {(JILT)Q} = O (T%S)(Ar)E [1,b7]) and ﬁjil,T =0p

Similarly, writing JIT,T =>. anGnT and using a, = O, (T\/Sl()\T)E [Id)ﬂ), Ghr =

Op(h%), uniformly in n, we get J41T =0, (h% S1(Ar)E [Itb§]1/2>. Now, using that

0 oo 1/2 1/2
N v l? B 1
lZ; AT+ = Z 7)2 Z 2 =0 @ log (1/A7) | under Assump-

= (A\r+ v
tion B.7 (i) (see Lemma A.6 is GS) we get Si(Ar) =0 (log (I/AT)Q) from Assumption 4.

1 1
Thus, h3+/S1(\r) =0
VThi? VThi?
1/2\—
op((Thy*)™).
Let us now consider Jyo 7. By similar arguments as above we have

1 _
Jigr = Tsh ZHO z)' LY. Y W (ThT 3 KstKthun> +op((Thy!*)™)

from Assumption 3, and Jy1 17 = 0, Qi\/:

SsF#t nF#£s,t u#t,s
1 1/2
=: T3hy Jio.r + 0p((Thy / )7,
where Jiy 7 =Y Y dns (Us = 1,) Up and dns := > Ho(Z) 'Ly Z Ko KutQun
s n#s t#s,n u;éts

Using that E [Us|Z, W,] = E [n,|Z, W,] = 0 for s # u, we get

E|(Jiar)’] = 3D B[00 (Z)] + 303 B ldusdon®s (Z,) 2 (7)),
s n#s S n#s
whete Wy (Z,) := B [(Us = 0,21 2], W (Z) := B{(Us 0, Uil Z4]. Then, B [0 (Z,)]

is asymptotically equivalent to Z Z E[LL;V, (Zs) Kt KsiQntQni]. Using (TR.4), (TR.5),
t#s,n i#t,s,n

Zi— 4
E [ (Zs) KaKsi|Zi, Zi) = O, (hTK*K< U

T

)f(Zt)\Ill(Zt)> and Cauchy-Schwarz

13



inequality, we get E [d2,V1(Z,)] = O (T?h7S1(Ar)). A similar bound holds for
Edpsden Vo (Zs) Vo (Zy)]. Then, Jyor = op((Th%Fm)_l) using the same arguments as for

Ja,r-

7 Proof of Lemma B.7

We have:

Kr (RT(X), RT Z L2l ] Z Z KstKutRT(Xs)RT(Xu)

(Z : Kjt) s#t uFt

Z Qi1 QZK;RT 3)?
t (Z K]t> st

= Il,T — IQ’T.

Nl =

| \

Let us first consider I; 7. We have:

2
O 1, (Thr)* Oy 1 Z
= < = -7 - R
I = TZ (ZKStRT ) s % ZSEUSIZ Thr = K

(5 50)

s#t

Thr)*Q

Since gng,rx (Ti)g
e *

(%25 ki)

Let us now consider I» 7. We have:

(Thr)* 1 1 1 Zy—z )
I < — | K(0)=— — K Rr(Xs .
c (3, K5) O 390 \ 7y 25 (T ) R
gt

s#t

= 0y(1), we get I1 7 = 0 (1/ (Th1T/2>> from Assumption A.6 (i).

We get Io 1 = 0, <1 / (T th/ 2)) from Assumptions A.6 (ii) and 3. The conclusion follows.

