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Ito’s Lemma

Exercise 1

Let Wt be a Wiener process and t > s. Compute:

a. E [Wt |Ws]

b. E [W 2
sWt].

Exercise 2

Prove that Zt = exp [−θWt − 1
2θ

2t] is a martingale, where Wt is a Wiener process.

Exercise 3

Let Wt be a Wiener process. Compute the stochastic differential equation (i.e., dZt)
followed by:

a. Zt = (Xt)
2, where dXt = µXtdt+ σXtdWt

b. Zt = 3 + t+ eWt

c. Zt = eαt

d. Zt =
∫ t
0
g(s)dWs

e. Zt = eαWt

f. Zt = eαXt , where dXt = µdt+ σdWt.

Exercise 4

Let Wt be a Wiener process. Applying the Ito’s lemma, compute dX2
t for:

a. dXt = dt+XtdWt

b. dXt = dWt.

Exercise 5

Let Wt be a Wiener process. Show that:

a. E [
∫ t
0
dWs] = 0

b. Var [
∫ t
0
dWs] = t.
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Exercise 6

Show that:

a.
∫ t
0
WsdWs = 1

2W
2
t − 1

2 t

b.
∫ t
0
sdWs = tWt −

∫ t
0
Wsds

c.
∫ t
0
W 2
s dWs = 1

3W
3
t −

∫ t
0
Wsds,

where Wt is a Wiener process.

Exercise 7

Consider the following stochastic differential equation:

dXt = −βXtdt+ σdWt,

where β > 0, X0 = x, and Wt is a Wiener process.

a. What is the stochastic differential equation of Yt = eβtXt?

b. Given a deterministic function g(t), show that:∫ t
0
g(s)dWs is the N (0,

∫ t
0
g2(s)ds) Gaussian random variable.

c. What is the distribution of Xt?

d. Find the limit distribution of Xt, i.e. t→∞.
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