8 Proof of Lemma B.8

We provide detailed proofs for the bounds of Kp (R (X),U — Br(X)) and K7 (R (

8.1 Bound of K7 (Ry(X),U — Br(X))

X)78T,1(X))'

1 O 1
Write Kr (Rr(X),U - Br(X)) = fz ki 5 ZKstRT(XS)(I)t,s, where we set
t

(Zj Kjt> st

Q5 = Z Ky (U, — Br(Xy)). By applying twice the Cauchy-Schwarz inequality, we

u#t,s

14



get

|Kr (Rr(X),U — Br(X))|

1/2 1/2
< max E KstRT )It E E Kstq) SIt
e | (32, Kjit)? T3h2 oy t st "
) 1/2 1/2
< max su Rr(Xs)“I — Ka®; I
=t (3, K)? 3/2 S The ThT Iy 7(Xs)" Ly TQZt:; Pt slt

U (Thr)*Qy
sing max

& e (225 Kjt)2
Op (1/(Thl/2 ) follows if we can show that E [Kst(I)tQ,SIt} = O (Th?%), uniformly in s # t.

By using the notation in the proof of Lemma B.3 we have

= Op(1) and Assumption A.6 (ii), K7 (Rr(X),U — Br(X)) =

Ors= > Kut (Uu—n,) = Y Kutby = @145 — .
uF#t,s uF#t,s
Since variables U, — n, are uncorrelated conditionally on Z, F [Kstq)itsft] =

Z E [Ithtth (U — nu)Q] =0 (ThQT) , uniformly in s # t. Furthermore, F [Kstq)%tslt] =
u#t,s

0 (T2h3TE [Itb?]) =0 (T2h QAT) = O(Th%) by Assumptions 3 and 4 (see Appendix
A.2.3).

8.2 Bound of ICT (RT(X), gT,l(X))

By the same argument as in Section B.8.1, K7 (R (X),Er1(X)) = op (1/(Th;/2)) fol-

lows if we can show that F [KStCI>3 ‘s ] =0 (ThT) uniformly in s # t, where ®3;, :=
> urzts Kut€r1(Xy). As in the proof of Lemma B.5 (see Section B.5.1) we have

1 1
(I)S,ts = hTzn:Un TihT Z Kthun + T Z Z KutUnVun

uF#t,s n  u#t,s
+hr Z Gn T Th Z KutVYun =: (I)Sl,ts + (1)32,153 + q)33,ts-
T u#t,s
21 2
1
From (TR.4) and (TR.5), E o > KuQun| | and E ThT > KB, | | are
u#t,s ] u#t,s
asymptotically equivalent to
o o
E[Qh] = +O0(h7) Y 5 +O(h1) Y — 5 =5 (\r).
" Z:: )‘T+VJ ; (Ar +v5)* ; (At + 1)



Using Cauchy-Schwarz inequality, Assumptions A.7 and 4, and similar arguments as in the
proof of Lemma B.5 we get So (A7) = O (log (1/Ar)). Thus, E [@31 15 Kstlf] = O (Thilog (1/A7))

and E 03, Kali] = O, (Th%«/log(l/)\T)). Moreover, E [®2,,,KyI] = O (h3/Ar ).
From Assumptions 3 and 4, the conclusion follows.

9 Proof of Lemma C.1

1
The proof is similar to the one of Lemma B.1, by using the split (15) and T ZU? =
t

O,(E[v?), EpY Y2 < E (Y = o5, (X)]™] Yy Yy — r(Z)\m]l/m = O(1) from Assump-
tion A.2 (ii).

10 Proof of Lemma C.2

By a similar argument as in the proof of Lemma B.2 and using the split (15), the dominant
contribution in &3 1 is given by

Eor = ZZ Z Kt g VtUs Kt 1t
it)

t s#t
Define 7, := vs — b and b, := F [vs|Z,] = bs. Then:

§aor = *ZZ Btgs Kl + — ZZ Zt (Jot))Qﬁ N K st
J

t s;ét t s#t
Q.K(0)
T ZZ bms Kali+ 7, ZZ >, Ky Ml
t s;ét t s;ﬁt it)

= 3017 + 5322,T + 5;23,T + &304.7-
. 1 . X
From the proof of Lemma B.2, {5170 = &39117 = Op <ThQ,\T>- Similarly, {3997 =
T

1 B 1 .
Op | 5B [0i] | = O | — 573 Eles, (X0)°] | Using Bl (X)?]'/2 < Elpg(X)?]'/? +
T2hy T=h,

E[lY — ch(X)|m]1/m +E[lY - wAT(X)’m]l/m = O(1) from Assumptions A.1 and A.2 (ii),
we get 390 7 = Op ﬁ . The other terms are bounded similarly, and the conclusion
T

follows.

11 Proof of Lemma C.3
By using the split (15) and the definitions 7, := vy — bs and bs := E [v4|Zs] = bs, we have:

Kr (v,v) = Kr (b,b) + 2K (b,7) + Ko (7,7) =: Ji1 1+ o + Jis -

16



From the proof of Lemma B.3, Ji, = Jur = Qx(1 + o0,(1)) and

* 1 =2 1 2 1 * :
J13,T = Op (WE [nt]) = Op <11h;/2E[SO>\T (Xt) ]) = Op (1_%;/2> . Term J12,T 1S
bounded similarly, and the conclusion follows.

12 Proof of Lemma C.4
Using the same notation as in the proof of Lemma C.3, we have:
Kr (U*,v) = Kp (U*,b) + Kr (U, 7)) =: J51 1 + Joo -
By the same argument as for term Jo; 7 in the proof of Lemma B.4, we have J3; 7 =

1
O, <\/TQ/\T> . The term J3, - can be bounded by a similar argument as term Jj; 1 in the

* 1 211/2 1
proof of Lemma C.3. We get Ji5p = O, <Tth/2E[g0)\T(Xt) Ik > =0, (Th%rm) The
conclusion follows.

13 Proof of Lemma D.1

From Cauchy-Schwarz inequality,

|V (22) = Vo(Z0)| < |3 wiyU2 = Vo(Z0)| + 24 (Z0) + B (%),
J
1/2 1/2

where A (Z,) = Zwt] > wiy |AR(X))P ), B(Z) =) wi|AB(X;)]?, and
J J

Ap =p—yy. Asin the proof of Lemma C.2 in TK and using hy = ¢~ with < 1—4/m,

[log T
Zsug Zwt]U —Wo(Zy)| = Oy < ;gh + hT). Further, from Lemma C.6 of TK and
S .

Assumptlon A2 (i), sup Z wtjU =0, (T 2/ m) Then, (i) follows from Assumption A.10
Z+€Sy T

and uniform convergence of f(2) over S,. Points (ii) and (iii) follow from (i), Assumption
A9, and uniform convergence of f(z) over S,.

14 Proof of Lemma D.2

The structure of the proof is the same as for the proof of Proposition 2 in Appendix
3. We highlight the major changes. Let us first consider the asymptotic behavior of

- 1 O S - 1 _
&1 = TZ%Z Z KgKuUUy. We have {1 = WZH)\T(Zt) 'L
t <Z] Kjt) s#t u#t,s Tt

17



A~

H(z)7' - H,\T(z)_lD,Where Hy, . (2) = Vo, (2) f(2)2

logT
S Y KuKuUU340, (Ti sup
s#t u#t,s T z€5,

-1
The first term is O, ((Th;/ 2) > from Assumption A.11. Using the uniform conver-

gence of the kernel estimator f, Assumptions A.11 and A.13, and iél*f Qo > 0, we get

~ logT _
sup |[H(z)™! —HAT(Z)_I‘ - OP( ;i +h2T> + op (T_l/ﬁ). Then, from hy = ¢ "
ZESk T

1/25

with 2/9 < 7 < min {1 —4/m,1/3}, we get Th/ 5;7T = Op(1). Let us now consider the
proof of the technical Lemmas C.1-C.4. These proofs are virtually unchanged, and rely
on the uniform convergence of Q(z) to Qy,(z) (Assumptions A.11 and A.13), and on the
uniform bound Q),.(z) < ¢2Q0(z) (Assumption A.13).

15 Proof of Lemma D.3

Since ker (4*)* = Range(A), and the norms L%(Z) and L?\T (Z) are equivalent under As-
sumption A.11, the conclusion follows.
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